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Inverse Laplace Transforms of Complete Elliptic Integrals * 
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This paper gives an extensive tabulation of one- and two-dimensional inverse Laplace 
transforms of complete elliptic integrals. 
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Introduction 

In a recent statistical study of radio wave propagation by the author,! a need arose fre­
quently for inverse Laplace transforms of elliptic integrals. Although comprehensive tables 
of Laplace transforms and inverse transforms are available,2 none was sufficiently extensive 
for the present purpose. It was therefore decided to extend and systematize those parts of 
existing tables pertaining to complete elliptic integral s, and the present paper is the outcome 
of this endeavor. A substantial portion of the results is believed to be new. 

Throughout this paper, we are adhering to the notations for special functions given in 
the Bateman Memorial Volumes.3 The complete elliptic integrals denoted by K(k) , E(k), 
B(k), C(k) and D(k) are defined as follows: 

r~ sin2 e cos2o 7T (3 3. 2) 
C(k) = J o (1-k2 sin2 0)3/2 dO= 16 2Fl "2'"2,3; k , 

AMS Subject Classification: 83Ai5 ..... AlO . .... AfO . 
• An invited paper. 
"Present address: Suzuka College of Technology. Shiroko·cho. Suzuka-shi, Mie-ken, 51()-02 Japan. 

1 Okui. S .• Some statistical considerations concerning the one-sided Gauss fading. Report to the Antenna and Propagation Technical Group 
Meeting (Inst. Elect. Commun. Engrs. Japan). December 1971. 

, See th e list of references given at the end of the present paper. 
3 ErdHyi. A .• et al.. Higher Transcendental Functions. Vols. 1. 2. 3 (McGraw-Hill Book Co .• New York 1953). 
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These functions are connected with each other by the following relations: 4 

K=D+B, 2D=K+k2C, E=(1+k'2)B+k'2k2C, 

K=2B+k2C, E=k'2D+B, (1+k'2)K= 2E+k4C, 

D=B+k2C, E=k'2K+PB, (1+k'2)D=E+k2C, 

where we omitted the argument and k' is the complementary modulus: k' = -V1-k2. 
In this paper, a,b,c are always positive, p,q are always real, and all results are extend­

ible by analytic continuation. The letters DP, ET I, OB, and VD refer to the references given 
at the end of the paper. 

---

1.1 

1.2 

--

1.3 

1.4 

1.5 

1.6 

Part I. One-Dimensional Inverse Laplace Transforms 

1. Inversion Formulas for KlkJ 

l '" e-ptj(t)dt jet) 

~K(~) p>a ~Io2 (~t) 
ET I 299 (1), OB 394 (17. 1) 

K(~)-~ p>a ~ a10 G t) II (~ t) 

ET I 299 (2), OB 394 (17.2) 

P [K(~)-~J p>a ~a2[I02(~t)+ 2I/(~ t)+ Io(~t )I2(~ t) ] 

ET I 299 (3), OB 394 (17. 4) 

1 (p-a) 
p+a K p+a p>O ~ loG t) Ko (~ t) 

_ 1 K(~2a) p>a 
-J; 

OB 395 (17. 13) 
-vp+a p+a 2./"/0 (at) 

_ 1 K(~p-a) p>-a 1 
;_Ko(at) 

-vp+a p+a 2yn-t 

, Jahnke, Emde, and Losch, Tables of Higher Functions (McGraw-Hill Book Co., New York 1960), p. 67. 
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1.7 

1.8 

--

1.9 

--

1.10 

- -

1.11 

--

I. 12 

--

I. 13 

--

1. 14 

1. 15 

1. 16 

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

1. Inversion Formulas for KCkJ-Continued 

~K (~1-~) p>O 10 G t) Ko (~ t) OB 395 (17. 16) 

1 K(-VP+a--V2a) p>-a 1 
-V_Ko(at) 

-vp+a+$a -vp+a+ -V2a 4 7rt 

1 K(- P- ) 
-V p2+a2 -vp2+a2 

p>O -~Jo(~ t) YoG t) OB 396 (17. 18) 

1 K( a ) 
-V p2+a2 -vp2+a2 p> O ~J02(~t) 

ET I 300 (8), OB 395 (17. 10) 

~ _ _ P K ( a ) 
2 -vp2+a2 -vp2+a2 p> O ~aJoGt)Jl(~t) OB 397 (17.21) 

[7r P K ( a ) ] 
P 2- -vp2+a2 -vp2+a2 p> O ~a2 [ J02 (~t)-2J12 (~t) 

-Jo(~t)J~(~t)J 

1 K ( a ) p> a 
.f; 

(p+.Jp2_ a2r/2 p+-Vp2_ a2 2.f2i Io(at) 

I ([ 2~ J/2) 1 
(p + -Vp2- a2)1/2 K p+-vp2-a2 

.v_ Ko(at) 
27rt 

p> - a 

1 ([p2+(a-b)]/) 
-vp2+ (a+ b)2 K p2+(a+b)2 

-~ [Jo (at) Yo(bt) + Yo(at)Jo(bt)] 

p>O OB 396 (17. 19) 

1 ([p2_ (a+ b)2JI) 
.vp2_(a_b) 2K p2-(a-b)2 

1 2 [Io(at )Ko(bt ) + KoCat)Io(bt)] 

p>la-bl OB 395 (17.17) 
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1. 17 

--

1. 18 

--

1. 19 

1. 20 

--

1. 21 

--

1. 22 

1. 23 

1. 24 

--

1. 25 

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

1. Invers"ionFormulas for K(kJ-Continued 

1 K( 2-Vab ) 
-vp2+(a+W -vp2+(a+W 

p>O ~ J o (at)Jo (bt) OB 395 (17.14) 

7r P K( 2~ ) 
"2- -vp2+(a+W -vp2+(a+W 

p>O ~ [aJI (at)Jo (bt) +bJo (at)J1 (bt)] 

[ 7r P K ( 2-V ab ) ] 
p 2- -vp2+(a+ b) 2 -vp2+(a+W 

~ [(a2+ b2)JO (at)Jo (bt) -2abJI (at)JI (bt ) 

p>O - at-IJI (at)Jo (bt) -bt-IJO (at)JI (bt) J 

1 K( 2rab ) 
-vp2-(a-W -vp2-(a-W 

p>a+b ~ 10 (at)Io (bt) 

P K( 2-vab ) 7r 
-vp2_(a-W -vp2-(a-W 2 

~ [all (at) Io(bt) + blo (at)!1 (bt)] 

p>a+b 

[ P K( 2~ ) 7rJ 
p :-/p2_(a-b)2 -vp2_(a-W-"2 

~ [(a2+b2)Io (at)Io (bt) +2abII (at)II (bt) 

p>a+b -at- I II (at)Io(bt)-bt-llo (at)II (bt)] 

(p2+a2)-1/4K([!{1+ P }J/2) 
-{;r 

- {iYo(at) 
2 -vp2+a2 2 t 

p>O 

(p2+a2)-1/4K ([!{1- P }J/) 
-{;r 

OB 396 (17. 20) {iJo(at) 2 -vp2+a2 2 t 

p>O 

(p4+4a4) - 1/4K ([! { 1- p2 } J/2) 
2 -vp4+4a4 

~Io(at)Jo(at) 

p > a 
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1. 26 

--

1. 27 

--

1. 28 

2. 1 

- -

2.2 

--

2.3 

- -

2. 4 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

1. Inversion Formulas for K(k}-Continued 

p(p4+4a4) -1/4 ~a[II (at)Jo(at) - Io(at)JI (at)] 

