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Complete Elliptic Integrals Resulting from Infinite 
Integrals of Bessel Functions. 11* 

Shigehiko Okui * * 

(January 8, 1975) 

Infinite integrals involving products of Bessel and trigonometric or hyperbolic functions reducible 
to complete elliptic integrals are compiled. The table also contains certain types of infinite double 
integrals of modified Bessel functions. All the results are expressed in conveniently compact fonn suited 
for practical applications. 
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1. Introdudion 

This table is primarily intended for applied mathematicians, physicists and engineers faced 
with the problem of evaluating infinite integrals involving Bessel functions. 

In a previous paper,l infinite integrals of Bessel functions and their products were compiled 
in conveniently closed form. In this paper, a table is prepared for those involving products of 
Bessel and trigonometric or hyperbolic functions. It also contains certain kinds of infinite double 
integrals of modified Bessel functions, which are often encountered especially in the fields of signal 
statistics and noise theory. 

Throughout this paper, the parameters are usually positive real and notations occurring 
several times on a section are explained at the top of the section. 

2. Integronds Involving Products of Bessel and Trigonometric Fundions 

2.1. k%=o+& 
I 2a' 

k2=~ 
2 0+& 

100 1 
JoCax2 ) cos (bx 2 ) dx = [K(kd + K(k;) ], 

o 2 ~ . 
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a < b. 

a> b; 
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a> b; 

a < b. (2) 

a> b; 

a < b. (3) 

a > b; 

a < b. (4) 

+ (1 - k;2}(1 - 8k;2)K(k;) - (1 - 16k;2+ 16k;')E(k;)], a> b; 

= - 2 ~ [(16 - 16k~ + k~)E(k2) - 8(1 - ki)(2 - ki)K(kz)], 
15k.1 7T 

a < b. (5) 

l'" 12(ax2 ) cos (bX2) X-4 dx 

= 8 ~ [(I-k~)(2+5ki-8kt)K(kl) -2(l-2kD(1+4kf- 4knE(kd 
105 7T 

a> b; 

8 -v'a3 [(1- kn(l6 - 16k~ - k~)K(k2) - 2(2 - k~) 
105k~ \fIT 2 2 - 2 

X (4-4k~-kVE(kz)], a < b. 

1 
= - _ r-- [2(23 - 128ki + 128kt)E(k l ) - (31 - 144ki + 128kt) K (kd 

30 vna 
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a > b; 

1 [(2 - kD (128 - 128k~ + 15kVK(k 2 ) - 2 (128 
30k ~ ~ 

a < b. (7) 

+ 384k1- 256kf)E(kd + (l - k':)(3 - 80k'~ + 128k' ~)K(k;) 

2 Va [(2 - k;)(128 - 128k.f + 3/ci)E(k 2 ) - 2(1 - /if) 
105k~ ~ -

x(128 - 128k~ + 27/ci)K(k 2 )], a < b. (8) 

f'" 8 -Vn3 
J :J(ax 2 )cos(bx 2 ) x - 4 dx = a [(1 - k~)(2 + 15kf - 144k ~ + 128ky)K(k ,) - 2(1 + 7kf 

o 945 ~ 

- 135k1 + 256kt - 128k~)E(ktl + (1 - k;2)(2 + 15k;2 - 144k; 4 

+ 128k ";)K(k;) - 2(1 + 7k'~ - 135k' ~ + 256k"; - 128k '"t.lE(k;)], 

a > b; 

8 v'a3 [(1 - kn(2 - k~ )(128 - 128 k~ - k :)K(k 2 ) - (256 
945k~ y:; 

- 512ki + 270k~ - 14kz6 - 2k~)E(k2) ] ' a < b. (9) 

J"" Jo(ax 2 ) sin (bx 2 ) dx = _1_ [K(ktl - K(k;)] , 
o 2 V7Ta 

a > b; 

a < b. (10) 

139 



a < b. 

= 2 ~ [(2 - kDE(k2) - 2(1 - kDK(k2)], 
3k~ 11" 

a < b. 

a< b. 

foo 8 v'a3 
1 dax2 )sin(bx2 ) x - 4dx = --:-;= [2(1- ki + ki )E(kd - (1 - ki)(2 - kDK(k 1 ) 

o 15 V11" 

8 Va3 
• / [2(1- k~ + knE(k2)- (1- k~)(2 - knK(k2)] , 

15k~ v 11" 

foo 1 
12(ax2)sin(bx2 ) dx = - . r- [8(1- 2ki)E(kd- (5-8knK(kd 

o 6 V11"a 

(11) 

a > b; 

(12) 

(I3 ) 

a < b. (14) 

~ [(4-k~)(4-3knK(k2)-8(2-knE(k2)] ' a < b. (15) 
6k~ 11"a 

Joo 2 Va 
1 2 (ax 2 ) sin (bx 2 )x- 2 dx= ------:-;= [(I- ki) (1- 8kDK(k 1 ) - (1-16k~ + 16ki )E(kd 

o 15 V11" 

+ (I-16k;2 + 16k; 4)E(k;) 

- (1 - k ; 2) (l - 8k; 2) K ( k ; ) ] , a > b ; 

= 2 ~[(I6-16k~+kVE(k2 ) 
15k~ 11" 

-8(1- kn (2 - knK(k2 )], a < b. 

Joo 8 Va3 
1 2(ax 2) sin (bx 2 )x- 4dx= • / [(1-kD(2+5k~-8kt)K(kd 

o 105 v 11" 

-2(1-2kD (1 +4ki -4k1)E(k1 ) + 
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+ 2(1- 2k;2) (l +4k;2_4k;4)E(k;) - (1- k;2) 

x (2+Sk;2_8k;4)K(k;)], a> b; 

8 y'(l3 
= [(l-k2 )(l6-16P-k4 )K(k2 )-2(2-P) 

lOSk~ V; 2 2 2 2 

x (4-4k~-kVE(kd]' a < b. 

r oo J3(ax2) sin (bx 2)dx= ~ [2(23-128ki+ 128kVE (k 1 ) Jo 30 7Ta 

- (31-144ki+ 128kt) K(k l ) 

+ (31-144k;2+ 128k;')K(k;) -2(23-128k;2 

+ 128k;')E(k;)] , a>b; 

1~ [(2 -kD (128-128k~+ lSkVK(k2 ) 

30k~ 7Ta 

-2(128 -128k~+ 23kVE(k2)] ' a< b. 

f oo 2 Va 
J3(ax 2) sin (bx 2)x- 2dx=- y:;;. [(1- kD (3 -80k;+ 128knK(kd 

o lOS 7T 

- (3 -134k;+ 384kt- 2S6k~)E(kl) 

+ (3-134k;2+384k;4-2S6k;6)E(k;) 

-(1-k;2)(3-80k;2-i-128k;4)K(k;)], a >b; 

l~S-:; V; [(2-k~)(128-128k~+3kVE(k2) 

(17) 

(18) 

-2(1-kn (128-128k~+ 27kVK(k2 )] , a < b. (19) 

2.2.2 

8 y'(l3 [(1 ~ k2 ) (2 + lSP -144k4 + 128k6 )K(k 1) 
94SV; I 1 1 1 

- 2(1 + 7k~ -13Skt + 2S6kY -128k~)E (k 1 ) 

+ 2(1 + 7k;2 -13Sk;" + 2S6k; ti -128k;")E(k;) 

- (1- k;2)(2 + lSk;2 -144k~4 + 128k; ti)K(k;)] , a> b; 

= 8 y'(l3 [(l-k2 )(2-kn(128-128P-k4)K(k2 ) 
94Sk~ V; 2 2 2 2 

- (2S6-S12k~+ 270k~-14k~- 2kVE(k2 )], 

2 2( v'l)"+c; -~ 
k = .J. .~ .~I 2 vb+ vb+a- vb-a 

a < b 

a< b. 

