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Complete Elliptic Integrals Resulting from Infinite
Integrals of Bessel Functions. II*

Shigehiko Okui**

(January 8, 1975)

Infinite integrals involving products of Bessel and trigonemetric or hyperbolic functions reducible
to complete elliptic integrals are compiled. The table also contains certain types of infinite double
integrals of modified Bessel functions. All the results are expressed in conveniently compact form suited
for practical applications.
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1. Introduction

This table is primarily intended for applied mathematicians, physicists and engineers faced
with the problem of evaluating infinite integrals involving Bessel functions.

In a previous paper,! infinite integrals of Bessel functions and their products were cempiled
in conveniently closed form. In this paper, a table is prepared for those involving products of
Bessel and trigonometric or hyperbolic functions. It also contains certain kinds of infinite double
integrals of modified Bessel functions, which are often encountered especially in the fields of signal
statistics and noise theory.

Throughout this paper, the parameters are usually positive real and notations occurring
several times on a section are explained at the top of the section.

2. Integrands Involving Products of Bessel and Trigonometric Functions
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f”’ Ji(ax?) cos (bx?) dx = ——— [2E(k)) — K(k\) + 2E(k]) —K(K) ], a>b:
0 2 Va
1
= [@—k)K(k) —2E(ks)], a<b. )
2k, Vma @
* : 2) A -2 _2 \/5 _ L2 — (1 — 92
LJ,(axz)cos(bx)x dx—3\/;[(l k2)K(ky) — (1 — 2k2)E(ky)

+1 — k'K — (1 — 2k'HEED],  a > b

_2Va .
—-?kg—\/'_;[(2— kTZ)E(kz) =l = kzz) K(k2)], a < b. (3)

f " Ja(ax?)cos(bx?) dx = — [8(1 — 2k2)E(k,) — (5 — 8k)K (k1)
0

ma

+8(1 — 2k DEGk]) — (5 — 8EDK(K)],  a > b;

1
—— —— [(4 — k)4 — 3k2)K(ks) — 82 — K2)E(ks)], <b. @)
6kg\/E[ 2 =il =G
f ® Juax?)cos(bx?) x-2dx = =Y (1 — k2)(1 — 8kD)K(ky) — (1 — 16k 2 + 1649)E(k,)
0 15 Vo

+ (1 — k31 — 8K/ )K(K)) — (1 — 16k + 16K/ VEK])],  a > b;

2 Va , i .)
T sk \a/; [(16 — 1643 + kDE(k:) — 81 — k)2 = k)K(k2)].  a<b. ()

fw J2(ax?) cos (bx%) x—* dx
0

3
= ::)5\/5_ [(1— k2)(2 + 5k2 — 8k K (k) — 2(1 — 2k2) (1 + 4h2— 4k} E (ky)
m™

+ (1 —kJ®) (2+5k* —8K)K(k]) —2(1 — 2k/*)
X (1+4k]* — 4k} )E(k))], a>b;

8 Va?

- 1 — £2)(16 — 16k2 — k3) K (k2) —2(2 — k2
105kg\/77[( A W) =2 :

X (4 — 4k — kDE (ks)], a<b.

j-m.h(axz) cos (bx?) dx

1
vy [2(23 — 128k2 + 128k E (k1) — (31 — 14442 + 128k*) K (k)
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+2(23 — 128k!* + 128k]*)E (k) — (31 — 144k

+128k/)K(k])], a>b:

1
= [(2—k2) (128 — 128k2 + 15k3) K (k») — 2(128
30k} Vra ’
—128k2+ 23k E(ks)], a<b. 0
fx a0 brt e Va [(1 — 2)(3 — 80K2 + 128%%)K(k,) — (3 — 134k2
0 5V

+ 384k} — 256k8)E(k1) + (1 — k'3)(3 — 80k"| + 128k HK(k;)

— (3 — 134k)* + 384k|* —256k')E(k))], a > b;

__2Va [(2 — k2)(128 — 128k2 + 3k E(k2) — 200 — k2)
10541 Var
X (128 — 128k + 27kHK(k2)],  a < b. @8)
f Jalax?)cos(bx?) x*dx = [(1 — k22 + 15k2 — 144k? + 128Kk6)K(k) — 201 + Tk?
0 945 Vo

— 135k% + 256k — 128k5)E(k,) + (1 — k132 + 15k, — 144k}"

+ 128k K (k]) — 201 4+ Th'* — 135k’ + 256k"¢ — 128k )E(k]) |,

a > b;
8 Va?
=== [l = 52 =4S = 1BEE = V() = PED
94543 =4 ’ : '
— 51243 + 270k} — 14k$ — 2kHE(k2)],  a < b. 9)
= 2 : 2 1 ’
fo Jo(ax?) sin (bx?) dx = Py — [K(ki) —K(k])], a>b;
— _k K(ks), a<b. (10)
2Va
fw Jo(ax?) sin (bx?) x 2 dx = 2 Va [E(ki1) — (1 — k2K (ky)
0 vV

+ (= kKE) —E(RD], @ > o:
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2 Va

=k2\/7_rE(k2)’ a<hb. (11)
fow J1(ax?) sin (bx?) dx=——2 \1/% [2E (k1) — K(k1) + K(k}) — 2E (k) ], a>b;
1
fwjl(axZ)sin(bxz)x’de _2 Va [Q =k2)K(k:) — (1 — 2k2)E (k1)
0 3Vr

+ (= 2kER) — (1= kDKKED],  a> b

2 Va

= 2 — k3)E(k:) — 2(1 — k3)K(k2)], <b. 13
3k§\/;[( VE (k2) ( K (k2)] a (13)
fx J1(ax?)sin(bx?) x ~4dx = 8 Va3 [20 = k2 +EHE(k)— A —k2)(2— k2K (k1)
0 15 Vo

+ A=k = kDKED =20 —k*+EDEKD],  a>b;

_ 8Va? s ,
= Tsis V2 20—k +EDEK:) — A= K2 —kKK)l,  a<b )
fo " Jalax?)sin(bx?) dx = — p \iE [8(1— 2k2)E (k1) — (5 — 8k2)K (ki )

