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1. Introduction

This table, which is an outgrowth of the author’s experience in the theoretical study of signal
statistics, contains infinite integrals of Bessel and modified Bessel functions reducible to complete
elliptic integrals.! The formulas listed below are those important in applications and all results
are expressed in conviently compact forms.

1 The materials were first extracted from the author’s own memorandum which were then thor-
oughly augmented and rearranged in the present form by scrutinizing various published books
and papers.

The parameters used in this table are usually positive real and notations occurring several
times on a section are explained at the top of the section.

2. Integrands Involving Bessel Functions of the First Kind

21, o= YPIta—p

o 2 Vp2+a?

o . _ Y=
L e P2 ]y (ax )dx——\/% K(k). OL 119 (13.2) (1)

- _ V(I—2k)® :
L e P .]0((19«:2);\72dx—27\/77__173 [2E (k) — K(k)].

OL119 (13.1) (2
Lx e P2 ] (ax?)xtdx= 4(.1;\/77_21/;:)) [8(1—2k%)E(k)— (5— 8k*)K(k)]. (3)

! Including Bierens de Haan, D., Nouvelles Tables d’Intégrales Définies (Leide, Amsterdam 1867), there exists a considerable literature on complete elliptic
integrals involving algebraic, trigonometric, hyperbolic or logarithmic integrands.
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V(1—2k2

fx e~ ] (ax?)xbdx = ) [2(23—128k2+128k%)E (k) — (31— 144K+ 128k*)K (k) ].
0

8 Vap?
(4)
. s V128 PN
f It = s TE (D) = (1= R)K(6) ] 6)
2 P 2\ 2 — (1—2k)3 12 _(1_9L2
L e re)y(ax?)adx= 5 v" — [(1—k2)K (k) — (1—2k2)E (k) ]. ©6)
fﬁ e’l’rzjl(axz)x“dx=—(1——2k2)5— [ (1—k2) (1—8k2)K (k) — (1—16k2+ 16k)E (k) ]. (7)
0 4k Vps(1—k2) ’
* —pxr2 2 -2 — QVE — [P — — 2
f(, e~Pe2], (ax?)x—2dx 3Wﬂ(1_k2)(1_2k2)[(1 k2K (k) — (1—2k2)E (k) ]. ®
r 1]y (ax?)d O [ A—k*)(2—3k)K(k) —2(1—2k*)E (k) ] 9)
o e ey Vap : (
j" 2%y (ax®)x?dx = i [2(0—K2+EYE (k) — (1 —k?) (2—k*)K(K) ]
T (1 k) Vap? " (10)
f e P ], (ax?)xtdy=—"—"—— [ (2 + 5k* — 8k?)
0 4k (1 —k?) Tp°

X (1—k?)K(k) —2(1—2k*) (1 +4k2—4K*)E (k) ]. (11)

V (1 — 2k2)7
8k2(1—k2) Vap?

f e-272], (ax?) xbdx = [ (2+15k2— 1444 + 128kS)
0

X (1—k2)K (k) —2(1+ Th2 — 135k4+ 256k5— 128k )E (k) ].  (12)

fx —1112J 2) 2dx= 2\/;
L& e V= o)

X[2(1—=k+E)E (k) — (1—k*) (2—k)K (k) ]. (13)

f“ “px], (ax?)d | (823K + 2KE(K)
e P73 (ax®)dx= - . g
0 | 15k Vap (1— k)

—(1—k2) (8 —19k2+ 15k*)K (k) ]. (14)

f e P [ (ax?)x2dx =

[ (8—15k2+ 3k4)
. 6k3‘/77p3(1—k2)3

X (1—k*)K (k) — (8 —19k2+9k*—6k®)E (k) ]. (15)
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fxe”'“‘]‘ (ax?)x2dx= ip [ (1—FK2)
. ! 10543 Var (1 — k2)3 (1 — 2k2)

X (8 —15k>+3k")K (k) — (8—19k%*+9k*—6kS)E (k) ]. (16)

1
2.2. kf=% (1 = V1 —a2y?), k;=2 0 =V1-b%y?),

2 2

Y p2+az+b2+ \/(p2+a2+b2)2—4a2b2
" enet o) o bat)di— L K (k) Kk 1
foe Jo(ax)Jo(bt)ds =" K (kK (k). 1)

RN A 20
f" e J1(ax?)Jo(bx?) x_kl\/m

X[E(ki) = (1=k)K (ki) ][ 2E (k) —K(k2) ].  (2)

fx -], (ax?) ], (ba?)dx = 2Vy
, VT (=) (1= kD)

X[ (A=2k)E (k1) — (1—k3)K (k1) ]

X[ (1—2k3)E(ks) — 1—kD)K(ks) ). (3)

I . -
, O N ke

X[ (1=k1)(2=3kD)K (k1) —2(1 =2k E (k1) ]