2 The results are also valid for the integrals involving sin (2 bx2) in place of cos (2bx 2), 
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2_ 4ab 
2.3. k - (a +bF 

foo • , 2(a+ b) 
l~(ax) sm (2bx)x- 2dx=b - 3 2 [(a2 +b2)E(k) - (a-b)2K(k )] . 

o rra 

(2) 

(1) 

(2) 

100 b 1 
l2 (ax)ll (ax) sin (2bx)x - 1dx= - + -3 3 [(b - a) (4b2- a2) K(k) - (a + b) (a2 + 4b2)E(k)]. 

o a rra 

(3) 

L 00 h (ax)ll (ax) sin (2bx)dx 

4b 1 [(4a4-17aW+16b4)K(k)-(7a2+16b2) (a+b)2E(k)]. (4) 
a2 3rra4 (a + b) 

L 00 l:l(ax)l2(ax) sin (2bx)x- 1dx 

2.4.3 

a > b 

j oo kl 
lo(ax)lo(bx) cos (cx) dx= _ " K(kd, 

o rr vab 
0 < c < a - b; 

a-b<c<a+b. 

OF 64 (1) 

:l For c > a + b I he integrals vanish. 
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!C OO 1 
)1 (ax) ) I (bx) cos (cx)dx= , r--;- [(2 - knK(kd - 2E(k , )], 

o 7Tk l vab 
0 < c < a-b; 

a-b < c < a+b . (2) 

O<c < a-b; 

~ [8(1-2k;)E(k2 ) - (5-8kD K(k2 )], 
37T ab -

a-b < c<a+b. (3) 

f ~ 1 
) 3( ax)J:l( bx) cos (cx)dx= , ;----;- [(128-128k~+15ki) (2-kDK(k , ) 

o 157Tkf vab . 

- 2 (128 - 128k~ + 23k~)E (k , )], O< c < a-b; 

Iv;;];" [(31-144k~+ 128k!) K(kt ) 
157T ab -

- 2(23-128k~ + 128k~)E(kt)], a-b < c < a+b. (4) 

2.5 .4 

a > b 

Ix 1 
) o(ax) )o (bx) sin (cx)dx= --- K(k , ) , 

(I 7T~ 
a-b <c< a+b; 

c>a+b. OF 169 (1) 

a-b < c < a+b; 

c> a+b. (2) 

a - b < c < a + b . 

.. For 0 < c < 0 _ - b the integrals vani sh. 
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c > a+ b. 

foo 1 
}3(ax)}3 (bx)sin (cx)dx = - [(31 - 144ki + 128kt)K(kd 

o 157TYab 

- 2(23 - 128ki + 128k1)E(kd]' a-b <c< a+b; 

= - • I> [(128 - 128k~ + 15kV (2 - kDK(k 2 ) 

157Tk~ Yab 

1 

- 2(128 - 128k~ + 23knE(k2 )], c > a + b. 

2 k 2 = 4ab , 
.6. 1 (a + b)2 - ,2 

k 2 = ~(a::..-+..:......::.b!...-) 2 ___ '::..-2 

2 4ab 

a > b 

Yo(ax)Yo(bx) COS (cx)dx = .~ K(kd , fOO k 
o 7T Yab 

1 
= • " K(k 2 ), 

7T yab 

O <c< a-b ; 

a-b < c < a+b ; 

(3) 

(4) 

c > a + b. OF 70 (1) 

a > b 

fOO 1 
Yo(ax)}o(bx)cos (cx)dx = , - • I> K(kd, 

o 7TYab 
a-b < c < a+b ; 

c> a + b. OF 68 (1) 

a-b <c< a+b ; 

c > a + b. (2) 

a-b < c < a+b; 

~ For 0 < c < a - b the integrals vanis.h. 
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c > a + b. . (3) 

(00 Y:l(ax)}3(bx)cos(cx)dx = ~ [(31-144k~ + 128k1)K(kl) 
Jo 157T ab 

-2 (23-128kI+ 128k1)E(kd]' a _. b < c < a + b ; 

~ Va]; [(2 - k~)(128 - 128ki + 15knK (k2) 
157Tk~ ab 

- 2 (128 - 128k~ + 23k~)E(k2) ]' c> a + b. (4) 

2.8. 

100 2 V1-k2 
} o(ax)Yo(bx) cos (cx) dx=- ....r;;b I K(k l), 

o 7T ~ 
O< c < a-b; 

a-b < c < a+b; 

c > a+b. OF 68 (1) 

100 2 
}1(ax)YI(bx) cos (cx) dx=- V [2E(kd-(1-k~)K(kd], 

o 7T ab(1-kD 
O< c < a-b; 

a-b < c < a+b; 

c > a+b. (2) 

(0" }2(ax)Y2 (bx) cos (cx)dx= 2 [8(1 + kI)E(kd J 4 37T Vab (1 - k~)3 

O<c<a-b; 

1 
• r-;- [8(l-2kVE(k2 ) - (5 -8q)K(k2)], a - b < c < a+ b; 

37T vab 

591-673 0 - 76 - 4 

-8(2-k5)E(k3)], 
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JoOO 

]3(aX)Y3(bx) cos (cx)dx= 2 [2(23+82ki+23kt)E(k 1 ) 

157T Vab (1- k1)5 

-(1-kI) (31 +82ki+ 15kt)K(kd], 0< c < a-b; 

= 157T~ [(31-144k~+ 128kVK(k2) 

- 2(23 -128k~+ 128kVE(k2)], a-b < c< a+b; 

- 2 (128 -128k~ + 23kVE (k3)] , c> a+b. (4) 

JOO 1 
o Yo(ax)]0(ax)sin(2bx)dx = - 7Tb K(k), a < b; 

=0, a> b. OF 172 (1) 

2.10. a > b 

Joe 2b 
[Yo(ax)] 1 (ax) + ] 0(ax).Y1 (ax) ]sin (2bx)dx = - - K(k). 

o 7Ta2 (1) 

2.11. 

JOO 2~ 
[Yo(ax)]o(bx) +]o(ax)Yo(bx)]sin(cx)dx=- ~ K(k), 

o 7T ~ 
c>a+b; 

= 0, 0 < c < a + b. OF 172 (1) 

Ya2 +b2 +b 
2.12. k 2 = 2Ya 2 + b 2 ' 
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+ 8(l- 2kl2)E (k') - (5 - 8k") K (k')]. (3) 

- (31-144k~ + 128k4)K (k) + 2 (23 -128k' 2 

+ 128k'4)E (k') - (31-144k' 2 + 128k' 4) K (k') J. (4) 

( oo, V1Tkk' Jo KI(ax 2 ) cos (bx 2 )x2dx= 2 v?" [(l-k2 )K(k)-(1-2k2 )E(k) 

+(l-k'2)K(k')-(l-2k")E(k')]. (5) 

( 00 V1T(kk')3 Jo KI(ax 2 ) cos (bx 2 )x4dx= 2v'£i5 [(l-k2)(l-8k2)K(k)-(1-16k~+16k4)E(k) 

+ (l- kl2) (l-8k'2)K(k ') - (l-16k" + 16k' ')E(k')]. (6) 