+ (5—8k;*)K(k|)— 801 —2k,»E(k))], a>b;

1
= — 4—Fk2)(4—3k)K(k2)—8(2— k2)E(k2)], < b. 15
6@\/%[( ) WK (F2)—8( $E(k2)] a (15)
fw]g(ax2) sin (bx?)x tdx=— 2 Va [(1—Fk}) (1 —8k2)K (ki) — (1 —16k2+ 16k*)E (k1)
0 15 Vrr

+ (1— 16k} + 16k, E(k})
—(1—k*)(1—8k*)K(ky)], a>b:

_2Va o L,

—15@\/;[(16 162+ k3)E (k»)

—8(1—£k2) (2—k2)K(k2)], a<b. (16)
8 Va?

f“ Jo(ax?) sin (bx?)x-*dx= [(1—k2)(2+5k2—8k*)K (k1)

105 Vr
—2(1—2k2) (1 +4k2— 4k} E (k) +
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+2(1—2k*) (1+4k*—4kE (k) — (1 —k}?)
X (2+ 5k;*—8ki*)K(ky)], a>b;

__8Vad 2
105k7 10547 Var [(1—43) (16 —16k3 — k) K (k) —2(2— k2)
X (4—4ki—k)E(k:)], a<b. a7

© . 1
fo Js(ax?) sin (bxz)dx=30 Vo [2(23 —128k2+128k%)E (k,)

— (31— 144k2+128k%) K (k1)
+ (31— 144k >+ 128k,*)K (k]) —2(23 —128k!*
+128k*)E(k;)], a>b;

1

=— 30k5\/——[(2 k2) (128 —128k2+ 15k3)K (k)

—2(128 —128k2+ 23k$)E (k2)], a<b. (18)

fo " Ja(ax?) sin (bxz)x‘zdx=—1(2)5\</a7_r [(1—k2) (3 —80k2+ 128k4)K (k)

— (3—134k2+ 384kt — 256k)E (k,)
+ (3—134k;*+ 384k —256k!°)E (k!)
—(1—k*) (3—80k;*+ 128k, )K(k!)], a >b;

—___2Va 2\/_ 2 — 2 4
= 105k7\/_[(2 k%) (128 —128k2+ 3k3) E (k»)

—2(1—k?) (128 —128k2+ 27k$)K (k2)], a <b. (19)

8 Va*
945 V'

—2(1+ k2 — 135k + 256k — 128%5) E (k)
+2(1+ Tk} — 135k " 4+ 256k,° — 128k ") E (k)
— (1= k}?) (24 15k} — 144K's + 128k,9)K(k])], a>b;

fwj;;(axz) sin (bx?)x~4dx=— [ (1~ k2) (2+ 15k — 144k* + 128k%)K (k1)
0

__8Va
945k V'

— (256 —512k2+ 270k — 14k§ — 2k8)E (k2)], a<b. (20)

[(1—k2) (2—k2) (128 — 128k2 — k3) K (k2)

2(Vb+a— Vb—a)

222 K=o Vb+Vbta—Vo-a' °°°
0 A.Z :
L Ji(ax?) cos (2bx2)dx:VW_3(V5+a~Vb—a) [K(k)]2. (1)

2 The results are also valid for the integrals involving sin (2bx?) in place of cos (2bx?).
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a2kt
3 Va® (1—k2)%(Vb+a— Vb—a)?
X [(2—k)E (k) —2(1—k2)K(k)]>

fm.]f(axz) cos (2bx?)dx=—
0

G

105 Va3 (1—k)4(Vb+a— Vb—a)?

ijg(axz) cos (2bx®)dx=
0

2)

X [(1—4%) (16 — 164" —k*)K (k) —2(2— k%) (4—4k* —K*)E(k)]%.

4ab
Pl—y el
23. K="00

fx J2(ax) sin (2bx)x*dx=b— )] [(@®+bB)E (k) — (a—b)2K(K)].

) 3ma?

2 . . b 2(a+b)
2 -2 —_—
J‘) J2(ax) sin (2bx)x2dx= T

[(a—b)2(4b*—a?)K(k) + (a*+9a2b? — 4b*)E (k) ].

fw J2(ax)J: (ax) sin (2bx)x'dx= b1
0

a 3ma?

fx Js(ax) Ji(ax) sin (2bx)dx

0
1
" a* 3ma*(a+b)

ijg(ax)Jz(ax) sin (2bx)x 'dx

b 1

a 157a®

[(b—a) (3a*—20a%h®+ 32b*)K (k) + (a+b) (3a* +52a%b*—32b*)E (k) ].

4ab o=@ thr—c

243 kP=—— |
1 (a+b)2—c? 2 4ab

a>b

o0 kl
Jo(ax) Jo(bx) cos (cx)dx= K(ky), 0<c<a—b;
|7 Int@ 10(02) cos (@) — = K(k)
= L K (k) a—b<c<a+b
7T Vab o '

OF 64

3For ¢ > a+ b the integrals vanish.
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[(4a*—17a*b*+16b*) K (k) — (Ta2+16b2) (a+b)2E (k)].

(3)

(4)
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[ a1 o2 cos (cx)dx=7ﬂ”1/E [(@—k)K(k) —2E(k)],  0<c<a—b:
1
= 2) — 2 ’ - . 2
T (K (k) —2E (k2)] a—b<c<a+b (2)

fx Jo(ax) J2 (bx) cos (cx)dx= ———— [ (16— 16k2+3k') K (k1) —8(2— 2)E (k)]
(, 3wk Vab

0<c<a-—b;

_ 1 O T —
= 3rap [8(1—2k2)E (k) — (5—8k2)K(k»)],

a—b<c<a+b.

f”x Ja(ax) J3(bx) cos (cx)dxzm [ (128 —128k* +15k%) (Z—kf)K(kl)

—2(128 — 12843+ 23k1)E (k1) ], 0<c<a—b;
1
31 —144k3+ 128k%) K(k,
1577\/@[( - +) Kk

—2(23—128k3+128k3)E (k2) ], a—b<c<a+b. @)