XK([H 1 p2 } J /2) ~ 
~p4+4a4 -2 

p>a 

1 ~Io(at)Jo(bt) [ (p2-a2+b2)2+4a2b2J1/4 

([1 { p2_ a2+ b2} J /2) XK 2 1-~(p2-a2+b2) 2+4aW 

p > a 

P ~ [all (at)Jo(bt) -bIo(at) JI (bt)] [(p2_ a2+b2)2+4a2b2J1/4 

(e { p2_a2+ b2 } J/) XK 2" 1-~(p2-a2+b2)2+4a2b2 

7r 
p > a - -

2 

2. Inversion Formulas for Elk) 

100 e-ptj(t)dt jet) 

~-E(~) p> a ia[at {I02 (~ t)-N(~ t)} 

-2Io(~t)II(~t)J 

p [~-E(~)J p> a ~at-IIo(~ t)II G t) 

ET I 299 (4), OB 394 (17.3) 

1 E(a) p2_a2 p p> a ~ tI02 (~ t) 

1 E(a) p(p2_a2) p p> a i t2 [102 G t )-112 (~t) ] 
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2. 5 

--

2. 6 

--

2. 7 

--

2.8 

--

2. 9 

--

2.10 

--

2.11 

--

2. 12 

2. 13 

2. 14 

- -

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

2. Inversion Formulas for E(kJ-Continued 

P E(a) p2_a2 p p>a ~IoG t) [Io(~ t)+atI! (~t)] 
ET I 299 (6), OB 394 (17.6) 

p2 (a) ~ p2_a2 E p -2 p>a ia[ at {I02 (~ t)+I!2G t)} 

+2Io(~t)I!(~t)] 

1 E( ~ 2a ) (p-a).Jp+a p+a p>a .J~ tlo (at) 

P E( ~ 2a ) p>a .J; [ [10 (at) +2 atI! (at) 1 (p-a).Jp+a p+a 2 t 

1 E( a ) .J p2+a2 .J p2+a2 p>O ~JoG t)[Jo(~ t)-atJI (~t)] 
ET I 300 (7), OB 395 (17.11) 

1 E( a ) p.Jp2+a2 .Jp2+a2 p>O ~ tJ02 (~ t) 

1 E( a ) p2.Jp2+a2 .Jp2+a2 p>O i t2 [J02 (~t)+J12(~ t)] 

~ P E( a ) 
2 .J p2+a2 .J p2+a2 p>O ia[2Jo (~t) JIG t) 

+at { J02 (~t )-J!2 (~t) }] 

~ .Jp2+a2 ( a ) p>O ia[2JoGt)JIG t) 2 p E .Jp2+a2 

-at {J02 (~t)+J!2G t)}] 

.Jp2+a2 E(.Jp2~a2)-~P p>O ~at-!Jo (~ t) J! (~t) OB 396 (17.22) 

-

10 



2. 15 

--

2. 16 

- -

2.17 

--

2. 18 

2. 19 

- -

2.20 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

2. Inversion Formulas for E(k}-Continued 

.J 2 (+bF E( 2.Jab ) 7r 
P + a .Jp2+(a+W -2P ~ t- I [aJ1 (at) J o (bt) +b J o (at)J1 (bt)] 

p>O 

I 7r 

[p2+ (a-Wl.Jp2+ (a+b)2 
2 (a2- b2) t [aJr (at) J o (bt ) -b J o (at)J1 (bt)] 

E( 2.Jab ) 
X .Jp2+(a+W 

p>O 

P ~ t J o (at)Jo (bt) 
[p2+ (a-bFl.Jp2+ (a+ b)2 

E( 2.Jab ) 
X .Jp2+(a+W 

p> O 

p2 
~ [Jo (at)Jo (bt) -at J r (a t)Jo (bt) 

[p2+(a-Wl p2+(a+b)2 

E( 2.Jab ) 
- btJo(at)J\ (bt)l 

X .Jp2+(a+W 

p> O 

p2+ a2_b2 

~ J o (bt) [Jo (at) -2atJr (at) l 
[p2+ (a-b )2l.Jp2+(a+b)2 

E( 2.Jab ) 
X .Jp2+(a+b2) 

p>O 

~ -.J 2-(a-W E( 2.Jab ) 
2 P P .Jp2_(a-W 

~ t- I [aI, (at)Io (bt) +blo (at)I, (bt) 1 

p> a+b 
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2.21 

2. 22 

--

2.23 

--
2.24 

--

3. 1 

--

3. 2 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

2. Inversion Formulas for E(kJ-Continued 

1 1f' 

[p2-(a+b)2].Jp2- (a-b)2 
2 (a2-b2) t [all (at)Io (bt) -blo (at)Il (bt)] 

E( 2.Jab ) 
X .Jp2_(a-W 

p>a+b 

P ~ tIo (at)Io (bt) 
[p2_ (a+b)2].Jp2- (a-b)2 

E( 2.Jab ) 
X .Jp2-(a-b)2 

p>a+b 

p2 
~ [Io (at)Io (bt) +atIl (at)Io (bt) 

[p2_ (a+b )2].Jp2- (a-b)2 

E( 2.Jab ) 
+btlo (at)Il (bt)] 

X .Jp2_ (a-W 

p>a+b 

p2+a2_b2 
~ 10 (bt) [10 (at) +2atIl (at)] 

[pZ-(a+b)2J.JpZ- (a-b)2 

E( 2.Jab ) 
X .JpZ-(a-W 

p>a+b 

3. Inversion Formulas for Blk) 

foro e-p'j(t)dt jet) 

~B(~) p>a i[I02(~ t)-UG t) ] 

B(~)-i p > a ~ t-1I1ZG t) 
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3.3 

--

3.4 

- -

3. 5 

3. 6 

3. 7 

--

3. 8 

--

3. 9 

3.10 

--

3.11 

--

3. 12 

- -

3.13 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

3. Inversion Formulas for B(kl-Continued 

p [ B(~)-~J p>a ~11 (~ t) [at -l1o(~ t) - 3t-211 (~t) ] 
I 

1 B(a) p2_a2 p p>a i t [lo2 (~t)+N(~ t) ] 

1 B(a) p(p2_a2) p p>a 2: tIoGt)II(~t) 

P B(a) p2_ a2 p p > a i[f02(~t)-112(~ t )+2atIo (~ t )11 (~t) ] 

p2 (a) ~ 
p2_ a2B p -4 p > a ~ [ a2tI02 (~t)+ (a2t+2t- I)112 G t) ] 

1 B ( a ) 
.J p2+ a2 ..J p2+ a2 p > O ~[Jo2 (~ t)-J/(~ t) ] DP 368 (31. 1) 

1 B( a ) 
p..Jp2+a2 ..Jp2+a2 p> O i t[Jo2 (~t)+J12(~ t) ] 

~ P B( a ) 
4- ..J p2+a2 ..Jp2+a2 p> O ~JI (~t)[ aJo(~ t )-t-1J 1 (~t) ] 

1 B ( 2.Jab ) 
..Jp2+ (a+ b)2 ..Jp2+(a+W 

p>O ~ [Jo(at)Jo(bt) -J1 (at)J1 ( bt ) 1 

~ P B ( 2.Jab ) 
4-..Jp2+(a+b)2 ..Jp2+(a+b)2 

i [(a+b ) {Jo(at)J1 (bt) +J1 (at)Jo(bt)} 

p>O -2t-1J 1 (at)J1 (bt)] 