( oo V1T(kk')5 Jo KI (ax 2 ) cos (bx 2 )x6dx=- 2 W [(l - k2)(3 - 80k2 + 128k4)K(k) 

- (~-134k2+384k4_256k6)E(k) + (l-kl2) (3 -80k'2+ 128k"')K(k') 

- (3 -134k' 2 + 384k 14 - 256k";)E (k')]. (7) 

( 00 V 7Tkk' Jo K2(ax2) cos (bx 2)x4dx= 2v'£i5 [(l-P)(2+5P-8k4)K(k) 

- 2(l-2k2) (l + 4kf -4k4 )E(k) + (l- k")(2 +5k'2 -8k'4) K(k') 

- 2(1- 2kl2)(1 + 4k' 2 -4k 14 )E(k')]. (8) 

+ 128k6)K(k) - 2(l + 7k2 - 135k4 + 256k6 -128k8 )E(k ) 

+ (1- k' 2) (2 + 15k' 2 -144k'4 + 128k'6)K(k') - 2(1 + 7k'2 

-135k'4 + 25M'6 -128k'8)E(k')]. (9) 

( 00 Ko(ax2)sin(bx2)dx = V~"j!:' [K(k) - K(k')]. (10) Jo 2 va 

Joo Ko(ax2)sin(bx2)x2dx = - V1T%)3 [2E(k) - K(k) + K(k') - 2E(k' )] . (11) 
o 2 a 3 

Joo V 1T(kk') 5 
o KO(ax2)sin(bx2)x4dx = - vfa5 [8(1- 2k2)E(k) - (5 - 8k2)K(k) 

2 a5 

+ (5 - 8k' 2)K(k') - 8(1 - 2k' 2)E(k' )] . (12) 
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f"" Vrr(kk')7 
Ko(ax 2 )sin(bx2 )x6dx = y;;7 [2(23 - 12Bk2 + 12Bk4) E(k) 

o 2 a7 

- (31 -144k2 + 12Bk4)K(k) + (31 - 144k'2 + 12Bk'4)K(k') 

- 2(23 -12Bk'2 + 12Bk'4)E(k')]. (13) 

fo"" Ko(ax2 )sin (bx 2 )x-2dx = - 2~ [2E(k) - K(k) + K(k') - 2E(k')] . (14) 

f"" Kl (ax2)sin(bx2)dx = ~ [E(k) - (1 - k2)K(k) + (1 - k'2)K(k') - E(k')] . (15) 
o 2 akk' 

f"" Vrrkk' 
Kl (ax 2 )sin(bx2)x2dx = ~ r-:; [(1 - P)K(k) - (1- 2k2)E(k) 

o 2 va3 

+ (1- 2k'2)E(k') - (1- k'2)K(k')]. (16) 

f"" Vrr(kk')3 
Kl (ax 2 )sin(bx2)x4dx = - [(1- k2) (1- Bk2)K(k) - (1-16k2 + 16k4 )E(k) 

o 2~ 

+ (1-16k'2 + 16k'4)E(k') - (1- k'2) (1- Bk'2)K(k')] . (17) 

J'" KI (ax2)sin(bx~)x6dx = - Vrr%)S [(1- k2) (3 - 80k2 + 12Bk4)K(k) 
o 2 a 7 

- (3 - 134kz + 384k4 - 256k6)E(k) + (3 - 134k'z + 384k'4 - 256k'6)E(k') 

- (1- k'2) (3 - 80k' z + 128k'4)K(k' )] . (IB) 

J'" Kz (ax 2 )sin (bx 2 )x Zdx = ~ [2(1- k2 + k4)E(k) - (1 - k2 ) (2 - k2)K(k) 
(J 2 a 3kk 

+ (1- k'2) (2 - k'2)K(k') - 2(1- k'2 + k'4)£(k')]. (19) 

J'" . Vrrkk' 
K2 (ax2)slll (bx 2 )x4dx = .~ [(1- k2 ) (2 +5k2 -8k4)K (k) 

o 2 vaS 

- 2 (1- 2k2) (1 + 4k2 -4k4)E (k) + 2 (1- 2k'2) (1 + 4kf2- 4k'4 )E(k') 

- (1- k'2) (2 + 5k'2 - 8k' 4)K(k') ] . (20) 

[ '" K2 (ax2) sin (bX2) x6dx = Vrr(::;t [2 (1 + 7k2 - 135k4 + 256k6 - 128kB)E(k) 
)0 2 a 7 

- (1-- k2) (2 + 15k2 -144k4 + 128k6)K(k) + (1- kf2) (2 + 15k" _144kI4 + 128k 16 ) K (k') 

- 2 (1 + 7k' 2 -135k 14 + 256k'6 -12818 )E (k' ).]. (21) 

foo K5(ax2)cos(2bx2)dx= ..y;(I:;Zk2) [K(k' ) + K(k)J2 . 
o 4 b 

(1) 
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f'" KJ (ax2)Ko(ax2)cos(2bx2)x2dx = (1 -;;2k2) V; [K(k') + K(k)][k2K(k') 
o 16kk' b(a2 + b2) 

- (1- 2k'2)E(k') + k'2K(k) - (1- 2k2)E(k)]. (2) 

f'" K. (ax 2)Ko(ax2)sin(2bx2)x2dx = (1 -;;2k2) V; [K(k') - K(k)][k2K(k') 
o 16kk' b(a2 + b2) 

- (1- 2k'2)E(k') - k'2K(k) + (1- 2k2)E(k)]. (4) 

2.14. 

100 1-2~ 
Ko(ax2)Io(ax2) cos (2bx2)dx= .17 K(k)[K(k') +K(k)]. 

o 2vwb . 
(1) 

100 . 1 - 2~ 
Ko(ax2)Io(ax2) sin (2bx2)dx= • 17 K(k) [K(k') - K(k)]. 

o 2v~ 
(2) 

2.15. 

100 wk 
o K,(ax)Ko(ax) cos (2bx)xdx= 4ab E(k). (1) 

100 rl 
o K2 (ax)K, (ax) cos (2bx)x3dx = 16ab3 [(1 - k2) (3 - 4~)K (k) - (3 -13k2 + 8k4 )E (k)]. (2) 

100 wk 
o K,(ax)Ko(ax) sin (2bx)x2dx = 8ab2 [(1_k2)K(k)-(1-2k2)E(k)]. (3) 

L" K2(ax)K, (ax) sin (2bx) x4dx= 3~:~4 
X [(1- ~)(2 + 5P-8k4 ) K(k) - 2(1- 2k2) (l + 4k2 - 4k4)E(k)] . (4) 

2.16. 

100 w~ 
Ko(ax)Ko(bx) cos (cx)dx= • r---> K(k) . 

o 2 Yab 
OF 88 (1) 

I"" wcV(1_k2)=J 
Ko(ax)Ko(bx) sin (cx)xdx= • ~ [K(k) -E(k)]. 

o 8k2 Y (ab)3 
(2) 
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!c
oo we~ 

Kt (ax)K t (bx) sin (ex)xdx= • ~ [(1 + P)E(k) - (l-k2 )K(k)] . 
o 8k2 v(ab)3 

(3) 

2.17. 