2—(a—b)? 4ab
T
1 4ab 2 ¢2—(a—b)?
a>b

f* Jo(ax) Jo(bx) sin (cx)dr=—1— K(k1),

- a—b<c<a+b;
7 Vab
ks N
= K(ky), c>a+tb. OF 169 (1)
7Vab

f Ji(ax)J1(bx) sin <cx>dx=—ﬂ\}a [K(ki) =2E(k1)], a—b<c<a+b

= - — k3 2) — 2 5
m\@[@ K)K(ks)—2E(k2)], c¢>a+b 2)

) . N 1 . 2
fo Jg(ax)Jz(bx)51n(cx)dx—37Tm[S(l 2k2)E (k1)

— (5 —8k3)K(k1)], a—b<c<a+b:

:ﬁ_b [(16 — 678l SkQ)K(kz) -
wkiVa

4For 0 < ¢ < a—b the integrals vanish.
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—8(2—K)E(ks)], c>a+b.

- ) 1
fo Ja(@x)Ja(b)sin ex)dx = = == [(31 — 1444} + 128k1)K (k)
—2(23 — 128k2 + 128k4)E (k1)], a—b<c<a+b;
1

=— ————— [(128 — 128k2 + 15k3) (2 — k3) K (k:
lsﬂkgm [( 2 z)( l) ( Z)

—2(128 — 128k3 + 23k4)E(k2)], c¢>a+b.

4ab (a+ b)?— 2
g %ap - 2 _(@T b))~ c”
2.6. k; (a+ b)2—¢? o 4ab
2 2
2= (ath) s
ks cz__(a_b)z a
f: Yo(ax)Yo(bx)cos(cx)dx=7_Mk/1E K(kv), 0<c<a-—b;
1
=7T\/JK(k2), a—b<c<a+b;
VIR ) >a+b OF 70
 aVab e emame
2 2
s 2= —(a—b)* 2 4ab
277 K, ~ 4ab ! ks c2—(a—b)?
a>b
f: Yo(ax)Jo(bx)cos (cx)dx =— 77\;% K(ky), a—b<c<a-+b;
k»
=———=K(k2), > a+ b. OF 68
e

J? Y:(ax)J:(bx)cos (cx)dx = W\I/E [K(ki) —2E(k1)], a—b<c<a+b:

1
7Tk2\/a_1)[( ) K (k2) (k2)] c>a

f: Y (ax)J2(bx)cos (cx)dx =— 377\1/5 [8(1— 2k2)E (ki) — (5 — 8k)K(k1)],

a—b<c<a+thb;

5 For 0 < ¢ < a — b the integrals vanish.
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B SO
== R = = e

c>a-+b. -(3)

f"’ e e — [(31 — 144k2 + 128K4) K (k1)

1
157 Vab
—2(23—128k2+128k?)E (k1)], a--b<c<a+tb;

L [(2— k) (128 — 128k + 15k K (k2)

" 15wk Vab
— 2(128 — 128k3 + 23k)E(k2)], ¢ > a+b. (4)
(a—b)2—c? c2—(a—b)?
2.8. =\ o2 = =/
' (a+b)2—c? 2 4ab
K2 4ab a>b

= a—by

fmj( M e Jarm—2 V1R ey 0<c<a—b;
. olax)ro\0x) cos (Cx X 77\/(1_[) 1), 2

=— Tr\/—K(kz a—b<c<a+b;
=8 R, c>atb OF 68 (1)
T Vab ’

J:c,]l(ax)yl(bx) Ccos (cx) dxz—m[zl’j(kl)-—(l—kf)K(kl)], 0<c<a—b;

_ 1 _ ‘ _ _
= ﬂ_m[K(/ﬁz) 2E(k»)], a—b<c<a+b;
=l [@—K)K(k)—2E(ks)], c>a+b @
7Tk3 \/E 3 3 3 ) .
2

f " Jo(ax)Ya(bx) cos (cx)dx=— [8(1+k2)E (k)

37 Vab(1—k3)3

— (1—k2)(5+3k2)K(ki)], O0<c<a—b;

[8(1—2k2)E (k) — (5—8k2)K(k2)], a—b<c<a+b;

377'\/—
1
— (16 —16k2+ 3kt .
37rk§\/a_b[(1 16k + 3k3)K (ks)
—8(2—k2)E (ks)], c>a+b. 3)
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2
157 Vab(1 — k2)5

J- Js(ax)Y3(bx) cos (cx)dx=— [2(23+ 82k2+23k4)E (k1)
0

—(1—k2) (31 +82k2+15k4) K (k1)], O0<c<a—b;
=157T—1\/a_5 [(31 — 14442 + 128k3)K (k)

—2(23 —128k2+128k3)E (k) ], a—b<c<a+b

1
=== || (A= N2 2F W) (M = (2 (4
157'rk§\/a_b [( 3 3)( 3) ( 3)

—2(128—128k2+23k3)E (ks)], ¢ >a+b.

z
2.9. kz=1 —%—2

fw Yo(ax)Jo(ax)sin (2bx)dx = _wlb K(k), a<b;
0
=0, a > b. OF 172

2

2.10. k2=%’ a>b

f: [Yo(ax)Ji(ax) + Jo(ax)Y,(ax)]sin (2bx)dx = — :—:2 K(k).

,_ ¢ —(a+b)?
211 k=G ol
f” [Yo(ax)Jo(bx) + Jo(ax)Yo(bx)Jsin (cx)dx = — 22 =K k(). ¢>a+b;
0 7T\/a

=0, 0<c<a+hb. OF 172

Va®+b2+b

2.12. k2= 2Vargh: k2+k'2=1

f Ko(ax?) cos (bx?)dx= \/— [K(k)+K(K")].

Var(kk')3
2 Va3

146

foo(axz) cos (bx?)xdx= [2E(k) —K(k) +2E(K') —K(k')].

(4)

1)

(1)

@)
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J’:K()(ax?) cos (bx?)xidx=— 3%)5 [8(1—2k2)E (k) — (5—8k2)K (k)

+8(1—2k"*)E(k') — (5—8k"*)K(k')].