P i t[Jo(at)Jo(bt) +J1 (at)J1 (bt)] 
[p2+(a-b )2J..Jp2+(a+b)2 

B( 2.Jab ) 
X ..Jp2+(a+b)2 

p>O 

13 



3.14 

---

3. 15 

--

3. 16 

--

3.17 

--

3. 18 

--

3. 19 

--

3.20 

3.21 

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

3. Inversion Formulas for Blld-Continued 

1 B( 2~ ) 
-Jp2_(a-W -Jp2-(a-b)2 

i [Io(at)Io( bt) - II (at)II (bt)] 

p>a+b 

P B( 2-Jab ) 7r 

-Jp2-(a- b)2 -J p2_(a-W 4 
i [(b - a) {Io(at)II (bt) - II (at)Io(bt) } 

p>a+b +2t- II I (at)II (bt)] 

I 7r 

[p2_ (a+b)2J-J p2-(a-b)2 
4(a+b) t[Io(at)II (bt) + II (at)Io(bt)] 

B ( 2-Jab ) 
X -Jp2- (a-b)2 

p>a+b 

P i t[Io(at)Io(bt)+II(at)II(bt)] 
[p2-(a+bF]-Jp2- (a-b)2 

( 2-Jab ) 
XB -Jp2-(a-b)2 

p>a+b 

(p2+a2) -1/4 B ([~ { 1- P } J /2) 
p+-Jp2+a2 2 -Jp2+a2 ..;; t- 1/2 J (at) 2a I 

p>O 

p(p2+ a2)-1/4 B ([ ~ r 1- p } J/2) 
p+-Jp2+a2 2l -Jp2+a2 

-J; t-3/2[2atJo(at)-3JI(at)] 
4a 

p>O 

(p4+4a4)-1/4B([~{I_ p2 }J/) 7r 

p2+-Jp4+4a4 2 -Jp4+4a4 
4a2 II (at)"-1 (at) 

p>a 

p(p4+4a4)-1/4 B ([~{ 1- p2 } J /2) 
p2+-Jp4+4a4 2 -Jp4+4a4 

4:2 [alo(at)Jl(at) +all(at)Jo(at) 

p>a -2t- 1I 1(at)Jl (at) 1 
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3. 22 

3. 23 

4. 1 

--

4.2 

--

4.3 

4.4 

--

4. 5 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

3. Inversion Formulas for Blk}-Continued 

1 
[ (p2-a2+b2)2+4aW]I/4 

1 

X p2-a2+b2+..j (p2_a2+b2)2+4aW 

p 
[(p2-a2+b2)2+4aW]I /4 

1 
X p2_a2+b2+..j (p2_ a2+b2)2+4aW 

4:b [a1o(at)J I (bt) + b11 (a t )Jo(bt ) 

-2t -III (at)JI (bt) ] 

4. Inversion Formulas for Clk) 

l ro e-ptj( t)dt jet) 

~G(~) p > a 4:2 [ a2{ lo2 (~ t)+NG t) } +12t- 211 2 (~t) 

-6at- I1o G t)11 G t)] 

~G(~) p2 P p > a 2:211 G t) [a1o(~ t )-2t - I11 G t) ] 

~G(~) p3 p p>a 2:2 112 (~ t) 

1 G(~2a) (p+a)3/2 p+a 
p>a ..j; t- I /21 (at) 

4a I 

P G(~2a ) (p+a)3/2 p+a 
p>a i: t-312 [2atIo(at)-311(at)] 
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4.6 

--

4. 7 

--

4.8 

--

4. 9 

--

4. 10 

4.11 

--

4. 12 

i 

4. 13 

4.14 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

4. Inversion Formulas for CCkJ-Continued 

1 o( a ) 
(p2+ a2)3/2 ~p2+a2 

p>O 2:2 J 12 (~t) DP 368 (31. 2) 

P o( a ) 
(p2+ a2)3/2 ' ~p2+a2 

p>O 2:2 J 1 (~t)[aJoG t) -2t-1J 1 (~t)] 

p2 (a) 
(p2+a2)3/2 0 ~p2+a2 p>O 4:2 [a2 { J 02 (~ t )-J12(~ t) } 

+ 12t-2J12(~ t )-6at-1J o (~t )J{~ t)] 

I ([ 2~ p2_a2 J /) 
1 

(p+~p2_a2)3/2 0 p+~p2-a~ ~27f {tKo(at) 

p>-a 

p ([ 2~p2-a2 J /2) 1 
(p+~p2_a2)3/2 0 p+~p2_a2 ~- [Ko( at) - 2atK, (at) 1 

227ft 

p>-a 

1 o( 2~ab ) 
[p2+(a+W]3/2 ~p2+(a+W 

8:b J1(at)J1(bt) 

p>O 

P o( 2~ab ) 
[p2+(a+b)2]3/2 ~p2+(a+W 

8:b [aJO(at)J1 (bt) +bJ1 (at) Jo(bt) 

p>O -2t-1J 1 (at)J1 (bt) 1 

p2 o( 2~ab ) 
[p2+ (a+b)2]3/2 ~p2+(a+b)2 

8:b [2abJo(at)Jo(bt) - (a2+b2)J 1(at) J 1(bt) 

p>O -3t-1{aJo(at )J,(bt) +bJ1(at)Jo(bt)} 

+6t-V1 (at)J1 (bt) 1 

1 o( 2{(ib ) 
[p2-(a-b)2]3/2 ~p2-(a-W 

8:b II (at)I1 (bt) 

p>a+b 
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4. 15 

4. 16 

5. 1 

--

5.2 

5. 3 

5.4 

5. 5 

5.6 

- -

5. 7 

--

5.8 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

4. Inversion Formulas for CCkJ-Continued 

8:b [a10(at)11 (bt) + b11 (at)l o(bt) 

- 3t - 1{ a10(at)11 (bt) + b11 (at)1o(bt) } 

+6t - 211 (at)11 (bt) ] 

5. Inversion Formulas for Dlk) 

L'" e-ptj(t)dt j (t) 

~D(~) p> a ~ [102 (~t )+112 (~t) ] 

lD(~) 
p2 P p> a ~t [ 102 (~t )-N(~ t) ] 

D(~)-~ p> a ~11 Gt) [a10 (~ t )-t - 111 (~ t) ] 

1 (~p-a) 
(p+a)3 /2 D p + a p> -a ~!Ko(at ) 

p (~) p> - a 
1 

(p+ a)3/2 D p+a ..;- [K o(at)-2atKI (at)] 
2 7rt 

P D( P ) (p2+a2)3/2 ..j p2+a2 p> O -~tJo Gt) Yo(~ t) 

1 D( a ) 
..j p2+ a2 ..j p2+a2 

p>O ~[J02 (~ t )+JI2 (~ t) ] DP 369 (31.3) 

~_ P D( a ) 
4 ..jp2+a2 ..jp2+a2 p>O ~t-lJ12(~t) 
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5.9 

--

5. 10 

--

5.11 

--

5. 12 

--

5. 13 

5. 14 

5. 15 

--

5.16 

5.17 

5. 18 

5. 19 

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

5. Inversion Formulas for O(kl-Continued 

p [ ~- .Ip;+a2D (.IP2: a2) ] p>O ~ t- 2J I (~t) [atJo (~ t )-3J, (~t)] 