(1) 

(2) 

a > b 

J OO k 
Ko(ax)Io(bx) cos (ex)dx= • " K(k). 

o 2 vab 
OF 87 (1) 

!c ~ 1 
Kt(ax)It(bx) cos (ex)dx= .r-; [(2-k2)K(k)-2E(k)] . 

o 2k v ab 

foo 1 
K2 (ax)I2 (bx) cos (ex)dx= -v;;h [(4 - k2) (4 - 3k2)K (k) -8(2 - k2)E (k)]. 

o 60 ab 

r oo K3(ax)I~(bx) cos (ex)dx= 1-v;;h 
Jo 30k5 ab 

(2) 

(3) 

(4) 

x [(128 -128k2 +.15k4) (2 - k2)K (k) - 2 (128 -128P+ 23k4)E(k)]. (5) 

r oo K4(ax)I4(bx) cos (ex)dx = 1-v;;h 
Jo 21Ok7 ab 

x [(6144 -12288k2 + 8000k4 -1856k6 + 105k8 )K(k) -32 (2 - P) (96 - 96k2 + llk4)E(k)]. (6) 

Ko(ax)Io(bx) sin (ex) x dx= E (k). 100 ek3 

o 8(l-P)~ 

Joo ek 
Kl(ax)It(bx) sin (ex) xdx= [(2- P)E(k)-2(l-k2 )K(k)] . 

o 8(1- k 2 )«ab)3 

Jx e 
o K2 (ax)I2(bx) sin (ex) x dX=8k(1-k 2 ) V -(ab)3 

x [(16-16P+ k4)E(k) - 8(1- k 2 )(2 - P)K(k)]. 
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I x e 
Ka (ax)la(bx) sin (ex) x dx= · v'lGJJrf 

o 24k3 (1- P) (ab ):l 

X [(2-P) (l28-128k 2 +3k4)E(k) 

-2(l-k2) (l28-128k 2+ 27k4 )K(k»). (10) 

2.19. j(l = 4ab = sin2 a , 
(a+W+c2 

a > b 

Ao(a, fJ) is Heuman's Lambda function 

(1) 

1.00 ek 7T 
Ko (ax)/, (bx) sin (ex) dx = - . r--;-;; K (k) + -4-b Ao( ex, f3 ). 

o 4 vab3 
(2) 

Jx e ek(2a2+b2 +e2) 7Ta 7T 
f(1(ax)It(bx) sin (ex)dx= .r--;-;;E(k)- .~ K(k)+4b2 Ao(a,f3) +-2 . 

o k v ab3 4b v (ab)3 a 
(3) 

(''' vTk' Jo Ko(ax)}o(bx) cos (ex) dx= v;;J; K(k). (1) 

I ~ 1 
KI(ax)}dbx) cos (ex) dx=-¥ ' [E (k)-(l -k2) K (k»). 

o abkk 
(2) 

( x 1 
Jo KtCax)}tCbx) cos (ex) dx= 3 Yab(kk'r' 

X [(l_k2)(2-3P) K(k)-2(l-2P)E(k)]. (3) 

( " 1 
Jo K 3 (ax)J:,(bx) cos (ex) dX=]5 Yab(kk') 5 

X [(8-23k2 + 23k4)E(k)-(l-P)(8-19k2+115k4)K(k)] . (4) 

( " e V[kk')3 
)0 Ko(ax)}o(bx) sin (ex) x dx= Y(ab):! [2E(k) -K(k)]. (5) 

I x ev'kP 
K, (ax)}, (bx) sin (ex)xdx= • ~ [(l- k2)K(k) - (1- 2k2 )E(k)]. 

o v (ab)3 
(6) 
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i oo C 
K2 (aX)J2 (bx) sin (cx)xdx = [2(1- k;2 + k4)E(k) - (1- k;2) (2 - k2 )K(k)]. 

o V(ab)3kk' 
(7) 

- (8-19P+9k4 -6k6 )E(k)]. (8) 

3. Integrands Involving Products of Bessel and Hyperbolic Functions 

3 ,.2=a+b 
.1. It 2a' a>b 

100 v; 
Ko(ax 2) cosh (bx 2) dx=~ [K(k)+K(k')]. 

o 2 v2a 

(''' Ko(ax2) cosh (bx 2) x 2dx= ( 2 ~ V'2a Jo 4 a - 2a 

X [2aE(k) - (a- b)K(k) + 2aE(k') - (a+ b)K(k')]. 

L'" Ko(ax 2) cosh (bx 2) x4dx= 8(a2 _ ~2 ~ 
X [ (a- b) (a-3b )K(k) + 8abE(k) + (a +b) (a + 3b )K(k') -8abE(k')]. 

1''' Ko(ax 2) cosh (bx 2) x 6dx= 16(a2-~~ 3 Fa 
X [2a(9a 2 + 23b 2) E(k) - (a- b) (9a 2-8ab+ lSb 2)K(k) 

(1) 

(2) 

(3) 

+2a(9a2+23b2).E(k') - (a+b) (9a 2+8ab+ 15b2)K(k')]. (4) 

L'" K t (ax 2) cosh (bx 2) x 2dx= 4(a2-~~ V2a 

X [(a-b)K(k) +2bE(k) + (a+ b)K(k') -2bE(k')] . (5) 

( oo Kt(ax2) cosh (bx2)x4dx= Vii [2(3a2+b2)E(k) Jo 8(a2-b2)2~ 

- (a - b) (3a - b )K(k) + 2(3a2 t-b2 )E(k') - (a + b) (3a + b )K(k')]. (6) 

(oo K2(ax2) cosh (br)x4dx= Vii [(5a2-3ab-4b%) (a-b)K(k) 
Jo 8(a2 - b2)2v'2di 

+8b(2a2 - b2 )E(k) + (a+ b) (5a2 +3ab-41r)K(k') -8b(2a2-b2 )E(k')]. (8) 

152 



100 Ko(ax2) sinh (bx2)dx= ~ [K(k) -K(k')]. 
o 2 v2a 

(9) 

100 Ko(ar) sinh (bx2)x2dx = .",;-; v'2n: [2aE (k) - (a - b) K(k) + (a + b )K(k') - 2aE(k' )] . 
o 4(a2 -b2 ) 2a 

(10) 

100 y; 
Ko(ax!) sinh (bx 2 ) x 4dx= • ~ [(a-b)(a-3b)K(k) 

o 18(a2 -b2 )2v2a 

+8abE(k) + BabE(k') - (a+ b) (a+3b )K(k')]. (11) 

f'" KO(ax2) sinh (bx2) x 6dx= .",;-; v'2G [2a(9a2+23b2) E(k) 
o I6(a2 -b2 )3 2a 

- (a- b) (9a 2-8ab+ ISb 2 )K(k) + (a+ b) (9a 2+8ab+ ISb 2 )K(k') 

-2a(9a2+23b2)E(k')]. (12) 

+2bE(k) +2bE(k') - (a+b)K(k')]. (13) 

Loo v;. 
KI(ax%) sinh (b.x%) x 6dx= . ~ [(Sa 2 - 24ab+3b Z )(a - b)K(k) 

o I6(a 2 -b2 )3 2a 

+2b(29a! + 3b2 )E(k) + 2b(29az+ 3b2 ) E(k ' ) - (Sa 2 + 24ab+ 3b2) (a+ b)K (k')]. (IS) 

(00 ~(a.x2) sinh (bx2)x4dx= y; ~ [(5a2-3ab-4b2)(a-b)K(k) 
)0 8(a2 -b2 )% 2a3 

+8b(2a2- b2 )E(k) +8b(2a2 - b2)E(k') - (a+ b )(5a2+3ab-4b2)K(k')]. (16) 

3.2. a > b 

(1) 

100 ~ 
o K2 (ax)K1 (ax) cosh (2bx):x,3dx= 16a4P(I-P)3 [(3+7P-2k4)E(k) 

- (I-if2)(3+ k2)K(k)]. (2) 