= : 3 Vo (kk')" s
Ko(ax?) cos (bx*)x“dx=—W [2(23—128k2+ 128k*) E (k)

0

— (31 —1444>+128k*)K (k) +2(23 —128%"*

+128K"")E (k') — (31 — 1444 * +128k"*) K (k") ].

foxKl(axz) coRba) = 'f/’f[(l k2K (k) — (1—2k2) E (k)

+ (1—k"*)K(K')—(Q1—2K"*)E(K")].

fo,(axz) cos (bat)xtdn=—LTEED® F 1 ko) (1 — 8k K (k) — (1— 16k2+ 16K E ()
. 2Vad

+(1—=£"*)(1—8k"*)K(K')— (1 —16k"*+16Kk' " )E (k") ].

ij,(axz) cos (bx?)atdry=—TKED® 1 _ k) (3— 80K2 + 128K K (k)
n 2Va’

— (3 —134k* + 384k* — 256k°)E (k) + (1 —k"*) (3 —80k"* + 128%" ) K (k")

— (3—134k"*+384k"* — 256k “)E (k") ].

fOsz(axz) cos (ba*)xtdx=—y o f/’ﬁ [(1—k?) (24 5k2 — 8k*)K (k)

—2(1—2k) (1 +4kf—ak*)E(k) + (1—k"?)(2+5k"* —8k"") K(K')

—2(1—2k"*)(1+4k"*—4k'" " )E(K')].

J’: K, (ax?)cos (bx?)x8dx = ;T\(/ki) [(1 — k2) (2 + 15k2 — 144k

+ 128k8)K (k) — 2(1 + 7Tk? — 135k* + 256k — 128k%)E (k)

+ (1 —k'2) (2 + 15k'2 — 1444+ + 128k"6)K (k') — 2(1 + Tk'?

— 135k"4 + 256k'6 — 128k'8)E (k') ] .

f: Ko(ax?)sin (bx?)dx = ”\’fl‘ [K(k) —K(K)].

f“’ Ko(ax2)sin (bx?)x2dx = — YK 1op by — K(k) + K(K') — 2E(K)].
0 2Va3

f: Ko(ax?)sin (bx?) x*dx = — ——”2”(\/’”? [8(1 — 2k2)E (k) — (5 — 8k2)K (k)

+ (5 —8K'?)K(k') —8(1 —2k"2)E(K')] .
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(4)
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(6)

(7)

(8)

)

(10)

(11)
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Vo (kk')?
2Va’

— (31 — 144k + 128k*)K (k) + (31 — 144k'2 + 128k'*)K (k')

—2(23 —128k"2 + 128k')E(K')] .

f ® Ko(ax?)sin (bx2)xtdx = [2(23 — 128Kk2 + 128k*) E (k)
0

f: Ko(ax?)sin (bx?)x-2dx = \/\/E—k— [2E(k) — K(k) + K(K') —2E(K')] .
f‘” K1 (ax?)sin (bx?)dx = Vi [E(k) — (1 — k)K(k) + (1 — K'2)K(K') — E(K')]
0 2Vakk' ’

fo“’ Ky (ax?)sin (bx?)x?dx = ”f/’ﬁ [(1 —k2)K (k) — (1 — 2k2) E (k)

+ (1 —2k"2)E(K') — (1 — K'2)K(K')].

fx K, (ax?)sin (bx?)x*dx = — 2%) [(1—&2)(1 — 8k2)K (k) — (1 — 16k2 + 16k*)E (k)
+ (1—16k2+ 16K 4)E(K') — (1 — k'2) (1 — 8k'2)K(K')].
J: K M) e (b = VW_) [(1— k2) (3 — 80k + 128k*)K (k)

— (3 — 13442 + 384k* — 256k6)E (k) + (3 — 1344'2 + 384k'* — 256k'6)E (k')
— (1—k'2)(3 —80k'2 + 128k')K ()] .

: K (ax?)sin (bx*)x*dx = 2\/\:%1?

+ (A=) 2—-K)K(K') —2(1 K2+ EYEK')].

[2(0 = k2 + EYE(k) — (1 — k*) (2 — K*)K (k)

wkk'
2 Va3
—2(1—2k2) (1+4k2—4k*)E (k) +2(1—2k"2) (14+4k"*— 4k')E (k")
— (1 —k'2)(2+5k"2—8k")K(K')] .

r Ky (ax?)sin (bx2)x*dx = [(1—k?) (245K — 8k4)K (k)

Vr(kk')3

“K (ax?) sin (bx?) xbdx =
fo ‘ 2 Var

[2 (1 + 7k2 — 135k* + 256k6 — 128k8)E (k)

— (1—k2) (24 15k2 —144k*+ 128k5) K (k) + (1 —k'?) (2+ 15k'2—144/k"4 4 128k16) K (k")

—2(1+7k'*—135k"*+256k'* —128'*)E (k' ).].

2.13. k*=1/2 ('I —

2> ) K2+ k'2=1

Vb + Var+b?

V(1 — 2k2)

f K2(ax?)cos (2bx?)dx = T

[K(K') + K(k)]*.
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15)

16)

a7

(19)

(20)

(21)

)



(1—2k2) V7
16kk' Vb (a2 + b2)
— (1—2K2)E(K') + K'2K(k) — (1 — 2k2)E (k)] .

f ® K1 (ax?)Ko(ax?)cos (2bx?) x?dx = [K(K') + K(k)] [k2K (k')

V(1 — 2k2)

T [K(K') — K(k)]2.

f K2 (ax?)sin (2bx2)dx =
0

(1 —2k2) V7
16kk’ Vb (a2 + b2)
— (1 —2K2)E(K') — K2K(k) + (1 — 2k2)E (k)] .

fx Ky (ax?)Ko(ax?)sin (2bx?)x2dx = [K(k') — K(k)][K*K (k")

2.14. 2=1/2 1——2b , K2+ k'2=1
Vb+ Va?%+ b?