1 D( a ) 
(p 2+a2)3/2 .I p2+ a2 p>O 27ra tJo (~t ) JI (~t) 

P D( a ) (p2+ a2)3 /2 .I p2+ a2 p>O ~t [J02Gt )-JI2(~ t)] 

p2 ( a ) 
(p2+ a2)3/2 D .I p2+a2 p>O ~[J02 (~t )+JI2 (~ t) 

-2atJo(~t )JI(~ t)] 

-- D 7r p3 (a) 
4 (p2+ a2)3 /2 .I p2+a2 p> O ~ [a2tJ02 (~t)+ (2t-I-a2 t)J12 (~t)] 

1 D( a ) 
(p+.1 p2_a2) 3/2 p+.1 p2_a2 p>a ..;; _ t-1/21, (at) 

2a.l2 

P D( a ) 
(p+.Ip2_a2) 3/2 p+.Ip2_a2 p>a -r-~ t -3/2 [2at 10 (at ) -311 (at) ] 

4a 2 

1 D( 2Fab ) 
.Ip2+(a+W .Ip2+(a+b)2 

p>O ~ [Jo (at)Jo (bt) +JI (at)JI (bt)] 

7r P D ( 2.1ab ) 
4 .Ip2+(a+W .Ip2+(a+b)2 

~ [(b-a) {Jo (at)J1 (bt) -JI (at)Jo (bt)} 

p>O +2t-' J, (at)J1 (bt)] 

1 D( 2Fab ) 
[p2+(a+Wp/2 .Ip2+(a+W 

p> O 4 (a~ b) t [Jo (at)J1 (bt) +JI (at)Jo (bt)] 

P D ( 2.1ab ) 
[p2+(a+Wp/2 .Ip2+(a+W p> O ~ t [Jo (at)Jo (bt) -J1 (at)J1 (bt)] 
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5. 20 

5.21 

5. 22 

--

6. 1 

--

6. 2 

--

6.3 

--

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

5. Inversion Formulas for D(kl-Continued 

1 D ( 2{(ib ) 7r 

..jp2-(a-b)2 ..jp2- (a-W 
4 [10 (at)Io (bt) + II (at) II (bt)] 

p>a+b 

p D( 2~ ) 7r 

..jp2_(a-b)2 ..jp2-(a-b)2 4 
i [(a+b )flo (aO II (bt ) + II (at) Io (bt) } 

p>a+b -2t- 1 II (at)I l (bt)] 

P D( 2~ ) 
[p2-(a--bFj3/2 ..jp2-(a-b)2 it [10 (at)Io (bt) - II (at)I l (bt) ] 

p> a+b 

6. Some Inversion Formulas for Mixtures of K(kJ and Elkl 

So'" e-P1j(t)dt j(t) 

1 {2 K(p-a) ( + )E(p-a)} p(p2_ a2) P p+a - p a p+a tloGt)Ko(~t) 
p>O 

..Jp+a { E( ~p-a) K( ~p-a)} (p2_a2) p p+a -a p+a 
;; t l /2K I(at) 

p>-a 

..Jp+a J; t3/ 2Ko(at) (p2_a2)2 

X {(3P+a)K( ~~~~) -4pE( ~;+~)} 
p>-a 
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6. 4 

6. 5 

- -

6. 6 

--

7. 1 

--

7.2 

Part I. One-Dimensional Inverse Laplace Transforms-Continued 

6. Some Inversion Formulas for Mixtures of K(kJ and ElkJ-Continued 

(p2+ a2) -3/4 -V7rtYo(at ) 

X {2E([H 1+ -vp!+a2} l/2) 

-K([H 1+ -vp;+a2} l/2) } p> o 

(p2+a2) -3/4 {;iJo(at) 

X { 2E[H 1 -V p;+a2 } l/2) 

-K([~{ 1 -vp;+a2} l/2)} p>o 

p{ (p2-a2+b2)2+4a2b2} -3/4 
7r 2 tIo(at) Jo(bt) 

{ ([ 1 { p2_a2+ b2} T/2) 
X 2E 2 1--v(p2-a2+b2)2+4a2b2 

-K([H1 
p2_a2+b2 } T/2)} 

-V (p2_ a2+b2)2+ 4a2b2 

p>a 

Part II. Two-Dimensional Inverse Laplace Transforms 

7. Inversion Formulas for Klkl 

£0'" £0'" e- px - av f(x,y)dxdy f(x,y) 

1 K( 1 ) 
pq pq p > O, q>O,pq > l 1 J o(2-/xy) x Io(2-vxy)5 

- *-
2 -VX .JX 

OB 396 (I7. 23) 

VD 248 (5), DP 464 (53.9) 

1 K( a ) 
pq m p >0, q > 0, pq > a2 ~ 2Fa G' ~ ; 1, 1, 1; a2xy) 

5 The sign ~ denotes the convolution with respect to x: 

f(x,y) ~ g(x,y) = fox f(J;,y)g(x-~,y)d~. 
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7.3 

--

7.4 

--

7.5 

- -

7.6 

--

7. 7 

- -

7.8 

--

7. 9 

--

7. 10 

- -

7.11 

7. 12 

7. 13 

Part II. Two-Dimensional Inverse Laplace Trans·forms-Continued 

7. Inversion Formulas for KCk}-Continued 

1 K( a ) p >0, q > 0, pq >a2 
1 
-J- 10 (2a-JXi;) 

-JPcL -JPcL 2 xy 

JpK(~l ~) 
1 

p>O, q>O 2-J7rxy (x+y) 

1 ($d) -Jq(p+q) K p+q 
p>O, q>O 1 (~y-x) 

7r-Jx (x+y) K y+x' y>x 

0, y< x 

1 (~) -Jq3(p+q) K p+q p > O, q > O 2(y-x) ( ~y-x) 
7r-Jx(x+y) D y+x' y> x 

0, y< x 

-JP(P~+l) K (~pq~l) jyJo(-J2iXY) Jo(-J 2ixy) 

p > O, q> O,pq > l 

-Jpq1+a2 K ( ~ p:~a2) 
1 

p > O, q > O - 2..jXy Yo (2a-JXi;) xy 

1 K (-Jpq-a) 1 

-JPcL+a m+a p > O, q>O 2 ..jXy Ko (2a-JXY) 7r xy 

1 K ([4a-Jpq] 1/2) 1 

m+a -Jpq+a 
2-JXi; 10 (2a-JXi;) 

p > 0, q >0, pq >a2 

1 K( a ) p>O, q>O 
1 -

-Jpq+a2 -Jpq+a2 2-JXi; J o (2a-Jxy) 

1 K( a ) 
-Jpq(pq+a2) -Jpq+a2 

p>O,q>O 7rFC1 ·11.2) 22 3 "2' 2"' , ,1,-a xy 

1 K( 1 ) p>O, q > O 
1 J o(2-Jixy) xlo(2.f[XY) 

* -Jp2q2+1 -Jp2q2+1 2 -JX {X 

VD 248 (6), DP 465 (53.10) 
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7. 14 

