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Nume ri ca l int egra tion of the diffe re ntia l e quations deseribing c harge tr a n sport in plane- pa ra ll e l 

ioniza ti on c ha mbers a llows to ob ta in c ha rge profil es in addition to c urrent -vo lt age c urves. It is found th a t 
c harge de ns ities may ex hibit maxima within a ce rtain range o f sa tura ti on. The e ffec t is int e rpreted in te rm s 

of fi e ld mod ulation of ca rri e r ve loc ities. 

Key wo rd s: C ha rge profil es; ioni7.a ti on c ham be rs: num e rica l int egrati o n. 

1. Introduction 

The theo ry of the ionization c hambe r has been di scussed In nu me rou s pape rs s ince the 
turn of th e ce ntury. App roximate so lutions we re given by Mie [1]1 and Boag a nd Wil son [2]. The 
lite rature has bee n s urveyed by Greeni ng [3]. 

With the a dv e nt of mode rn co mputa ti ona l me thods prec ise numerica l solutions ca n be 
obtained of many of the diffe re ntial equations which until now defi ed atte mpts to obtain suc h 
solution s. 

By th ese m e thod s, Arm strong·Tate [4] have solved the proble m o f the cha rge tra nsport In 

parallel-plate ionization c hamber. These authors calc ula ted c urre nt-voltage c urves and fi e ld 
profiles and compared their compute r solution with the approximation g ive n by previous authors . 
In thi s pape r we use a computer method to calcula te c harge profiles . Results indicate novel 
fea tures which so far have not been comme nted on. Our method of computation is similar to 
that of Armstrong·Tate. The use of different variables leads, however, to more advantageous 
conditions. The re fore, we have included a summary d esc ription of the calc ulus . 
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2. Basic Equations 

We limit ourselves to steady-state conditions. The terms containing time disappear and one 
obtains the following well-known system of equations (for definition of symbols see table l). 

di~/dx' = - (lX' /e)p~ p~ + q 

di~ /dx' = - (lX' /e)p ~ p~ + q 
(1) 

l' f..L ~ p~ E' 

E' = - dV'/dx' 

These equations are completed by the usual boundary conditions: 

( J~) E'(x')dx' = V~ (2) 

p~ (0) = p~ (d) = 0 

By the introduction of the reduced, nondimensional quantities , (also defined in table 1) eqs 
(1) and (2) are transformed into eqs (3) and (4) which contain only 2 numerical parameters. Our 
equations are different from those of reference [4] because we use different reduction factors. 

dE/dx = p+ - p_ 

- dUdx = - lXp+ p_ + 1 
(3) 

E = - dV/dx 

and 

( J~ ) Edx = Va 
(4) 

p+ (0) = p_ (1) = 0 

66 



The eqs (3) may be tran sform ed into 

dE/dV = - (p+ - p _)!l:; 

Introd uc ing as a new variable u = p+ - p _, one obtai ns 

p _ = [(i/E) - u]/(l + K) 

du 
dx 

K + 1 
K 

[ 

(5) 

(6) 

LUJ + KE2 (7) 

The se re lation s ca n be s implified furth ermore by introdu cing the variables E* = E/i and V* = 

VW. S ub s titution of th e eqs (6) and (7) into e q (5) allows to e limin a te i and gives 

du 

dV* 

3. Numerical Integration 

+ 

(8) 

Th e variable u must have a zero at a point 0 < xo < 1; thu s u(xo) = O. Since p - (l) = 0, u 

inc reases monotonously from u = 0 at x = Xo to u = p + at x = 1. Thus i = p+(l)E(l) = u(l)E(l) . 

With E* = E/i thi s gives u(l)E*(l) = l. 
Equations (8) are now integrated for in c reas ing valu es of u from u = 0 to a max imum value 

which sa ti s fi es the relation uE* = 1 and co rrespond s to x = 1. Between x = Xo and x = 0, u 
decreases from 0 to a minimum value u(O) = - p _(O). The same argument used above gives 
KpjO)E(O) = i or - Ku (O)E*(O) = 1. The integration terminates whe n the produ c t uE* sa ti sfi es the 
relation - uE* = I /K whic h corresponds to x = O. 

The value of th e potential V is defined by postulating V*(xo) = O. 
The integration is perform ed in terms of the positive parameter E*(xo) = E':,.. For E ----> 0 

(linear region) one has p+ = p _ and di/dx = O. This gives p+p_ = 1/0'. and i = (p+ + Kp _)E = (l + 
K)E/O'. I12 or l:> = 0'.1/2/(1 + K) . This is the lower limit of E':,.. 