(- ri 
Jo KJ (ax)Ko(ax) sinh (2bx)rtix= 8a4P(I - P)2 [(I + P)E(k) - (1- P)K(k)]. (3) 
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LX> K 2 (ax)K 1 (ax) sinh (2bx) x 4dx= 32a6k:~b_ P)4 

X [(l-P)(2-9P-k4 )K(k)-2(1+P)(1-6P+k4 )E(k)]. (4) 

3.3. 

a>b 

I'" 1T Y1-P 
Ko(ax)Ko(bx) cosh (ex) dx= v;;J; I K(kd, e < a-b; 

o 2 d 
1r 

= .~K(k2)' a-b<e<a+b. 
2 vab 

(1) 

[ '" 1Te Y (1- P) 3 
Ko(ax)Ko(bx) sinh (ex) x dx= ~ [K(kd-E(k 1)], 

o 8k~ (ab)3 
e< a-b; 

1Te [E(k)-(l-P)K(k)] 
8k~ (1 - kD Y (ab )3 2 2 2, 

a-b < e < a+b. (2) 

e < a-b; 

a-b<e<a+b. (3) 

3.4. a >b+c 

100 k 
Ko(ax)Io(bx) cosh (ex)dx= -- K(k). 

o 2~ 
(1) 

100 1 
Kl(ax)Il(bx) cosh (ex)dx=-- [(2-k2)K(k) -2E(k)]. 

o 2k~ 
(2) 

100 1 
K2 (ax)I2 (bx) cosh (ex)dx= • ~ [(4-P) (4-3P)K(k) -8(2-P)E(k)] . 

o 6k3 vab 
(3) 

100 K3(ax)I3(bx) cosh (ex)dx= ~ [(128-128P+ 15k4 ) (2-P)K(k) 
o 30k5 ab 

-2(128-128P+23k4 )E(k)]. (4) 
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f" K4(ax)14(bx) cosh (ex)dx = 210k71~ [(6144 - 12288k2 + 8000k4 - 1856k6 + 105k8 )K(k) 

- 32(2 - k2) (96 - 96k2 + llk4)E(k)]. (5) 

foo e~ 
Ko(ax)Io(bx) sinh (ex)xdx = • ~ E(k). 

o 8 (1 - k2) V (ab)3 
(6) 

foo ek 
K, (ax )11 (bx) sinh (ex )xdx = 'J • f"Il"'\'O [(2 - k2)E (k) - 2 (1 - k2)K (k)]. 

o 8 (1 - k-) v (ab)3 
(7) 

f 00 K2 (ax)12 (bx) sinh (ex )xdx = e . \!'Ta'b'):i [(16 - 16k2 + k4)E (k) 
o 8k (1 - k2 ) (ab )3 

- 8(1- k2 )(2 - k2)K(k)]. (8) 

r oo e Jo K3 (ax )1:\ (bx) s inh (ex )xdx = 24k3 (1 _ k2 ) V (ab )3 [(2 - k2) (128 - 128k2 + 3k4)E (k) 

- 2(1 - k2 ) (128 - 128k2 + 27k4)K(k)]. (9) 

k 2+k'2=1 

a > c 

foo Y'kP 
Ko(ax)}o(bx ) cosh (ex)dx = • CL K(k). 

o vab 
ET II 15 (23) (1) 

K, (ax)}1 (bx ) cosh (ex )dx = • "'" [E(k) - (1 - k2)K(k ) ]. 100 • 1 

o vabkk' 
(2) 

1000 

KZ( ax)}2(bx ) cosh (ex)dx = 3v'ab(~kl) 3 
X [(1 - k2) (2 - 3k2) K(k) - 2(1 - 2k2)E(k)]. (3) 

f" K3 (ax)}3(bx) cosh (ex)dx = 15 Va:(kk' )5 

X [(8-23k2+23k4)E(k)- (l-k2 )(8-19k2+15k4)K(k)]. (4) 

!c oo e~ 
Ko(ax)}o(bx) sinh (ex)xdx = • ~ [2E(k) - K(k)]. 

o v(ab)3 
(5) 

100 • eY'kP . 
KI (ax)} 1 (bx) smh (ex)xdx = • ~ [(l - k2)K(k) - (1- 2k2)E(k)] . 

o v (ab)3 
(6) 

(7) 
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Joo C 
o K3(ax)J3(bx) sinh (cx)xdx = 3v'(abkk')3 [(8 -15k2 + 3k4 ) (1- k2)K(k) 

- (8 - 19k2 + 9k4 - 6k6)E (k)]. (8) 

3.6. 

cn(u), sn(u), dn(u) are Jacobian elliptic functions 

a>c 

100 Kdax)Jo(bx) sinh (cx)dx = ~ [uE(k) - K(k)E(u) 

+ sn(u)dn(u) K(k)]. 
cn(u) 

4. Miscellaneous Single Integrals 

4.1. 1e2 = 1/2 (1 _ p2 - 0
2 + b2 

) , 

Y(p2 _ a 2 + b2)2 + 402b 2 

P + 1e'2 = 1, P > a 

ET II 15 (24) (1) 

Joo 2~ 
e- PX!o(ax)Jo(bx)dx = • r> K(k). 

o 1T vab (1) 

JOO e-PX!o(ax)Jo(bx)xdx = 2p~3 [2E(k) - K(k)]. (2) 
o 1T (ab 3 

JOO e-pxI\(ax)J\(bx)xdx = 2~ [(1- k2)K(k) - (1- 2k2)E(k)]. (4) 
o . 1T (ab)3 

J 00 e-PX!2 (UX)J2 (bx)dx = Yo 2 [(1- k2)(2 - 3k2 )K(k) - 2 (1 - 2k2)E(k)]. (5) 
o 31T ab(kk')3 

f 00 e - PX!3 (ax)J3 (bx) dx = 2 [(8 - 23k2 + 23k 4 )E(k)- (1- P)(8-19P + 15k4 )K(k)]. 
o 157T v' ab(kk' )5 

(7) 
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4.2. 

!C
OO 2k 

[Io (ax) - Lo(ax) ] J o(bx) dx = - K (k). 
° na 

OB 26 (2.141) 

r oo 2 Jo [I I (ax) - L1 (ax)J Jo (bx) x - Idx = n k [K(k) - E(k)]. 

r oo 2 2 Jo [13 (ax) - L3 (ax) ] Jo(bx) x - 3 dx = 22S:k 5 [(8+3k2+4k 4 )K(k)-(8+7k2+8k4 )E(k)]. 

4 .3. P = ( : ~ ~ r 
r oo . 4 Jo [Ho (ax) - Yo(ax)] Jo (bx) dx = n (a + b) K (k) . 

4.4. k2 = ( J - a ) 2 

J + a 

f oo e - ( 1/2UZ- I) xZI o(1 a2 x2) erfc (x) x2dx = 2 K(k). 
° 2 (l + a) V; 
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(1) 

(2) 

(3) 

(4) 

(1) 

(1) 



4.6. 

(1) 

(2) 

(3) 

4.7. 