--

7. 15 

7. 16 

- -

7.17 

- -

7. 18 

7. 19 

Part II. Two-Dimensional Inverse Laplace Transforms-. Continued 

7. Inversion Formulas for K(kJ-Continued 

1 K2( a ) 
I 

7r 

-Jpq+a2+m -Jpq+a2+m 
8-rxij J 02 (am) 

p>o, q > O 

1 K( a ) 
7r 

(-Jpq+a2+-Jpqr/2 -Jpq+a2+m C) (xy) - 3/4 J o(2a-Jxy) 
2-/2 r 2 4 

p>o, q>O 

1 7r 

-Jpq+a2 (-Jpq+a2+-Jp-gY /2 - C) (xy) -1/4 J o(2a-rxij) 
2-J2r2 4 

XK( a ) 
-Jpq+a2+-Jpq 

p>o, q>O 

(pq) -3/4 
7r C 1 ) 

( -Jpq+-Jpq+a2) 1/2 
2-/2 2F3 4'4; 1,1,1;-a2xy 

XK( a ) 
m+-Jpq+a2 

p>o, q>o 

(pq)-1/4 
7r C 3 ) 

-Jpq+a2 ({jJq+-Jpq+a2)1/2 
2-/2 2F3 4' 4; 1, 1, 1;-a2xy 

XK C!pq+~pq+a2) 
p>O, q>O 

1 
~ Jo(ax) J o (by) J o (2c-Jxy) 

-J(pq+ab+c2F+(aq- bpF 

XK( 2c~ ) 
-J(pq+ab+c2)2+ (aq-pb)2 

p>O, q> O 

22 



Part II. Two-Dimensional Inverse L I ap ace Transforms-Continued 

7. Inversion Formulas for Klk}-Continued 

7.20 1 
-J (pq- ab-c2)2- (aq -pb)2 

7. 21 

7.22 

7.23 

7 .24 

7. 25 

XK( 2c{Cib ) 
.-J (pq-ab-c2)2- (aq -pb)2 

p>a, q>b, (p-a)(q-b»c2 

1 

XK ([( jpg- a)2+ b2JI /2) 
(m+a)2+b 2 

p> O, q> O 

1 

XK ([( .-J-;pq- a)2- b2JI /2) 
(m+ a)2-b2 

p> O, q> O, pq> b2 

1 
2 ,- K o(2a-!xy) cos (2b{Xi;) 

7r"V xy 

1 
2 ,- Ko(2a-rxi;) cosh (2bffl) 

7r "V xy 

1 1 
[( .-Jpq+a)2+b2]1 /2 , 2ffl1o(2affl) cos (2b ffl) 

([ 4am J1/2) i 
XK (m+a)2+b2 II 

p > 0, q>O, pq>a2 

1 1 

[( m+ a)2-b2]1/2 2-Jxy 10 (2 a{Xi;) cosh (2b{Xi;) 

([ 4aJiq J/2) 
XK \ (-Jpq+a)2-b 2 

p>O, q>O, pq>(a+W 

(pq) -1 /4K (D{ l ± ~} J/) 1 ,;-_ (xy) - 3/4e± 2a xy 

4.[; 

p> O, q> O, pq> a2 
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7.26 

- -

7.27 

7. 28 

7.29 

7.30 

7. 31 

7. 32 

7. 33 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

7. Inversion Formulas for KCkJ-Continued 

(pq+ a2)-1/4K ([!{ 1± a }J/2 ) 
2 "';pq+a2 

~ (xy) - 3/4 [cos (2a{XY) ± sin (2a{xy)] 
4 71' 

p> O, q> O 

p-1 /4K([~{ 1-~} J /) 1 [ 1 J/4 

2..j2rG) xy3(X+Y) 3 

p> O, q> O 

p~4 K([H 1-~~} J/) 1 [ 1 J/4 
2..j2r (V x3y(x+y) 

p> O, q> O 

1 ([If ~-2}J/Z) pqK 2l1- 1-;q ~ ZF3 G' ~; 1, 1, 1; aZxy) 

p> O, q> O, pq> az 

1 ([1{ ~(L2}J/Z) "';pq(pq-aZ) K 2 1- 1-pq ~ ZF3 G' ~; 1, 1, 1; a2xy) 

p> O, q> O, pq> az 

(pq)-1 /4K(D{I-~I- ;;} J/Z) (1) (xy)-3/4Io(2a{xy) 
2rz -

4 
p> O, q> O, pq> az 

(pq)-1 /4 K ([! {1-~1- aZ} J /Z ) 71'(3) (xy) -1 /4 10 (2a-JXY) 
"';pq-aZ 2 pq 2rz -

4 
p> O, q> O, pq> az 

)pq K Z ([Hl-~I-;;} J /Z ) - ; Ioz(a{XY) 
4 xy 

p> O, q> O, pq> az 
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7. 34 

7.35 

---

8. 1 

--

8.2 

--

8.3 

--

8.4 

8. 5 

8.6 

8. 7 

--

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

7. Inversion Formulas for Klk}-Continued 

1 

1 

8. Inversion ,Formulas for Elk} 

So'" So '" e-PX-qyj(x, y)dxdy j(x, y) 

~E(~) pq -J pq 
p > O, q> O,pq>a2 7rF( 11. 2 ) 22 {3 -2 ' 2' 1, 1, 1; a xy 

-- E -1 ( a ) 
pq-a2 -rpq p > O, q > O, pq > a2 ~2F3(~'~;I, 1, 1 ; a2xy) 

-Jpq E(~) 1 

(pq-a2 ) ffl p > O, q> O, pq > a2 2-/xylo(2a-/XY) +al l (2a-/xy) 

JP ( a ) 
(pq-a2)/i E m ~~ IoC2a-JXy) 

p > O, q>O, pq > a2 

q~E( ~1-~) v>O, q>O 
-Jx+y 
-J7rxy 

-Jpq~a2 E (-Jpq~ a2) p > O, q> O 
1 

2-Jxy J o(2a-JXi;) -aJl (2a-/xy) 

q-Jp~+a2 E(-J pqa+a2) 
p > O, q> O ~~ Jo(2a-/XY) 
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8.8 

--

8. 9 

8. 10 

8.11 

8 . 12 

8 . 13 

8. 14 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

8. Inversion Formulas for ECkJ-Continued 

1 E( a ) 
-../ pq(pq+a2) -../ pq+a2 

p>O, q>O 7r C 3. ) "2 ZF3 2' 2,1, 1, 1; -a2xy 

-"/pq+a2 E( a ) 
(pq) 3/2 -../ pq+a2 

p>O, q>O 7r ( 11) 2ZF3 -2'2;1,1,1; -a2xy 

1 E C4a-"/pQ ] 1/2) 
(.fM-a) 2(.fM+a) .fM+a 

2-../xylo(2a-../xy) 

p > O, q>O, pq > a2 

p C4am] liZ) 
(fpq-a) 2(.[jq+a) E -../pq+a 

~~ [Io(2a-.jXy)+2a-.jXyIl (2a.fiY)] 

p > O, q> O, pq > a2 

pq E C4a-../pq]I/Z) 1 

(.[jq-a) 2 (-fjq+a) -../pq+a 
2-../xy [1 +4a2xy]Io(2a-../xy) +2aII (2a-!xy) 

p >0, q>O, pq>a2 

1 7r -

-../(pq+ ab+c~)2+ (aq-pb) 2 
2 yJo(ax) Jo(by) J o (2c-../xy) 

X pZq+qa2+pc2 
[(pq+ab+c2)2+ (aq-pb )2-4abc2] 