This initial condition in terms of a known quantity assures that the system (8) always has a 
solution. Armstrong-Tate [4] use an initial condition which contains an assumed value of the 
field strength at one electrode. The equations of the problem admit however a solution only for 
values of the field higher than a certain minimum value . Since this is not known in advance, one 
is not sure to obtain a solution. 
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Therefore we have the boundary conditions 

o < x ,,; xo : - (I/K) ,,; uE* < 0 
(9) 

xo < x ,,; 1 : 0 < uE* ,,; 1 

The current is obtained from the relation dV/dx = - E, giving 

dx . (10) 

Integration over x for 0 < x < 1 gives 

V-(l) 

I = - 11 J dV*IE 
V-(O) 

(11) 

Since V* = vie, the applied voltage Vo = V(O) - V(I) is given by 

(12) 

V*(O) and V*(l) are, respective ly, the values of V* which are obtained when u has reached it s 

extreme values given by the eqs (9). 

4. Currenl-Voltage Curves 

For air at NTP, Scott and Greening [5] have given p. : = 1.59 X 10-4 m2/V sec , p. ~ = 2 .21 X 

10-4 m 21 V sec, and a ratio "recombination coefficient to elementary charge" = 4790 cm 3 /e su sec 
which in our notation give a reduced recombination coeffi cient 0' = 0.799 and K = l.39 . We have 
carried out the integration with these values. Results are represented in figure 1, curve A , which 
gives iii. versus (i/ i JI V2. 

In recent measurements Ritz and Attix [6] found a value p. ' = 1.89 X I O -~ m2 / V sec for the 
mobilities of both positive and negative ions; their value of the ratio "recombination coefficient 
to elementary charge" was 4717 cm 3 /sec esu which in our notation gives 0' = 0.662. When the 
carrier mobilities are equal one has K = 1 and eqs (8) are considerably simplified , con taining 
then only the s ingle material parameter 0' . In addition the system is symmetrical with regard to 
the plane x = 1/2. Boundary conditions are also s implified . Figure 1, curve B, gives th e 
computer solution for this case. In the saturat ion region curves A and B coincide. Even beyond 
thi s region , differences remain small . We have also carried out a series of integration for K = 1 
and values of 0' between 0.1 and 0.9. Results are given in figure 2. 
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o 1.0 2.0 3.0 4.0 
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FIGIHf: 2. Saluralioll curves assuming equal/nobililies; compuler SOIUliolls. Values oFa: 0.1 (A ). O.J(B). 0.5 (e). 0.7 
(1)),0.9 (E). (p.~ = p. ~ = 1.89 x I0 -'m 2/ V sec) 

5. Charge Profiles 

Once i is known we can perform a second integration of eqs (8) and (0), obtaining the 
functions u(x), E* (x), and V* (x). Using eqs (6) one also obtains th e variation of positive and 
negative space charge densities with x. 

5.1. Equal Carrier Mobilities 

Figure 3 shows the positive space charge density as a function of x for equal mobilities and 
0' = 0.662. The values of the negative charge density are symmetrical to the given curve with 
regard to x = 1/2. Different curves refer to different saturation ratios i/ i s. For low and high 
values of this ratio the charge density is a monotonously increasing fun c tion of x but in the 
intermediate region a maximum is found to occur. Physically this can be unders tood as follows: 
as one moves from anode to cathode the density of positive charge is expected to increase due 
to the cumulative flow of positive charge carriers moving out from the anode region. The 
velocity of the carriers is, however , modulated by the field . In the center th e fi e ld is weakened 
and the velocity reduced. In the cathode region the field is increased and the carriers sped up. 
Flow lines are "spread out." With increasing field strength the latter effec t predominates and 
the positive charge density falls off. "Carriers are sucked into the cathode." In the anode region 
the cumulative effect of carrier movement always predominates. Therefore, the curves have 
never more than one maximum. When approaching saturation the field becomes uniform and the 
effect disappears again. 

This view is confirmed if one solves the basic equations for 0' = 0, e.g., neglecting 
recombination; in this case one has always i/is = 1. Boag and Wilson obtained approximate 
analytical solution, assuming that the mobility of the nega tive carriers is very great compared to 
that of the positive carriers. A precise analytical solution can, howe ver, be obtained also in the 
general case where the mobilities have arbitrary values or are equal. We shall omit he re the 
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0.45, b) Vo = O.64 , c) Vo= O,85, d) V,, = i.08 (jor all ionization chamber of 1 cm eLectrode distance and a dose rate of [ 
R I sec. Vo = [ lii l 'es il l 'O [lillie 0/4.35 1'0 [1 ), 
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calculus which is straightforward giving in figure 4 only the results obtained for the space c harge 
density at diffe rent applied voltages . Comparison with the curves o f figure 3 s hows that with 
recombination the maxima are very muc h lower and occur neare r to the e lec trode. Thus 
recombination displaces the d e pth of the maxima toward the cente r of th e c hambe r and reduces 
th e ir amplitudes. 