” 2 2\ o 2 — 1— 2k ] N .
J; Ko(ax?)Iy(ax*) cos (2bx*)dx e K(A)[K(A ) +K(k)].
fx Ko(ax?)Iy(ax?) sin (2bx*)dx= = K(k)[K(K')—K(k)].
0 2V b
o B
215 K=o
© Tk
f Ki(ax)Ky(ax) cos (2bx)xdx=-——FE (k).
0 4ab
fx K, (ax)K,(ax) cos (2bx)x*dx = %‘l‘b‘ [(1—EK2)(3—4k2)K (k) — (3—13k2+8K)E (k)].

fx K (ax)Ko(ax) sin (2bx)x*dx= BZ/[;2 [A—K)K(k) —(1—2K*)E(k)].
fx K, (ax)K; (ax) sin (2bx) x“dx=332Lall§4

X [(1—K?) (2+5k>—8k*) K(k) —2(1—2k%) (1+ 4k — 4K E (k) ].

s (a—b)’+¢

2.16. k m

fx Ko(ax)Ko(bx) cos (cx)dx= mV1—k
. 0 0 2\/a_b

- | _we VAR
L Ko(ax)Ko(bx) sin (cx)xdx —W [K(k)—E(k)].

149

K(k). OF 88
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3)

@)

(1)

(2)

3)

(4)

(1)

)



cV1—k2

|7 K@k (82 sin (e0nde=ZETE [0+ #)E (D — 1—RIK()]. "
2.17. K*= a2:-2b2
fox Ki(ax)l(ax) cos (2bx)x~'dx= 3—23 [4(1—k)K (k) — (4—5k2)E (k)] — 727_5 )
L“ Ko (ax)ly(ax) cos (2bx)x-dx= 1o [4(1— %) (8+ KK (K) — (32— 12K~ BRVE(R)] — 22 (2)
2.18. k2=(a+:)%, a>b
foxKo(ax)Io(bx) cos (cx)dx= 2—\% K(k). OF 87 (1)

k
16(1—k*)aV(ab)?
X [B2(a2—b2—)E (k) +4ab(1—)K(K)]. (2

fle(ax)Io(bx) cos (cx)xdx=

Lw Ki(ax)I;(bx) cos (cx)dx=2—k—l\/ﬁ [2—Kk)K(k)—2E(k)]. 3)
f: Ks(ax)I>(bx) cos (cx)dx= 6k31\/a—b [(4—EK?) (4—3K*)K (k) —8(2—K)E(K)]. (4)
3 3 dx=
L K;(ax)Is(bx) cos (cx)dx Ve
X [(128 —128k2+15k*) (2—K2)K (k) —2(128 — 128k2+ 23k*)E (k) ]. (5)
& . 1

L Ki(ax)Is(bx) cos (cx)dx= 10KV
X [ (6144 — 12288k* 4 8000k — 18566 + 105k8) K (k) —32(2—k2) (96 — 964>+ 1144 E (k) ]. (6)
fo (ax)Io(bx) sin (cx) x dx= Gk E (k) (7

2 8(1—£k%) V (ab)3

ck
8(1—£k2)V (ab)? A

fol(ax)Il(bx) sin (cx) x dx= 2—k)E(k) —2(1 —k?)K(k)]. 8)

f:Kz (ax)I>(bx) sin (cx) x dx=8k(l_k2)c S
x [(16—16k*+k)E (k) —8(1—k*) (2= K)K(K)]. 9
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e . C
J; K;(ax)I;(bx) sin (cx) x dx::th/."‘(l —k2) W
X [(2—k?) (128 — 128k%+ 3kY)E (k)
—2(1—£k%) (128 —128k2+ 27k K (k) ].
_ 4ab — cin2 o _ ¢
2.19. B= etBi+ =sin’ a, sin 3= Yoy e
a>b

Ao(a, B) is Heuman’s Lambda function

Lx Ko(ax)I1(bx) cos (cx)x-‘dx= \b/—lf_bE(k) + ";Z’—i/%:) K(k)— 41; Ao(a, B).
f“ Ko(ax)I, (bx) sin (cx)dx=— —2— K (k) + ™ Ao(a, B).
0 4Vab? 4b
[: K, (ax)I(bx) sin (cx)dx= k\‘;mE(k)—C"”(jZi;:Z_zb;Cz) K(A-)+Ib—(; Ao(a,B)+£-
2.20. k= 1/2( 1—- \/(az-a:,:::;)r?i 5 ) K24+ k'2=1

ﬁ)x Ko(ax)Jo(bx) cos (cx) dx= \/\/%K(k).

K 1 (11—
fo K, (ax)J(bx) cos (cx) dx—W [E(k)— (1 —Kk>)K(K)].

fox K, (ax)J:(bx) cos (cx) de?—m

X [(1—£k%)(2—3k*) K(k) —2(1 —2k2)E(k)].

o 1
fo K;(ax)Js(bx) cos (cx) dx:ﬁ—a——\/m

X [(8—23k2+23k*) E(k) — (1 —k2?) (8 —19k2+'15k*) K (k) ].

ﬁx Ko(ax)Jo(bx) sin (cx) x dx=c—\/——(g%)l3—3 [2E (k) —K(k)].

)

cVEE' . G
\/W[(l k) K (k) — (1—2k*)E(k)].
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fx Ki(ax)J,(bx) sin (cx)xdx=

(10)

(I

(5)

)



Lx K> (ax) J»(bx) sin (cx)xdx= m 2Q—FB+E)E(E)— (1 —k)(2—k)K(k)].

Lm Ks(ax)Js(bx) sin (cx)xdx= m [(8—15K2+3k*) (1 —k*)K(k)

— (8—19K*+9k*—6LS)E (k) ].

3. Integrands Involving Products of Bessel and Hyperbolic Functions

a+b
2a '

3.1. k= k*+k'2=1, a>b

LxKo(axz) S ) dx=2\\//% [K (k) +K(k")].

Lm Ko(ax?) cosh (bx?) x2dx=4(a2—_b\/§;ﬁ

X [2aE (k) — (a—b)K(k) +2aE (k") — (a+b)K(K')].

vV
8(a?—b%)? V2a

foo(axz) cosh (bx?) x*dx=
0

X [(a—b)(a—3b)K (k) +8abE(k)+ (a+b)(a+3b)K(k') —8abE(k")].

o \ar
LKo(axz) cosh (bx?) x“dx=16(a2_b;r)3\/§5
X [2a(9a?+23b?) E (k) — (a—b) (9a2—8ab+ 15b?)K (k)

+2a(9a*+23b%).E(k') — (a+b) (9a*+8ab+156%)K(k")].