X [8(1—2k)E (k) — (5—8k3)K(k2) 1. (4)

2Vy
15k2ko(1 — k2) Va3 (1 — k2)

fx e P2 J,(ax?)J,(bx?)dx =
0

X [2(A =2+ EDE (ki) — (1 —k3)(2—k3)K(k1)]
X [(1—k2)(1—8k2) K(ks) — (1 — 16k2 + 16k3)E(k)].  (5)

2Vy
105k2k2(1 — k2) (1 — k2) Vad

f’“ e =922 ] 5 (ax?)Jo(bx?) dx =

X [(1— k2) (24 5k2 — 8k*)K (ki) — 2(1 — 2k2) (1+ 4k2 — 4k E (k1) ]

X [(1—k3) (2 + 5k3 — 8k3)K (k2) —2(1 — 2k3) (1 + 443 — 4k3)E (k) ]. (6)
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02

P2+az

2.3. k*=

® k
f e 2] (ax)xdx =
0 4

7p2a

[ B=2k*)E (k) — (1—k*)K(k) ].

f“e-zpq%(ax)xzdx_ [ (1—k2)K(k)— (1—2k2)E(k)].  BY 251 (561.08)

4mpa

fx 6‘2"’J?(ax)x‘2dx=4—a[ (1—k*)K(k) — (1 =2k*)E(k) ] —p.
0 3mk?

fx e P72 (ax)xdx= [ (16 —16k%+k*)E (k) —8(1—k2) (2—k2)K (k) ].

wpak?
£ da p
J e~ 72 (ax)x2dx=——1[ (1 —k2) (4+3k2)K(k) — (4+ k2—6k)E(k) | — 5
0 157k> =

02

P2+02

24. k¥=

fxe—zl’ljz(ax)Jl(ax)x"dx— [4(1 —k2)K (k) — (4—5k2)E(k)]——Z'

3mk3
fxe‘zpz./:;(ax)Jl(ax)dx——g lk, [(32—38k2+ 3k*) K (k) —2(16 — 23k2) E( k)]——
Lme‘zl'f,];;(ax)Jz(ax)x“dx=ﬁ [4(1—k2)(B+K2)K(k) — (32—12k2—23k4)E(k)]—(—lp-
___4ab
25. K=
fo e=P2]o(ax) Jo(bx)dx 7T\f_K(/!c) BY 248 (560.01)
[ e=e=Jo(ax) Jo(Bx)2dn— —2E E(k). LU316(19
JO e P Jo(ax) Jo(bx)x ;\:—4‘71.(1_]3)\/@11)_)3 . (19)

2The right-hand side in BY 251 (561.08) is incorrect.
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) k 2
J' e Pr] (ax) Jo(bx)xdx= 87 (1—k*)aV(ab)? L

0

(a®*—=b*—p?)E(k) +4ab(1—K*)K(k)].
LU 317 (21) (3)

. —px :; — ]2 i
J:) e ]y (ax)Ji(bx)dx VoL [(2—F)K(k) —2E(k)].
BY 249 (560.02) (4)

” -px = pk — k2 — — k2
fo e 7] (ax) Ji(bx)xdx am(1— k%) V(ab)® [—F)E(k)—2(1—k2)K(k)].
LU 316 (20) (5)

” —px :71 — L2 — 2 — 7
L e P ]y (ax) J2 (bx)dx VoL [(4—F&*) (4—3k)K(k) —8(2—F*)E(k)].
BY 248 (560.03) (6)

® 1
—pr ], -t 00 _ 19QL2 =i
J:) e Pr]q(ax)Js(bx) dx ok Vab [(128 — 128k2 + 15k%)

X (2—k2)K(k) —2(128 — 128k2 + 23k*)E (k) ]. (7)

. 1
02 ] () e (br) do = ——— T (6144 — 1228842
J:) e ./4((1)(,./4()1)()‘ 1057TA7\/E [(

+ 800044 — 185646 + 10548) K (k) — 32(2 — k%) (96 — 96k2 + 11k4)E(k)]. (8)
4ab , . P
2.6 k¥»=—————=s5in2q, =
P+ (a4 B)? sin‘a sinf3 T (a—b)°

Ay (e, B) is Heuman’s Lambda function.?