XE( 2c-../ab ) 
-../ (pq+ab+ c2),2+ (aq-pb)2 

p>o, q> O 

1 

-"/(pq-ab-c2)2- (aq-pb)2 ~ y1o(ax)Io(by)Io(2c-../xy) 

X p2q-qa2_pc2 
[(pq+ab+c2)2- (aq-pb )2-4abc2] 

X E( 2c-../ab ) 
-../ (pq-ab-cZ)2-(aq-pb)2 

p > a, q > b, (p - a )( q - b) > CZ 
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8. 15 

8. 16 

8.17 

--

8. 18 

--

8.19 

.--

8.20 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

8. Inversion Formulas for E(kJ-Continued 

1 1 
[(m-a)2+b2] [(m+a)2+b2P/2 ,/0 (2a.JXY) sin (2b.JXY) 

X E([ 4a~pq J /2) 
(m+ a)2+b2 

p>O, q> O, pq>a2 

P ~~[Io(2a.JXY) cos (2b~xy) [( -JPq-a)2+b2] [( .Jpq+a) 2+ b2]1/2 

X E([ 4am J/2) 
(m+ a)2+ b2 + ~II(2a.JXY) sin (2b~xy) ] 

p> O, q> O, pq > a2 

pq 1 
[( ~pq-a)2+b2] [( .Jpq+a) 2+ b2]1 /2 2~xy [fo (2a-/xy) +4a~xy II (2a.JXY)] 

([ 4affl J /2) X cos (2b/Xi;) X E (~pq+a)2+b2 
(a b) - -

p> O, q> O, pq > a2 +2a -;;--a -Jxylo(2a ~xy) sin (2b.JXY) 

1 
ilo (2a~xy) sinh (2b.JXY) [(~pq-a)2-b2] [(~pq+a)2_b2]1 /2 

XE([ 4am J /2) 
(m+a)2-b2 

p> O, q> O, pq> (a+b)2 

P ~~[Io(2a~XY) cosh (2b.JXY) [(~pq-a)2-b2] [(~pq+a)2_b2]1/2 

XE([ 4am J /2 ) 
(m+ a)2-b2 +~II(2a~xy) sinh (2b.JXY)] 

p>O, q>O, pq>(a+b)2 

pq 1 -
[( ~ pq-a)2-b2] [( ~pq+a)2_b2]1 /2 2~ xy [10 (2a~ xy) +4a{Xy II (2a~xy)] 

XE([ 4a.Jpq J /2) X cosh (2b-fiY) 
(m+a)2-b2 

+2a( ~ + ~ ),fXylo(2a~XY) sinh (2b-fiY) p> O, q>O, pq > (a+b)2 
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Part II. Two-Dimensional Inverse Laplace Trans,forms-Continued 

9. Inversion Formulas for BCkl 

l ro l ro e-PX-qvj(x, y)dxdy j(x, y) 

--

9.1 1 B ( 1) p>o, q>O,p£l>l 1 Jo(2~xy) X Io(2~xy) - * pq pq 4 ~x ~x 

1 J 2(2-rxY) X I2(2~xy) - _. * 
4 ~x ~x 

--

9. 2 ~B(~) 
pq ~pq 

p>o, q>O,pq>a2 11' Fe 1'2 2) 423 2'2' ,1, l;a xy 

--

9.3 _ 1 B(~) 
pq-a2 ~pq 

p>O, q/,O, pq>a2 i2F3(~'~;2, 1, 1;a2xy ) 

--

9.4 _1 B(~) 
~pq ~pq 

p>O, q>O, pq>a2 4:XyII(2a~XY) 
--

9. 5 ~pq B(~) 
(pq-a2) ~ jJq 

p>O, q>O, pq>a2 [a+ 4:xJ II (2a-rxY) 

--

9. 6 JP B( ~) 1- [Io(2a~ xy) + 12 (2a-y'xy) ] (pq-a2)~q ~pq 2 x 

p>O, q>O, pq >a2 

--

I B(~) 1 -
9. 7 -IJ2a~xy) 

(pq-a2)~pg ~pq a 

p>O, q>O, pq >a2 

--

9.S JpB( ~1-~) p>O, q>O 
~x 

2~1I'Y(X+y)3 

9.9 q~pB( ~1-~) p>O, q>O ~y 

~1I'x(x+y) 
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, 

9. 10 

9.11 

--

9. 12 

--

9. 13 

--

9. 14 

--

9. 15 

9. 16 

--

9.17 

--

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

9. Inversion Formulas for Blk}-Continued 

1 B( a ) 
~pq+a2 -v'pq+a2 p> O, q> O J- [Jo(2a-v'xy)-Ji2a-v'Xi!)] 

4 xy 

1 B( a ) 
q-v'pq+a2 -v'pq+a2 p> O, q> O r}- J 1(2a-v'xy) ax 

1 B( a ) 
~ pq(pq+a2) -v'pq+a2 p>O, q> O 7r Fe 3 ' 2 2 ) 42 3 2' 2 ' , 1, 1 ; - a xy 

__ 1 B( 1 ) p> O, q> O 1 J o(2 -v'ixy) x1o(2 -v'ixy) 
~p2q2+ 1 -v'p2q2+ 1 4 -v'x * -rx 

+ 1 J 2(2-v'ixy) x 12(2 -v'ixy) 
4 -v'x * -v'x 

VD 248 (7), DP 464 (53 .6) 

(pq)-1/4 B([!{ 1 ±~} J/2) 1 
-v'; (xy) - 1/4e±2a..,!Xy 

~pq =f a 2 -JPq 

p> O, q> O, pq> a2 

~:::q B ( [H 1-~} J/2) 1 [ X J/4 
2-v'2r G) Y(X+y)5 

p> O, q> O 

-1/4 ( [1 { ~-}JI/2) -v' q(~P+ -v'q) B 2 1- ~ 1 [y J/4 

2-v'Zr (~) X(X +y)3 

p> O, q> O 

1 ~2F3 G' ~ ;2,1,1; a2xy) 
-v' pq(-v'pq+ -v' pq-a2) 

X B ([H 1-~1-;~} J/2
) 

V> O, q> O, pq> a2 

29 



9. 18 

--

9. 19 

- -

9. 20 

9.21 

9.22 

Pc:irt II. Two-Dimensional Inverse Laplace Transforms-Continued 

9. Inversion Formulas for SlkJ-Continued 

1 
7r Fe 5 ' 2 2) 

.vpq-a2(-Jpq + .vpq-a2) 
8234'4' ,1, l;a xy 

XB([~{ 1-~1- ;~ }]1 /2) 

P>O, q>O, pq>a2 

(pq) -1 /4 7r _ 

(-Jpq+-Jpq-a2) 
C) (xy)-3/4I 1(2a.Jxy) 