© 2y g YT
J:) K (ax?) cosh (bx)xdx—4(a2_b2) Voo

X [(a—b)K(k) +2bE (k) + (a+ b)K(k") —2bE(k')].

Vn

—Y [R5 2)
8(a*—b)" Vs [2(3a®+ b2)E (k)

f K (dx2) coshi b2 widr—
0

—(a—b)(3a—b)K(k) +2(3a2+b?)E(k') — (a+b) (3a+b)K(K')].

Lw K, (ax?) cosh (bx?)xbdx= 16((1—2_\/;)3—\/_2(1 [ (5a% —24ab—+3b%) (a—b)K (k)

+2b(29a%+ 3b%)E (k) + (5a*+24ab+ 3b%) (a +b)K (k') —2b(29a>+ 3b*)E (k') ].

Va

8(d— b1 Vag [(5a>—3ab—4b*) (a—b)K (k)

fw K (ax?) cosh (bx?)xtdx=
0

+8b(2a>— b*)E (k) + (a+b) (5a%*+3ab—4b*)K (k') —8b(2a*—B*)E (') ].

@)

@)

2

4)

©®)

©)

@)

@8)



f: R 2‘/\}’;_0[1((1:) —K()]. 0)
j” Ko(ax?®) sinh (bx?)xtdx= __Vm [2aE (k) — (a—b) K (k) + (a+ b)K (k') —2aE(k')].
0 4(a*—b%*) V2a
(10)
f“’ Ko(az?) sinh (bx%) zds=——"—— [(a—b)(a—3b)K(k)
0 8(a?—5b%)% V2a
+8abE (k) +8abE(k') — (a+b) (a+3b)K(k')].  (11)
* 2 & — ‘\/; &) 2
fo Ko(ax?) sinh (bx )Jc“dx—lé(az_bz)3 = [2a(9a2+23b2) E(k)
— (a—b) (9a—8ab+ 1562)K (k) + (a+ b) (9a%+8ab+ 1562) K (k')
—2a(9a2+23b2)E(K))].  (12)
f‘” K, (ax?) sinh (bx?) e2de——— YT [(a—b)K (k)
o 4(at—b%) V2a
+2bE (k) + 26E (k') — (a+b)K(K")].  (13)
fle(ax’) sinh (bxz)x4dx=——'\/;—_ [2(3a*+ b2%)E (k) — (a—b)(3a—b)K (k)
0 8(a?—b2)2 V2a
+(a+b)Ba+b)K(k')—23a+b)E(K)].  (18)
f” K.(ax?) sinh (bx?) z%dx= Va [ (5a%— 24ab+3b?) (a— b)K (k)
o 16(a2—b2)* V2a
+2b(29a2+ 3b2)E (k) +2b(29a2+3b2) E(k') — (5a2+ 24ab+3b) (a+ b)K(k')].  (15)
f ” Ks(ax?) sinh (hx?)xtdx= __Vm [(5a2—3ab—4b%) (a— b)K (k)
: 8(a*— 8 Vaw
+8b(2a2— b)E(k) +8b(2a2— b2)E (k') — (a+b) (5a2+3ab—4b)K(K')].  (16)
3.2. kz=§l a>b
j:o K, (ax)Ko(ax) cosh (2bx)xdx= m E(k). (1)
L K:(azx)K; (ax) cosh (2bx)ﬁdx=m [ 3+ Tk —2K)E (k)
—(1—-)B+)K(k)]. @)

b

L Ky () Koax) sinh, (2b2) 2= g-ors B

[A+E2)E(K)— (1—Kk)K(K)].
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3mb

f;) K:(ax)K,(ax) sinh (2bx) x4dx=m

X [(1— k%) (2—9k2— k*)K (k) —2(1+k2) (1 —6k2+ k) E (k)].
2_(a—b)2—c2, 2=c2—(¢.1-—b)2
3.3. k’_(a+b)2—c2 2 4ab
a>b
fo( ) Ko (bx) h(c)d=77—'1_k%K(k) et
. olax 0l0X) CcoSs X X 2 \/E 1), C a 5
— 7T -—
_2\/a_b[((k2), a—b<c<a+b.
FK( VKo(bx) sinh (cx) x dxm eV ETED® gy V—E(k)], c<a—b;
. olax 0ol0X) SIn Ccx) x ax 8k%'\/(a—b)_3 1 1 ) a s
_ me (112
_8k§(1—k§) Tb)_?[E(kz) (1—k3K(k2)],
a—b<c<a+b.
@ mcV]1—k2
i , i e % ) — (1—k)K(k)], =
J:)K(ax)K(bx)smh(cx)xdx sV (IHRDEG) —=RKW].  c<a
- s [(1—=k3)K (ks) — (1 —23)E (k)]
8k2(1— k2) V(ab)? 2 PR
a—b<c<a-+b.
2 4ab
3.4. k _(a+b)2—c2 a>b+c
fox Ko(ax)Iy(bx) cosh (cx)dx= B K(k).
Lx K. (ax)I,(bx) cosh (cx)dx= 2k\1/a_b [(2—k2)K (k) —2E(k)].
. 1
e = 4—J2) (4—3K2)K (k) —8(2— K2)E (k)].
J:) K> (ax)I,(bx) cosh (cx)dx P [( ) ( VK(k) —8( VE (k)]
” — 1 2 4 —
fo Ks(ax)I;(bx) cosh (cx)dx—30k5m [(128—128k2+15k*) (2— k) K (k)
—2(128 — 128k2 + 23K4)E (k) ].
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[ (6144 — 12288%> + 8000k* — 1856k% + 1054%) K (k)

- 1
,[0 Ki(ax)I;(bx) cosh (cx)dx=210k7\/a)