(1 ) 

(2) 

foo 5 Vii kll 
r(l +2a)x2Ko(x2)L3(2ax2) x 6dx=----== 

o 1024 ~ 

X [2 (23-82a+ 23a2)E(k) - (31-82a+ lSa2)K(k)]. (3) 

4.8.6 

6 For b < a the integrals vanish. 

p=b-a, 
b+a 
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b- v'b2=(i2 
2b 

b > a 

b- Yb2 -a 2 

4.10.- P= b > a 
2b ' 

LX) J' /4(ax2)Y' /4(ax2)J'/4(bx2)Y' /4(bx2) x 4dx= 47T2b3r(1/~)~!ti -~) (1-2P) 

(1) 

X [(l-P)K(k)-(1-2k 2 )E(k)]. (2) 

5. Double Integrals 

5.1. 

e- fJX2 - qy2/o(2axy)dxdy= -- K(k). 1"' 1'" 1 
o 0 2vpq (1 ) 

e-PX2_qy2/0(2axy)y2dxdy = E(k). 1"' 1'" 1 
o 0 4(1- k2 ) v'PQ3 (2) 

e- pX2- qy2/o(2axy)y4dxdy= [2(2 - k2)E(k) - (1- P)K(k)]. 1"' 1'" 1 o 0 8(1-P)2v'PQ5 
(3) 

( '" (oo e-pXLqy2/o(2axy)y6dxdy= ___ 1 __ _ 
Jo Jo 16(1- k2 )3vPQ1 

x [(23 - 23k2 + 8k4 )E(k) - 4(2 - P) (1- k2)K(k)]. (4) 

( '" ( '" e-pX2-qy2/o(2axy)ySdxdy= ___ 1 __ _ 
Jo Jo 32(1-k2)4VpQ9 

X [8(2 - P) (11-11k2 +6k4 )E(k) - (1- k2) (71-71P+ 24k4)K(k)]. (5) 

(6) 

(7) 
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J'" J'" e-PX2 _qy2/0(2axy) x 2y6dxdy= 1 
o 0 32(1-k2)4 y'p3q7 

[2(19 +6P - k4)E(k) - (1- k2) (23 + k2)K(k)]. (8) 

J"' J'" e- PX2 _qy2!o(2axy) x 2y 8dxdy= 1 
o 0 64(1- P)5 y'p 3q9 

X [(281 + 142P-47k4 +8k6)E(k) - 4(1- P) (44+ 5P -k4)K(k)] . (9) 

J'" J'" e-pxLqy2/ o (2axy)' x4y4dxdy= 3 
o 0 32(1- k2)4 y'p 5'1 5 

X [8{l+P)E(k)-{l-k2)(5+3P)K(k)]. (10) 

J'" J 00 e- PX2 _qy2/0(2axy) x 4y6dxdy= 3 
o 0 64(1-P)5y'p 5q7 

X [(43+ 82P+3k4)E(k) ~4{l- P)(7 + 9P)K(k)]. (11) 

( 00 ( 00 e- pX2-qy2/0(2axy)x4yBdxdy= 3 
Jo Jo 128(1- k2 )6y'p5q9 

X [2(158+ 449P+ 36k4-3k6)E(k) - (1- P) (211 + 426P + 3k4)K(k)]. (12) 

( 00 ( 00 e- pXLqY2/0(2axy)x6y6dxdy= ___ 1_5 __ _ 
Jo Jo 128(1- k2 )6Yp 7q7 

X [2(23 + 82k2 + 23k4)E(k) - (1- k2) (31 + 82P + 15k4)K(k)]. (13) 

( 00 ( 00 e- pX2- qY2/0(2axy)x6yBdxdy= ___ 1_5 __ _ 
Jo Jo 256(1- k2 )7Yp 7q9 

X [(337 + 1773k2 + 947 k4 + 15k6)E(k) - 8(1- k2) (29 + 118k2 + 45k4)K(k)]. (14) 

e- px2_qy2/1 (2axy)xydxdy= [E(k) - (l- k2)K(k)]. JOO J oo 1 
o 0 4pqk(1- P) 

(15) 

e- pxLqy2/1 (2axy)xy3dxdy= [(1 + P)E(k) - (1- P)K (k)] . J
OO J OO 1 
00 8pq2k(1-k2)2 . 

(16) 

(17) 

(18) 

L X> fo OO e - px2 _qy2/1 (2axy) x3y3dxdY=16P2q2k~l_k2)3 
X ((1+7P)E(k) - (I-P)(1+3P)K(k)]. (19) 
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r'" r'" e- PX2 - QY"II (2axy) x 3y5dxdy= . 3 Jo Jo 32p 2q3k(l-P)4 

X [(l+14k 2+k4 )E(k)-(l-k2)(l+7k2 )K(k)]. (20) 

r'" r'" e- PX2 - Qy2Il (2axy) x 3y 7dxdy= 3 Jo Jo 64p 2q4k(l-k2)5 

X [(5 + 108P+ 17k4 - 2k6 )E(k) - (1- P) (5 + 58k2 + k4)K(k)]. (21) 

(22) 

(23) 

e- }Jx2- Qy2I 1 (2axy)x - 1y- 1dxdy= - [E(k) - (l-k2)K(k)]. i" 1'" 1 
o 0 k 

(24) 

e- }Jx2- qy2I 1 (2axy)x - 1ydxdy= - [K(k) - E(k)]. 1"'1'" 1 o 0 2qk 
(25) 

e- }Jx2- Qy2I1 (2axy)x- 1y3dxdy= [(1- k2)K (k) - (1- 2k2)E (k)] 1"'1" 1 o 0 4q2k(l- k2) . 
(26) 

r" r '" e- px2- qy2I1 (2axy)x - 1y 5dxdy= 1 Jo Jo 8q3k(l- k2 )2 

X [(1- k2) (3 - 4k2)K(k) - (3 -13k2+ 8k4)E(k)]. (27) 

(28) 

f"J'" 1 e - }Jx>- Qy 2L (2axy)dxdy= [(2 - k2)K(k) - 2E(k)]. 
o 0 2k 2 VPQ 

(29) 

J "' J OO 1 e- px2 - Qy2[2 (2axy)y2dxdy= [(2 - P)E(k) - 2 (1- k2 )K(k)]. 
o 0 4P (l - P) V pq3 

(30) 

J 00 J 00 e- }Jx2 - qy2[ 2 (2axy) y4dxdy= ___ 1 __ _ 
o 0 8P(1- k2)2Ypq5 

X [2(l- k2 + k4)E(k) - (1- k2 )(2 - P)K(k )]. (31) 

591-673 0 - 76 - 5 
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x[ (6 - 9P + 19k4 - 8k6 )E(k) - 2 (1- k2) (3 - 3k2 + 2k4)K(k)]. (32) 

x [(1- k2)(2 -3P)K(k) - 2(1- 2P)E(k)]. (33) 

x [2(1-P) (1-3P)K(k) - (2 -7P -3k4)E(k)]. (34) 

x [(1- k2) (2 -9P - k4)K(k) - 2(1 + P) (1-6k2 + k4)E(k)]. (35) 

x [(1- P) (2 -UP -15k4)K(k) - 2(1-6k2 -19k4)E(k)]. (36) 

x [2(1- k2) (1-Sk2 - 25k4)K(k) - (2 -17k2 -lOSk4 -5k6 )E(k)]. (37) 

(38) 

f
OOfOO vP e- PX2 - Qy212(2axy)x-2dxdy=-- [(2- k2)E(k) - 2(1- P)K(k)]. 

o 0 3k2Vq 
(39) 

(40) 

f 00 f 00 e - pX2 - Qy2 12 (2axy) X - 2y4dxdy = ___ Vv_p __ 
o 0 12P(1-k2 )VQ5 

x [2(1- P) (l + 2k2 )K(k) - (2 + 3P -Sk4)E(k)]. (41) 

x [(1- P) (2 + 5k2 -Sk4)K(k) - 2(1- 2P) (1 + 4P -4k4)E(k)]. (42) 