8r2 - a 
4 

XB([H 1-~1-;~}J /2) 
p>O, q>O,pq>a2 

I 7r 

.vpq(.vpq+.vpq-a2)2 4 2.v- N(a-Jxy) a xy 

XB2 ([H 1-~1-;~ }]1/2) 

p>O, q>O,pq>a2 

-VP /. Il(a-Jxy)[Io(a.vxy)- 2 ~ II (a.vxy)] 
-J q( -Jpq+~pq-a2)2 ax a xy 

XB2 ([H 1-~1-;~} J /2 ) 

p>O, q>O, pq>a2 

1 
-/-Jl(2a-Jxy) cos (2b.vxy) [ (pq -a2+b2)2+4a2pqJ1/4 ax 

X 
p 

pq-a2+b2+-J (pq -a2+b2)2+4a2pq 

([1 { pq-a2+b2 } J /2 ) 
XB 2 1-.v (pq-a2+b2)2+4a2pq 

p>O, q>O 
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9. 23 

--

9.24 

--

9. 25 

--

• 
10.1 

10.2 

--

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

9. Inversion Formulas for BlkJ-Continued 

1 8a~Xy [a{Jo(2a-v'xY) -J2(2a-Jxy)l [ (pq-a2+bZ)2+4aZpqJI /4 

X 
pq X cos (2b-fiY) 

pq-a2+bz+-J(pq_az+b2) Z+4aZpq 

([1 { pq-aZ+bZ } J /Z ) 
-2b J 1(2a-fiY) sin (2b-Jxy)] 

XB "2 1- ..j(pq-az+bz)2+4aZpq 

p>O, q > O 

1 f- J 1(2a..jxy) cosh (2b -fiY) [(pq-aZ- b2 )z+4aZpqJI /4 ax 

X 
p 

pq-aZ-bz+ ..j (pq - a2-bz)2+4aZpq 

([ 1 { pq-aZ-b2 } J /Z ) 
XB "2 1- ..j(pq-aZ-bz)2+4aZpq 

p > 0, q > 0, pq> bz 

1 
8 ~- [a{Jo(2a-Jxy)-Jz(2a ..jxy)l [(pq-aZ-bZ)2+4aZpq JI /4 a xy 

X 
pq X cosh (2b{Xi;) 

pq-aZ-b2+ ..j (pq-aZ-bz)2+4a2pq 

([1 { pq- a2-b2 } J /Z) 
+2bJl (2a-fiY) sinh (2b -Jxy) J 

XB "2 1- ..j(pq-a2- b2)2+4aZpq 

p> 0, q > 0, pq > bz 

10. Inversion Formulas for elk) 

So'" So '" e-PX-qVj(x, y)dxdy j(x, y) 

IJ2(2..jxy) xlz (2-fiY) 1 o( 1 ) p>O, q>O, pq>1 p3q3 pq - * 2 -Jx .fJ; 

plq o (-';;q) p> O, q> O, pq> a2 71' Fe 3'3 l' 2 ) 162 3 2'2' ,1, ,a xy 
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10. 3 

--

10. 4 

10. 5 

10.6 

- -

10. 7 

--

10. 8 

10. 9 

10. 10 

10.11 

10. 12 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

10. Inversion Formulas for C(kJ-Continued 

_ 1 O(~) 
-Vp q m p> O, q> O, pq> a2 : [Io(2a-vXY) - ~- II(2a-JXY) 

2 ~ 2a xy 

-~I2 (2a-vxy)- ~I3(2a-VXY)J a xy 2a xy 

I O( a ) 1 
p> O, q> O, pq> a2 -v-I2 (2a-JXY) 

~(pq)3 -Vpq 2a2 xy 

_ 1 G(~) 
-Vpq3 -Vpq 

p> O, q> O, pq> a2 f-[2II(2a-vXY)- J 12 (2a~XY ) J ax a xy 

-V~3 c( ~1-~) p> O, q> O 
-vxy 

-V7r (x+y)3 

-VP(P~+1)3 c( ~ pq~l) 1-J1 (-V2ixy)J1 (-V-2ixy) 
4 y 

p> O, q> O, pq> l 

I c( a ) 1 
p> O, q> O -V- J 2 (2a-JXY) (pq+a2)3/2 -vpq+a2 2a2 xy 

P c( a ) 
(pq+a2 )3/2 -vpq+a2 p> O, q> O f-[2JI (2a .. /xy)- ~J2 (2a-vxy) ] 

ax a-v xy 

pq c( a ) 
(pq+a2 )3 /2 -vpq+a2 p> O, q> O : [Jo (2a-JXY )- ~-JI (2a-JXY) 

2 xy 2a xy 

-~J2 (2a-JXY)+ ~_ J3(2a-VXY)J a xy 2a xy 

m c( a ) 
(pq+a2)3/2 -vpq+a2 p> O, q> O 1~2F3G'~;3, 1, 1; -a2xy) 

1 c( 1 ) p> O, q>O 
1 J 2 (2 -Vixy) x 12 (2-Vixy) -- * (p2q2+ 1)3/2 -V p2q2+ 1 2 -Vx -VX 

VD 248 (9), DP 464 (53.7) 
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Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

10. Inversion Formulas for Clk}-Continued 

10. 13 
p2 C 4a pq e .1-]1/2) 

C.!pq+a)3 -rpq+a 
.;- II (2a.!xy) 

ax 

p>O, q> O, pq>a2 

--

10.14 
p2 

';-11 (2a.!xy ) cos (2b.!xy) [C.! pq+ a)2 + b2]3 /2 ax 

([ 4a.!pq J/2) 
XC C.!pq+a) 2+b2 

p> O, q> O, pq>a2 

10. 15 
p2 

';- 11 (2a.!xy) cosh (2 b.!xy ) 
[C.!pq+a)2 _b2]3/2 ax 

([ 4a.!pq J/2) 
XC C.! pq+a)2 -b2 

p > O, q> O, pq>(a+W 

1 8~C2 J 1 (ax) J I (by)J2 (2c.!xy) 10.16 [(pq+ ab+c2)2+ (aq- pb)2]3/2 

XC ( 2c,!ab ) 
.!(pq+ ab+c2)2+ (aq-pb)2 

p>O, q> O 

10. 17 
1 8~c2I1 (ax)II (by)I2 (2c.!xy ) [(pq- ab-c2)2- (aq- pb F ]3 /2 

XC( 2c,!ab ) 
.I (pq- ab-c2F- (aq-pb)2 

p>a, q>'b, (p-a) (q-b»c2 
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11. 1 

--

II. 2 

--

11.3 

--

11.4 

--

11. 5 

--

II. 6 

--

II. 7 

--

II. 8 

11. 9 

11. 10 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

11. Inversion Formulas for Dlk) 

i OO i '" e- pX - qV j(x, y)dxdy j(x, y) 

1 D (1 ) p>O, q>O, PQ> 1 
1 J o(2-rxi;) X 10 (2.Jxy) - * pq pq 4.Jx .JX 

+! J 2(2.Jxy) ~ 12(2.Jxy) 
4.Jx .Jx 

1 D ( a ) 
pq m p> O, q> O, pq>a2 7r F C 3. 2 2 ) 4: 2 3 2' 2' , 1, 1; a xy 

1 D ( a ) m m p>O, q>O, pq> a2 1 [Io (2 a.Jxy ) + 12(2a-rxi;) 1 
4 xy 

_ 1 D(~) p>O, q>O, pq> a2 
1 2 I1 (2a-rxi;) .fi(l .Jpq ax 

.J~ D (~1-~) p> O, q> O ~ 
2.J7rx(x+yP 

.J~3 D (~1-~) p> O, q> O .JX 
.J1rY(x+y) 

1 D ( a ) p> O, q> O 
1 

-4 - J 1(2a-rxi;) 
.Jpq+a2 .Jpq+a2 axy 

1 D ( a ) 
(pq+ a2)3!2 .J pq+a2 p>O, q> O ! J 1(2a.Jxy) 

a 

P (a) (pq+a2)3 /2 D .J pq+a2 p> O, q>O 1-[Jo(2 a-rxi;) -J2(2a-!xy) 1 
2 x 

pq D ( a ) 
(pq +a2)3/2 .J pq+a2 p> O, q>O [4:XY -a ]Jl(2a.JXY) 
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11. 11 