—32(2 — k2) (96 — 96k + 11KYE(K)].  (5)

foo(ax)Io(bx) sinh (cx)xdx = E (k). (6)

B(1— k) Viab)®

ck
8(1 —Kk*)V(ab)3 [

f K:(ax)I,(bx) sinh (cx)xdx = —B®)EWK) —2(1 — )K(K)].  (7)

C

8k(1 — k*) V(ab)?
—8(1— k)2 —k)K(K)].  (8)

fwKz(ax)I._,(bx) sinh (¢x)xdx = [(16 — 1642+ K4)E (k)

” : — ¢ g2 _ 2 4
J; K;(ax)I;(bx) sinh (cx)xdx = 2B (1= k) Viab)y [(2— k%) (128 — 128k% + 3k*)E (k)

—2(1 — k*) (128 — 128k + 27k*)K (k) ]. 9)

. _ ail=ibilsica s .
3.5. k —'I/2<'| \/(Tz—bz—c2)2+4a2b2>’ k*+ k 1
a>c¢
- R
fo Ko(ax)Jo(bx) cosh (cx)dx = Von K(k). ET II 15 (23) (1)
f K (ax)J1(bx) cosh (cx)dx m [E(k) — (1 — &)K(K)]- (2)

J:)x K:(ax)J2(bx) cosh (cx)dx = 3—\/m11;—-———T)3
X[(1— k%) (2 —3k2) K(k) —2(1 —2K2)E(k)]. (3)
* I S
fo Ks(ax)Js(bx) cosh (cx)dx = 15 Vab ik )°
X [(8—23k2+ 23k*) E(k) — (1 — k2) (8 — 192 + 15k*)K (k) ]. (4)

L“’ Ko(ax)Jo(bx) sinh (cx)xdx = \/% [2E (k) — K(k)]. (5)
f: Ki(ax)J:(bx) sinh (cx)xdx =\C/(ak—:)l3 [(1—F)K(k) — (1 —2K2)E(k)]. (6)

J’x K> (ax)J>(bx) sinh (cx)xdx = 20—+ KEHE(k) — Q1 — k) 2—k)K(K)]. (7)

c
V (ab)3kk’
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J:o Ks(ax)J3(bx) sinh (cx)xdx = W [(8 — 15k2 + 3k*) (1 — k2)K (k)

— (8 — 19k + 9k* — 6K°)E (k) ]. (8)

2 — h2__ .2
3.6. k2=1/2<1— D )

V(a® — b — ) + 4a’h?

2b? ,
Vl{a®—b*—¢)? + 4a’? — (a® — b% — c?)

cnu =

en(u), sn(u), dn(u) are Jacobian elliptic functions

a>c¢

f O (g e 711 [WE(k) — K(k)E (1)

4 sn(u)dn(u)

0 K(k)]. ET II 15 (24) (1)

4. Miscellaneous Single integrals

2_ 24 b2
4.1. k‘~’=l2(l— p—4d )
/ V(p? —a?+ b?)? + 4a?h?

"k2+k'2=1, p>a

e A
Le To(ax)Jo(bx)dx = \/—-K(k) (1)
fo P A e A \/_(("’2)3 [2E (k) — K(K)]. 2)
J'” el (ax) J1 (bx)dx = ——— [E(k) — (1— k2)K (k)] (3)
o ! ! mVabkk' '
R 2p\//? o A oy
jo e-reTy (a0 (br)ady = Lo [(1 = KIK (D) = (1 = 2K)E(K) ) )
z —px Z; — — 272 _ _ 92
foe To(@) o (br)dn = S (1= K2) (2 = 3K (K) — 201 = 2K)E(K) ). (5)
* —pr ZL ]2 4 _ ]2 ]2
foe to(an) (b = — s 21—+ ROE(K) — (1= &) @~ K)K(R)) 6)
2

f " epely(ax)]a(bx) dx = [(8 — 23k2 + 23k*)E(k)— (1 — k?)(8 — 19k2 + 15k*)K (k)]
0

157 Vab(kk' )
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—prj, 3(b ahy = = [[((B=ll =Y (I =2
fo e s(ax) ) 3(bx) x dx — (abklf’)“[( ) ( )K (k)

—(8—19k% + 9k* — 6k )E(k)].

2 _ 9"
a2 =g
o 2k
f [Lo(ax) — Lg(ax)] Jo(bx) dx = a K(k). OB 26 (2.141)
0
-] 2
f [11(ax) — Lj(ax)] Jo(bx) x~'dx = H [K(k) — E(k)].
0
fw [12(ax) — La(ax)] Jo(bx) x~2dx = -&1—, [2+ E5HK(k) — 2(1 + E>E(K)).
0 9rk?
f " [s(ax) — L(ax)] Jolbx) x-2dx = 5o [(8+ 342 + 46K (k) — (8-+ Tk + 8kDE(h) .
, 225mh>
PO L b \2
o e (o)
o 4
L [Ho(ax) — Yo(ax)| Jo(bx) dx = math K(k). OB 26 (2.140)
] =@\
oy ([ L2
44. k ( l+a)
g Lizat=dje2] (— a2x2> erfc (x) x2dx = ——= K(k).
fo °\2 Lads (1+a)\/E()
fm e—(1/2112~1)1'2[10<1 a2x2>— 11<1 azxz)]erfc(x) x2dx = S T [A + a)E(k) — 2aK(k)].
. 2 2 a*(1 —a®) Vm
1
2=
R
jm e 12arri K (l a2x2> erf (x)xdx= S - [(1+a®)E(k) —a*K(k)].
0 % a’*V1+ a?

f e (% a2x2> e . _ (242 (a* ~2)K (k)
0

6a*V1+a

— (2a*—3a2—8)E(k)].
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2=
46. k 1+ 2a

fx e 1+022K (ax?)Lo(x2)dx= Vr kK (k).
0

Vo
16a%k

fx e 1+, (ax®) Ly (x?) x2dx = [2E (k) — (1 —K)K(K)].

3Vnm
512ak3

fw e 11072k (ax?) Ly (x?) xidx = [8(1+K2)E (k) — (1—k%) (5+3K*)K(k)].

a

7. k*=
4 E 1+a

NV k3
8 V2a?

