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Suppose 0 ~ AEC ad AEM,,(C). We show constructively that A is an eigenvalue of HA for some 

H*= H > 0 if and only if A=x*Ax for some XEC". The characterization of H-stable mat rices is then 
an easy coro llary. 

Key words: Eigenvalu es; field of values; H-stable; positive definite matrix; spectrum. 

Let CT (A) denote the set of all eigenvalues of A EM" (C), the n by n com plex matrices, and let 

F(A) == {x*Ax: x EC", x*x= l}, 

the "field of values" of A. 

In [1, 2, 4] 1 the H -stable matrices were characterized. (A matrix A EM II (C) is called H -stable if 
AECT (HA) implies Re(A) > 0 for all H * = H > 0.) The simplest version of the characterization is that 
A is H-stable if and only if A is nonsingular and AEF (A) implies Re(A) > 0 or A = O. In this note we 
give a simple characterization of those AECT (HA) for some H * = H > 0 and the theorem on H -sta­
bility, for example, is an easy corollary. The characterization is constructive in that a specific class 
of positive definite matrices H for which AECT (H A) is produced. Let L == {H EM il (C) :H* = H > O} . 

We first make two observations: 
(I) OECT (HA) for some H E'i if and only if Ow' (KA) for all KE'i if and only if OECT (A); 

(2) if H=BB*, B nonsingular, then CT(HA) =CT(B*AB). 
THEOREM 1: Suppose 0 ~ AEC. Then the following are equivalent for AEMn(C): 

(i) A = x* Ax, XEcn; 
(ii) AECT(HA) for some HE'i; and 
(iii) AECT(B * AB) for some nonsingular BEM n(C). 

PROOF: Since HE'i if and only if H = BB* for some nonsingular BEMII(C), it is clear from 
observation (2) that (ii) and (iii) are equivalent. To show that (iii) implies (i) suppose AECT(B * AB) 
with associated eigenvector y of length 1. Then A = y*(B * AB)y = (By) * A (By) = x * Ax for x = By. 
Conversely suppose x* Ax = A. Then x~ 0 since A~ 0 and we let B I be any nonsingular matrix 
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in M n (C) whose first column is x. Then the 1, 1 entry of Bi AB I is A. Let v be the vector formed 
1 

by the remaining n-l entries of the first row of Bt ABI and, in turn,- Z = A: v. Then 

so that AW'(B * AB), where B = BIB 2 is nonsingular which completes the proof. 
Let R denote the real field. In the same manner as theorem 1 we may also prove: 

THEOREM 1': Suppose 0 =I' AER. Then the following are equivalent for AEM n(R): 

(i') A=xTAx, xERn. 
(ii') AEO"(HA) for some HE~ n M ,,(R); and 
(iii') AEO" (BT AB )for some nonsingular BEMn(R). 

We may exploit the above construction to give an explicit H E2. such that 0 =I' AEO"(HA) as­
suming that A = (aij) and x = (Xl, ... , XI!) such that x* Ax = A are given. We assume without loss 
of generality that XI =I' 0 and define 

1 1 
XI 0 1 - A: ~ :Xi a i2 , • ., A: ~ :Xiai" 

BI ,B2 = 
, i 

-
X_2 

I 0 I 

x" 

Then B = BIB2 is nonsingular and H = B1B2B':BiE~ with AEO" (HA). 
Let g; denote the open right half-plane and we have: 

COROLLARY: AEMn(C) is H-stable if and only if A is nonsingular and F(A) C g; U {O} . 
PROOF: Suppose A is H-stable. Then A is nonsingular and, since (ii) implies (i) in theorem 1, 

it follows that F(A) C g; U {O}. Suppose, alternatively, that AEF(A) and A~g; U {O}. Then 
Re(A) ::l> 0 and AEO"(HA) for some HE~. · Thus A is not H-stable which completes the proof. 

We close by mentioning a result parallel to theorem 1 which is proved elsewhere [3]. Let r 
denote an arbitrary open unbounded angular sector of the complex plane comprising less than 
180 degrees. We then have 
THEOREM 2: The matrix AEMn(C) may be written as A = HB where HE~ and F(B) C r if and only 
if O"(A) C r. 
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