--

II. 12 

11. 13 

1 1. 14 

1 1. 15 

1 1. 16 

1 1. 17 

1 1. 18 

1 1. 19 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

11. Inversion Formulas for Dlk}-Continued 

-Jpq D( a ) 
(pq+a2)3/2 -Jpq+a2 

p> O, q> O ~2F3(~'~ ;2 , 1, 1; -a2xy) 

1 D( a ) 
-Jpq(pq+a2) -Jpq+a2 p> O, q> O ~2F3G'~;2, 1, 1; -a2xy) 

1 D( 1 ) 
-JjJ2q2+1 -Jp2q2+1 

p> O, q> O 1 Jo(2-Jixy) x 10 (2 -Jixy) 
4" -Jx * -Jx 

1 JzC2-Jixy) x 12 (2-Jixy) 
4 -Jx * -Jx 

VD 248 (8), DP 464 (53 .8) 

1 D (-Jpq-a) 
(-Jpq+a) 3 -Jpq+a 

p> O, q> O 2-Jxy Ko(2a-Jxy) 
11" 

P D (-Jpq-a) p> O, q> O 1-[Ko(2a-J xy) - 2a-J XyKl (2a.fiY)] 
(-Jpq+a) 3 -Jpq+a 11" x 

pq D ( -JIJ q-a) 
(-Jpq+a)3 -Jpq+a 

p> O, q> O ~- r (1+4a2xy)Ko(2a-Jxy) 
211" xy 

-4a-JxyK1 (2a-Jxy)] 

1 D2( a ) 
(-Jpq+a2 + -Jpq)3 -Jpq+a2+ -Jpq ~-= J 12(a.fiY) 

8a2 xy 
p> O, q> O 

P D2( a ) 
(-Jpq+a2 + -J Ptl) 3 -Jpq+a2+ -Jpq 

{- J1(a-Jxy) [Jo(a-Jxy) - ~-ax 2a xy 

p>O, q>O 
XJ1(a-Jxy) ] 

1 D( a ) 11" 
(xy) - 3/4 J 1 (2a-Jxy) (-Jpq+a2+ ·.fjqY/2 -Jpq+a2+ -Jpq 8-J2 r2 (~)a 

p> O, q> O 
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11. 20 

- -

II. 21 

1 1. 22 

1 1. 23 

1 1. 24 

11 .25 

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

11 . Inversion Formulas for DCk}-Continued 

(pq)-1/4 D ( a ) 
i 

7r C 3 
(..jpq+..jpq+a2)3/2 ..jpq+..jpq+a2 

8-{22F a 4' 4; 2, 1, 1; -a2xy) 

p>O, q>O 

(pq)1/4 
7r (5 5 ) 

";pq+a2 (m+ ..jpq+a2)3/2 8-{22F a 4' 4; 2, 1, 1 ; -a2xy 

XD( a ) 
..jpq+..jpq+a2 

p>O, q>O 

1 
[( ..jpq+a)2+ b2Ja /2 7r~ Ko (2a{XY) sin (2b..jxy) 

X D([(..jpq-a)2+ b]1/2) 
(m+a)2+b2 

p> O, q>O 

P ;Y-:J Ko(2a..jxy) cos (2b..jxy) [ (..jpq+a)2+b2Ja/2 

XD ([(m-a)2+ b]1/2) 
(m+a)2+b2 - ~ Kl (2a..jxy) sin (2b{xy) ] 

p> O, q> O 

pq 27r~ [{Ko(2a{XY)-4a..jxy K1(2a{XY)l [( m+a)2+b2]a/2 

( [(..j pq_a)2+ b] /2) Xcos (2b.JXY) 
XD (..jpq+ar+ b2 

p >O, q>O 
+2a (~-£) Ko(2a..jxy) sin (2b..jxy) ] 

1 1 -

[ (m+a)2-b2)3/2 
7rb Ko(2a..jxy) sinh (2b..jxy) 

( C ..jpq-a)2-b]/2) 
XD (..jpq+a)2-b2 

p >0, q >0, pq >b2 
--
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11. 26 

11. 27 

--

12. 1 

--

12. 2 

--

Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

11. Inversion Formulas for OCkJ-Continued 

p 

XD( D~~:~:= ~:J/2) 
p > 0, q >0, pq > b2 

pq 

XD( [( -vpq-a)2- b2Jl /2 ) 
( -fiXI.+a) 2-b2 

p > 0, q > 0, pq > b2 

7r1x [ Ko( 2a-vxy) cosh (2b-vxy) 

-E K 1(2a-/xy) sinh (2b -vxy) ] 

27r~ [\KoC2a-/XY) - 4a-vxy Kl (2a-/xy)} 

X cosh (2b-vxy) 

+2a(E+~)Ko(2a-/XY) sinh (2b -vxy) ] 

12. Some Inversion Formulas for Mixtures of Complete Elliptic Integrals 

So '" So '" e- px - qy j (x, y)dxdy j(x, y) 

(pq+a2) -3/2 2-/XY J o (2a-/xy) 

X {2E(-vpqa+a2) -K(-vpqa+a2)} 

p> O, q> O 

(pq+a2) -3/4 );;:(xy)-1/4[COS (2a{xy) =f sin (2a-vxy)] 

X {2E([~{ 1± -vpqa+a2} J/) 
-K([~{ 1± -vp;+a2} J /2 )} 

p> O, q>O 
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Part II. Two-Dimensional Inverse Laplace Transforms-Continued 

12. Some Inversion Formulas for Mixtures of Complete Elliptic Integrals-Continued 

12.3 {(pq-a2+b2)2+4a2pq} -3/4 ~Jo(2a.JXY) sin (2b.JXY) 

{ ([1 { pq-a2+b2 }J/) 
X 2E 2" 1 ..j(pq-a2+b2)2+4a2pq 

([1 { pq-a2+b2 }J/2)} -K 2" 1- ..j(pq-a2+b2)2+4a2pq 

p>O, q>O 
--

12.4 
..jpq-a2 

;a 10 (a..jxy) 11 (a.JXY) 
..jp3q3( -fM+..jpq-a2) 

XK([H1- ~1-;~} J/2) 

XB ([H 1- ~1- ;: }]I/) 

p> O, q> O, pq > a2 
--

12.5 ..jpq a2 ~~~[lo2 (a..jxy) + II2 (a-JXy) 
..jpq3(..jpq +..jpq-a2) 

XK([H1-~1- ;:}]1/2) - JxyIo (a.JXY) II (a.JXY) ] a xy 

X B([H 1-~1- ;:}]1/2) 

p >0, q>O, pq> a2 

--

12.6 
..jpq+a2 §~~[ J 02 (a..jxy) -J12 (a.JXY) 

q (..jpq+a2+..fiiY 

XK( a )D( a ) 
..jpq+a2+{pq ..jpq+a2+ ..jpq - JxyJo (a-JXy)JI (a-JXY) ] a xy 

p>O, q>O 

12. 7 
..jpq+a2 

:a Jo (a-JXY) J I (a-JXij) 
pq( ..jpq+a2+{pq)2 

XK( a )D( a ) 
..jpq+a2+m ..jpq+a2+..jpq 

p>O, q>O 
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