162 



J
OO J OO 2~ e - PX2 - qy2[2 (2axy)x - 2y - 2dxdy= --q [(2 - 3P) (1- P)K(k) - 2 (1- 2P)E(k)]. 

o 0 9k2 

J OO J OO e - px"- qy2[:1(2axy)xy dxdy= __ 1_
o 0 4pqk3(1- k 2 ) 

(43) 

x [(8-7k2)E(k) - (1_k2) (8-3k2)K(k)]. (44) 

J OO J OO e - fJ~' 2 - qY 2[3(2axy)xy3dxdy=-__ I __ -
00 ' 8pq2k3 (I-k 2 )2 

x [(8-9k2) (1- P)K(k) - (8-13k2 +3k4)E(k)]. (45) 

J 00 J 00 e - px2 - qy 2[ 3 (2axy )xy5dxdy= ___ 1 __ _ 
o 0 16pq3k3 (1-k2 )3 

Xl (1 -"~ ) (8 -15P +3k4)K(k) - (1- 2k2) (8 - 3k2 + 3k4)E(k)]. (46) 

x [(8 - 23P + 23k4)E(k) - (1- k2) (8-19k2 + 15k4)K(k)]. (47) 

x [(8 - 33k2 + 58k4 + 15k6 )E(k) - (1- P) (8 - 29k 2 + 45k4)K(k)]. (48) 

(49) 

f OO J OO 1 e - px"- Qy2[3(2axy)x - 1y dxdy=- [(8 -5P)K(k) - (8- P)E(k)]. 
o 0 6qk3 

(50) 

x [(8- 3k2 - 2k4)E(k) - (1- k 2 ) (8+ k2)K(k)]. (51) 

foOO fooo 
e - }Jx"- Qy2[ 3( 2axy)x - 'y- 'dxdy= 9~3 [(8 -7k2 )E(k) - (8 - 3k2) (1- P)K(k)]. 
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J OO J OO 2q e - PX2 - qy2J3(2axy)x - ly- 3dxdy= - [(8 - 9k 2 ) (1- P)K(k) 
o 0 45k3 

-(8-13k2 +3k4)E(k)]. (54) 

e - px2 - qy2J 3 (2axy)x - 3y dxdy= --. J OO J OO P 
o 0 15ak3 

x [ (8 - 3k2 - 2k4)E(k) - (8+ P) (1- k 2 )K(k)]. (55) 

e- px2 - qy2J.J (2axy)x - 3y 3dxdy=-- [(8 +3P +4k4) K(k) - (8 + 7 k 2 + 8k4)E(k)]. J OO J OO P 
o o · 30q2k3 

(56) 

e- PX2 - qy2J3( 2axy)x -3y5dxdy=---'----J OO J OO P 
o 0 60q3k 3 (1- k2 ) 

X [(1- P)(8 + 13k2 + 24k4)K(k) - (8 + 9P + 16k4 - 48k6 )E(k)]. (57) 

J OO J OO e - PXLqy2J3(2axy)x - 3y- 3dxdy= 4pq [(8-23k2+23k4) E(k) 
o o · 225k3 

- (1- k 2 )(8-19k2 + 15k4)K(k)]. (58) 

5.2. pq > 0 2 

J OO J OO 1 
e -pX2 - qy2J~(axy)dxdy=-- [K(k)V 

o 0 . 7T.ypQ 

J OO J OO 1 e- pXL qy2I5(axy)x 2dxdy = K(k) [2E(k) - K (k)]. 
o 0 • 27T(1-2P) ~ 

J OO J OO 1 e - pXLqy2I~ (axy)dxdy= [E(k) - 1- k 2)KCk)]. 
o 0 7Tk2(1-k2).ypQ 

J OO J OO e - JiX L qy2JT(axy)x2dxdy=-----1---
o 0 27Tk2(1- P) (1- 2P) ~ 

x [E(k) - (1- k 2)K(k)][ (1- P)K(k) - (1- 2k2)E(k)]. 

(1) 

(2) 

(3) 

(4) 

(5) 

-(1-'k2)(1-8P)K(k)] [(1-2k 2)E(k)-(1-k2 )K(k)] . (6) 
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x(l_k2)K(k)-2(l-2k2)E(k»)2. (7) 

1 [2(1- k2 + k4)E(k) 
67Tk 4 (l-k 2) 2(l-2k2) vp:;q 

-(2-P)(l-k2)K(k)] [(2-3k2)(l-k2)K(k)-2(l-2k2)E(k)]. (8) 

LOO Loo e- pX2- qY'J2(axy)x-2y2dxdy= vIP 
o 0 3 3157Tk6 (l-k2)3 VQ3 

X [(l-2P) (8-3P+3k4 )E(k ) - (l_k2) (8-15k2+3k4 )K(k»)2. (11 ) 

5.3. 

l °O l ~ 1-2~ 
e- px' - qY'II (axy)Io(axy)xydxdy= • ~ K(k) [E(k) - (1- k 2)K(k)]. 

o 0 27Tpqk vI - k2 
(1) 

{oo {'" e-px2- qy2II (axy)Io(axy)x - 1y3dxdy = 1- 2k2 
Jo Jo 27Tq2kYl- k2 

X [2E(k) - K(k)][ (l- k2)K(k) - (l- 2~)E(k)]. (2) 

(oo [00 e- pX2-qy212(axy)Il(axy)xydxdy= 1-2P . 
Jo Jo 27Tpqk3Y(l-k2)3 

X [E(k ) -(l-P)K(k)] [(2-3k2)(l-k2)K(k)-2(l-2k2)E(k ) ] . (3) 

[ 00 [ 00 e- PX2- qy'Iz (axy) II (axy)x- 1y3dxdy = 1- 2k2 
Jo Jo 67Tq2k3Y(l- k2 )3 

X [(1- k2) K (k ) - (l - 2k2) E (k)] [2 (l - ~ + k4) E (k ) - (l - ~)( 2 - k2) K (k) ] . (4) 
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L'" L'" rPXLqy213(axy)I2(axy)xydxdy 

1-2P -=-------:--=--;.=:::.:::=.;:= [(1- k2) (2 - 3k2)K(k) - 2 (1- 2k2)E (k)] + 
18 7Tpqk5 Y(1- k2)5 

x [(8-23k2+23k4)E(k)-(1-P)(8-19P+15k4)K(k)]. (5) 

( '" ( "" e- /JxLQy213(axy)12(axy)x - lyJdxdy= 1-2P [2(1-k2+k4)E(k) 
Jo Jo 307Tq2k5 y (1- k2)5 

- (1- k2)(2 - k2)k(k)] [(1- k2)(8 -15k2 +3k4)K(k) - (1 ~ 2k2) (8 - 3k2 + 3k4)E(k)]. (6) 

5.4. k 2 [(p+a)(q-b)-c2][(p-a)(q+b)-c2] 

(p-a) (q-b) > c 2, p>a, q>b 

f "" f "" k e - p;rL QY210(ax2)10(by2)Io(2cxy) xydxdy= • /J K(k). 
o 0 47TC vab 

(1) 

(2) 

(3) 

f "" f "" 1 e- /J;r2- Qy211(ax2)11(by2)12(2cxy) xydxdy= ./J [(2-k 2)K(k) -2E(k)]. 
o 0 47Tkc vab 

(4) 

(5) 

( "" ( "" e- I'X2 - lJy212(ax2)12(br)14(2cxy)xydxdy= 1 
Jo Jo 127Tk3cv-;;b 

X [(4-k2)(4-3P)K(k) -8(2-k2)E(k)]. (6) 

X [(l28-128k2+ 15k4)(2-P)K(k) -2(l28-128k2+23k4)E(k)]. (7) 

( x ( oo e-pXLQy21~(ax2)1~(br)lM(2cxy)xydxdy= 1~ 
Jo Jo 4207TFc ab 

X [(6144 -12288P + 8000k4 -1856k6 + 105k8 )K(k) - 32(2:- k2) (96 - 96k2 + llk4)E(k)]. (8) 
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5.5. 