The e ffec t is reflec ted in th e be havior of the diffe re nce of space·charge d e ns ities u = p+ -

p_. For low valu es of the sa turation ra tio , u(x) increases nea rl y linearly with x . As i/is inc reases, 
p + increases in the ca thode region and begin s to be d ep le ted in the anode region while the 
contrary happe ns to p _. This is show n in figure 5, again for various values of the sa turation 
ratio, including recombination. 

Maxima o f the space-c harge density have been shown to occur for a = 0 and a = 0.662. 
The s ituatio n is differe nt for muc h higher values of a. It can be shown Li. tha t for a = 1 
maxi ma do not occ ur any more. 
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-I 

FI (; \ 'HE 5 . Charge profile s - differe llce of spll c e c harg e d e llsi[ie s " ersll s d " p[h: CO II/ p"[ e r SO IIl[io ll jar eqllal lIlobili[ie s 

11l1da = O.662.A ) i/is=O.6,B)i/ is = O.75 , C)i /i s = O.99 (JL ~ = JL ~= 1 .89 x lO -4 11l 2/ I - sec). 
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5.2. Different Carrier Mobilities 

We have extended the co mputation of c harge de nsities so as to include also th e case of 
different carrier mobilities , figure 6 gives results obtained for the mobility values and 
reco mbination coefficient of Scott and Greening [5] and the saturation ratios of iii 5 = 0 .68, 0.77, 
and 0.98. Figure 6 shows that the c urves for the less mobile positive carriers do not have 
maxima within the given interval of saturation ratios . The space charge de nsity of the more 
mobile negative carri e rs does, however, ex hibit a maximum for the lowest saturation ratio. 

For equal mobilitie s, symmetry demands that the net charge density becomes zero at Xo = 

1/2. Figure 7 shows that for different mobilities the zero is slightly displaced toward the anode, 
but still is practically independent of the sa turation ratio. Mie has discussed this point [1], page 
884. His first approximation Xo = (K - l) /(K + 1) is in good agreement with the computer results. 
Agreement becomes less sati sfa c tory for his second approximation (eq 60), as can also be 
verified by inspection of figure 5, reference 4. 
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rll; I ' Hf: 6. Charge profil es - po sili\"(' and II cgalil 'e charge dCll silies 1'1'/"5 11 5 de plh . COli/pilla SOllilioll fo r dijj" re lll 

mobilities (J.L ~ = 1.59 X IO - 4m2/V sec , J.L ~= 2.2 I X IO - 4m 2/V sec ) and a = 0.7999. A) i/i s= 0.68, B) i/is= O. 77, C) i/i s= 
0.98. a) positive charge density ; b) negat ive charge density. 
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6. Conclusion 

The present treatme nt shows that the pos itive and negative space-c harge de nsities exhibit 
maxima whi ch are due to the variation of th e carri er velocities in th e space-charge modulated 
e lec tric fi e ld . 

Calculations were carried out on a Hew le tt Pac kard 9100 A calc ula tor, us ing the Runge­
Kutta method of integration. 
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T ABLE 1. List of quantities and symbols 

Q ua ntit y 

~: I ec t ro nic c ha rge 
Di f' lec tri (' (' o ns ta nt 

Mo bilit y of pus iti v .. 

carri Cf !-l 

Mo bilit y of nega tive 

cu rri e rs 

Mo bilit y rati o 

R(' cu mbina ti o n 

c odfic ie nt 

Ra tf' of io ni za ti on 

Le ngth 

[ Icc trod " d is ta nce 

S pa ce c ha rgf' d e ns it y 

Difff' re ncc ()f s pacf' 

c ba rgf' riPn , it if's 

C u r rf' nt , iPn s it y 

Sa turati on c urre nt 

d"" s it y 
Sa tu ra ti on ra ti o 

I': If'e tri e fi (' ld 

s lre ng lh 

Vu llagc 

Appl ied voh ag(' 

Sy m bol a nd 

dim ension 

e = 1"602 X 10- I'e 
f = 8"8S x lO- I'F/m 

,.< (m ' / l " s('e) 

/J. ~ (m '/ l " sec) 

K 

a' (m 3 /sec) 

q (e/ m3 sec) 

x ' (Ill) 

(/(111) 

p ' (e/ m3 ) 

i ' (A i m ') 

i', (A /m ') 
i'l i', 

I :" ' ( l '/ m ) 

I " ( I ,) 

I '~ ( I ') 
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Red uced (nondim e ns io na l) 

q uantit y 

/J. + = 1 

x = x' id 

Ii = fJ... p -
i = i 'I 'Id 

i , = i ; I l{</ = 

i = i '/ i ', 

I:" = (f /J. +I 'I ) 1/2 I:"' Id 

I ' = (f/J.+ I '1) 1/2 1"'ld' 

1'0 = (f /J. .I l/) I/2 1"0 1 d' 
I:"' = 1:"l i 
I '. = 1"l i' 

(Pa per 79B1 &2- 423) " 
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