3 Va k7
128 V247

fx e-(1+2022K  (x2) L, (2ax?) x2dx= [2E (k) — K (k)].

fm e~ (12022 K  (x2) L, (2ax?) x*dx= [8(1—a)E(k)— (5—3a)K(k)].

5V k1

fo e-(11202°K, (x*) L3(2ax?) x°dx= 1024 V2a1

X [2(23 —82a+23a?)E (k) — (31 —82a+15a?)K (k)].

3 Vr k7

oo-(1+2a)asz NLO(2ax2) xbdy=——mt
foe 1(x2) L (2ax?) x%dx TR

X [(24+9a—a*)K(k) —2(1—a)(1+6a+a*)E(k)].

15 Vo kn
2048 V2a'

X [(2+21a—108a?+ a®)K (k) —2(1+ 11a—108a2+ 11a3+ a*)E (k) ].

fwe‘(‘+2“)12K1 (x2) LY (2ax?) x8dx=
0

b—a
b+a

4.85 k2= r b>a

Lm [J-12(ax®)Y o(ax?) + Jo(ax?)Y_i2(ax?) ] Jo(2bx%) x*dx=— \/ﬂ'Tab(2a—+b) K (k).
7 L)Y ) @)Yt Ly bty wtde=— R (B — S K ).

J:c [J-12(ax?)Ys(ax?) + Jo(ax?)Y_12 (ax?) ] Jo(2bx?) x%dx

__1 \/_2_
3 V7@a®b(a+0b)
8 For b < a the integrals vanish.

158

[4b(a+b)E(k) —a(4b+a)K(k)].
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- \/ 2 2
4.9. k2=b——2%—°, b>a

I'(1/4)

272b Va T'(3/4) K (k).

[ Pt ety wie=
0

—_ VB2 — g2
4.10. k2=$, b>a

I'(1/4)

2m2b Va I'(3/4) K

fm./—1/4(ax2)Y71/4(axz)]-1/4(bx 1 —1/4(bx?) x2dx=
0

I'(3/4) Va
47231 (1/4) k2 (1 — k?) (1 — 2k2)

J-w]1/4(axZ)Yw(axz)J|/4(bx2)Y1/4(bxz) xidx=
0

X[(1—k*)K(k)— (1—2k2)E (k) ].

5. Double Integrals

2
5.1. k2=:—q' pq > a?

fw fw e Pr*-av?], (2axy)dxdy = K(k).
0 0

1
2Vpq

) © 1
—pr2—qy*] (92 dxdy= ———FE (k).
Jo e ety sy = S B

| :_1__ 72 (112
fofoep %*[, (2axy) y*dxdy 81— 1) Voo [22—F)E (k) — (1—k*)K(k)].

1

|7 empe-avyy(2axy) yodady = ———————
L fo o{2axy)yidedy 16(1— £2)*Vpq?

X [(23—23k*+8K)E (k) —4(2— k) (1—K*)K(k)].

1

|7 empe-avyy(2axy)ytdady = ————————
fj Q) dudy= i

X [8(2—Kk?) (11 =112+ 6k*)E (k) — (1 — k%) (T1 —T1k*+24k*) K (k) ].

f: f: e Pr*-a’[, (2axy) x2y2dxdy=8(l —k2)12 \/p3_¢f [2E(k) — (1—k2)K (k)].

1
DVE (k) —4(1 — k2 .
16(1—k2)® Vpigs [(T+A*)E (k) —4(1—k*)K(k)]
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1
32(1—k*)* Vpig?

fwfm e Pr*=av?’[, (2axy) x*ySdxdy=
0 0

[2(19+6k2—Kk*)E(k) — (1 —k2) (23 + k2)K (k)] .

- ] o0 1
~prr-au] (2 T
.L fo ¢ o(Zaxy) ytdxdy = s g
X [ (281 + 142k — ATk* + 8kS)E (k) — 4(1 — k2) (44 + 542 —k4)K (k) ] .

3
32(1— k)" Vpip®
X [8(1+KA2)E(k) — (1—K*) (5+3k*)K(k)].

fxfw e r=av’[ (2axy) x*y*dxdy =
o Jo

3
64(1 — k?)5 ‘/p"’q’
X [ (43 + 82k2+ 3Kk E (k) —4(1— k2) (T+9k2)K (k) ].

fox e P —av*[ (2axy) x'ySdxdy=
0 0

3
128(1 — k) Vpig®
X [2(158 + 449k% + 36k* — 3K8)E (k) — (1 —k2) (211 + 426k%+ 3k*) K (k) ].
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j f e Prrr=a*v[, (2axy) sinh(2bxy) x *y*dxdy=
0 0

X [(2—k?) (128 — 128k + 3k*)E (k) —2(1—k2) (128 —128k2 + 27k*)K (k) ].

—_— 2__b2 b2__ — 2
57, le={PaZa) b, b~ (pq—a)?
(pq+a)?— b? 4pqa
fxfx ‘ Ko(2 b (2bxy) drdy— " K (k b
—pRr? — qey2 \ = S < —al;
o o(2axy) cosh (2bxy) dxdy Voea (k1) lpq—al|
=T K(ks), | | <b<pg+
4% 2/ pq a pq a

!
=———— [K(ki)—E(k:)], b<|pg—al;

)

32k3(1—k3) V(pga)®
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[E(k:)— (1—k3)K(k2)],  |pg—a|<b<pq+a.

(6)

(7)

(8)

(1)

(2)



f J' -1 -0 K | (2axy) sinh(2bxy) x*dxdy

0 0

wbV1—k2

1

32k2?V p>qa’®

_ b
32k3(1—k3) Vpiqa®

[(1+E)E(h) — A—k)K(k)], b < |pg—al:

[(A—=k)K(k2) = (1 —2k3)E (k2)],

lpg—a|<b<pg+a.  (3)

The author is indebted to the late Dr. Minoru Nakagami for his invaluable advice and encour-
agement. Thanks are also due to Mr. Yoshihiro Sakata and Mr. Toshikatsu Yamada for assistance
in checking the formulas.
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