[ ~ [ ~ kYl-k2 

Jo Jo e- 'JX' - qY'Ko(2vpqxy)Io(4bxy)dxdy= b [K(k) F· 

[ ~ [ ~ kYl-k2 

Jo Jo e- PXL qY'Ko(2vpqxy)10( 4bxy )x2dxdy= 4pb(1- 2P) K(k)[2E(k) - K(k)]. 

i ~ i ~ 1 e- PXLqY'Ko(2 vpqxy)l,( 4bxy)xydxdy= V;;;; K(k) [E(k) - (1 - P)K(k)]. 
o 0 4b pq(1-2P) 

i ~ i ~ 1 e - PX' - qY'Ko(2 vpqxy) /1 (4bxy)dxdy = v'f=k2 [E (k) - (1- P)K(k) ]2. 
o 0 bk 1- k2 

[ " [ ~ e- fJ X'-bY'Ko(2vpqxy)lz(4bxy)x2dxdy= 1~ Jo Jo 4pbk{l- 2k2) 1- Jc2 

x [E(k) - (l_k2)K(k)] [(1- P)K(k) - (l-2k2)E(k)]. 

J " J ~ 1 e - PX'- QY'Ko(2 vpq xy) l a(4bxy) xydxdy = ~ ( 
o 0 4b pq F{l-k2) 1-2k2) 

X [E(k) - (1- k 2)K(k)] [(1 - F)(2 - 3k2 ) K(k) - 2(1- 2F)E(k)]. 

fo~ L" e - PX'-QY' Ko(2 vpq xy) 14(4bxy) dXdY =-:-9b-k-3-yr~=I=_=k==2)=:) 
x [(1 -k2)(2-3F)K(k)-2(1-2k2)E(k))2. 

fo~ L'" e - fJX'- qy'Ko(2 vpq xy)L(4bxy) X2dXdY=-12-p-:-bk-a--:-(-I_-2k-:12-:-)-yr=(l=_=k==2=P 

X [(2- 3F)(1-F) K(k) -2{l-2k2)E(k)] [2(1-F+k 4 )E(k) - (l -k2)(2-k2) K(k)]. 

J ~ J '" k Vf=k2 e - px'- QY'K, (2 vpq xy)l o( 4bxy) xydxdy= . r- ( 2) K (k) [2E(k) - K (k)]. 
o 0 4b V pq 1 - 2k 

e - pxL qY'K, (2 vpq xy) l, (4bxy) x 2dxdy= [2£ (k) - K(k)] f"' I '" 1 
o 0 4pb (l - 2P) 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

x [(1- k 2 )K(k) - (l - 2k 2 )£(k)]. (10) 

f o'" J o"" e - px'- I/Y 'K, (2 vpq xy)12 (4bxy) xydxdy 1 
4bk(l - 2k2) y' pq(1- P) 

x[E(k)-(l-P)K(k)) X [ ( I-P)K(k)-(1 -2k2)E(k ) ]. (ll) 

f '" I'" e - fJX' - QY'K, (2vpq xy) 12(4bxy) x - ' y dxdy= vP 
o 0 3bk y' q(l- P) 

+ [(1- 2k2) E(k)- (1 - k Z )K(k))2. (l2) 
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J"'J'" e :- px'-qY'K,..(2Ypq xy)L(4bxy) X- 1y3dXdy=----VO-p-;==== 
o 0 12bk(1-2P)Vq3(1-k2 ) 

x [(1- k 2 )K(k) - (1- 2P)E (k)] [(1- k 2 ) (1- 8k2)K(k) - (1-16k2 + 16k4 )E (k)]. (13) 

J"'J'" 1 . e-PXLqY'Kl(2vpq xy)I4 (4bxy) xydxdy= V [(2-3P) 
o 0 12bk3(1- 2P) pq(l- P)3 

x(1- P)K(k) - 2(1- 2k2 )E(k)] [2(1- k 2 + k 4 )E(k) - (1- P) (2 - k 2 )K(k)]. (14) 

- (1- 2P)E(k)] [(1- 8P) (1- k 2 )K(k) - (1-16k2 + 16k4 )E(k)]. (15) 

-144k4 + 128k6 ) (1- P)K(k) - 2 (l + 7P -13Sk4 + 256k6 -128k8 )E(k)] 

x [(1-P)(2+Sk 2 -8k4 )K(k) -2(1-2k2)(1+4k2 -4k4)E(k)]. (16) 

x [(2+ 15k! -144k4 + 128k6 ) (l-k2)K(k) -2(1 + 7k2 -13Sk4 + 256k6 -128kB )E(k)] 

x [(1- k 2) (2 + SP - 8k4 )K(k) - 2(1- 2k2) (1 + 4k2 -4k4)E(k)]. (17) 

5.6. 
2 4pqa 

Ie = , 
(pq+o)2-b2 

pq > o+b 

L'" {'" e-p·.rLq'y2Io(2axy) cosh (2bxy) dxdy 4~K(k). (1) 

J~J'" vP . e-l"xl - q'Y~Id2axy)cosh(2bxy) x - 1ydxdy= [(2-k2)K(k) -2E(k)] . 
o 0 4k~ 

(2) 

f"'f'" rfJ2.rl-Qly212(2axy)cosh(2bxy) x-2y2dxdy= V;;; 
o 1I .. 12k3~ 

X [(4- P) (4-3k2)K(k) -8(2-P)E(k)]. (3) 

[(2 - P) (128 -128P + 15k4 )K(k) - 2 (128 - 128k2 + 23k4 )E(k)]. (4) 
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x [(6144 -12288k2 + SOOOk4 -IS56k6 + 105k8 )K(k) - 32 (2 - P) (96 - 96k2 + llk4)E (k)]. (5) 

[ [ 
bk3 

e-,;2xLQ2y2Io(2axy)sinh(2bxy) xydxdy V E(k). 
o 0 32 (l - k 2 ) (pqa)3 

f OO f OO e - p'X2 - q2y2II (2axy) sinh (2bxy) x2dxdy=~~~b_k----:::== 
II 0 32(I-k2)Vp 5qa3 

(6) 

x[(2-k2 )E(k) -2(l-k2 )K(k)] . (7) 

32k(l- k 2) V q7a 3 

x [(l6 - 16k2 + k 4)E(k) -S(l_k2) (2-k2)K(k)]. (8) 

(pq-aF-b Z 

(pq+ aF- b 2 

L X> Iooo 
e - p2XLQ2Y2Ko(2axy) sinh(2bxy ) xydxdy 

b < Ipq -al; 

7Tb 
----v=== [E(k 2 ) - (l-k~) K(k2) ]' 
32k~ (1 - kO (pqa) 3 -
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b < lpq-al; 

Ipq-al < b < pq+a. (1) 

Ipq-al < b < pq+ a. (2) 



= b < Ipq-al; 

Ipq-al<b<pq+a. (3) 

The author is indebted to the late Dr. Minoru Nakagami for his invaluable advice and encour
agement. Thanks are also due to Mr. Yoshihiro Sakata and Mr. Toshikatsu Yamada for assistance 
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