» k 1 1
j e Px] (ax)Jo(bx) dx =— 27”1:4\/@1((/{) = Z/\o(a,ﬁ) 4= a > b;

0 a

LU 317 (22) (1)

2Vab k(a2 —b2) p p
E(k)+7K(k)+2—a/\o(a,,3)—g, a>b;

mak 2maVa

fxe—mjl(ax)Jo(bx) i =
0

3In connection with the Heuman’s Lambda function the reader should consult BY pp. 35-37.
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QVEE(A)va(aZ_bz)K(A) 2 Ao(a, B) <b
= ) +————K (k) —— o, B), a ]
mak 2mwaVab 2a ’
LU 318 (24)
* p pk(p2+2a%+2b2) (az—b2)
e rx] (ax)]:(bx)xtdx = —F (k) — ——— — Ao(e,
J‘-) l 1 mkVab 47V (ab)? dab ole, )
b
= a>b;
2a
P pk(p?+4a?) 1
——F(k)——— K(k) -, a=b;
mak %
p pk(p2+2a+2b2) (a2—b2)
wkVab 47V (ab)? dab st
a
+ —, a<b
2b
LU 318 (25)
* 4Vab kb2 p 2p
f e=Px]y(ax)Jo(bx)dx = E(k)— — K(k) +— Ao(a, B) ——, a>b;
0 a2k wa2Vab a? a?
4 k p
=——/5((/5) = IK((D) == a=b;
mak Ta a?
VD ey kL Asa).  a<b
- mak ma:Vab e @ B), “ '
i bx)xd. P K (k) i =5 (/%) 1A( )
=, J =— — ) — - a,
Jo ¢ 2(ax)Jo(bx)xdx matVab dar(1—k2) V (ab)3 a? A
2
S a>b;
iF
pk pk3
=——— ) =105 = a=b;
mad 47 (1 —Kk2)ad a?
pk pk3
== — = —— A1)
ma2Vab 4 (1—k2) V (ab)?

1
+—Ao(a, B), a<hb.
(12
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= 2p pk(p?+ a2+ 2b2) b
Py (a = ) K(k)—— A
J:) e~PtJa(ax)Ji(bx) dx mhkaVab ( 2aaV (ab)? (k) 2a? ole, B)
+[—)., a>b;
a?
_2p ..\ Pk(p*+3a?) G Al s
_‘n'uz/.'h(“ 2mat K(l‘)+2u’ Sl
2p , pk(p*+ a2+ 2b%) b
— — E (k) — K(k) +— Ao(a,
whaVab (£) 2mwaV (ab)? (k) 2a? ola, 8)
+l, a<b.
b
4ab
2=
2.7. k (a+b)?
+
f Ji(ax)Ji(bx) x‘~(1r—37_r [(@+)E (k) — (a—b)2K(k)].

fx Jaolax)Ji(bx) x (Ix—l—,l [(a—b) (a2+2b2)K (k) — (a+b) (a2—2b2)E (k) ].
0

1

fo Js(ax)J, (bx) dx= Srdbath)

- Ja(ax)Jo(bx) x— ‘(lx:;._ [(a—b)(2a*+ 5a%b? +8b*) K (k)
0 15ma3b?

—(a+0b)(2a*+ 3a2b2 —8b4)E (k) ].
® 2
: I S 6 47,2 204 9N }6
fo Jalax)Jo(bx) dx I5matbt (atb) [ (a®+ 4atb? + da2b* — 24.b5)

X K(k)— (a+b)2(a*+4a2b>— 2464 E (k) ].

2.8. k”=$, b>a
[ @xneen a=25 ke
0 m2b

f Ji(ax)J( 2bx)dx—— [2E (k) — K (k)]>.

[ rtana@bn == 25 (B — = kK () -

8b
3m2a?

[ @@ d= s 10K ® - - 29E®)]-
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554-917 OL - 74 - 2

[(a*+ a2b2—8b*)K (k) — (a+b)2(a2—8b2)E (k) ].

(6)

3)

(1)



32b3

972t

J:cjg(ax)Jo(be)dx= [(2—3k2) (1—k)K(k) —2(1 — 2k2)E(K) ]2

© . 2 3
fo J3(@) 2 (2bx) da=— o0 [2(1— K+ KOE (k) — (1= k) 2~ B)K (k)]
ijz( 1 +(2bx)dx=—22" [ (24 5k2—8k*) (1—k?)K (k)
o °F XS REOXIEE =T 057204
—2(1—2k2) (14 4k2 — 4k4)E (k) 2.
- 12853 | | ‘ ,
f Jﬁ(ax)]o(2bx)dx=—225 5 6[(8—23k2+23k4)E(k)—(l—kz)(8‘19k2+15k4)K(k)]*’.
0 m=a
- 128b5
j J2 (ax) Ja (2bx)dx= 280" [(8—15k2+3k4) (1— 2) K (k) — (8 — 19k*+ Ok*— 6k%) E (k)] 2.
0 31572ab

abed ,_ A?
Az’ 2 abed

2.9. ki=

16A%’= (a+b+c—d)(a+b+d—c)(a+c+d—b)(b+c+d—a)

fwjo(ax),]o(bx)Jo(cx)Jo(dx)xdx=% K(k), &> abed;
0 m2A

= LK), A<abed. WAA4l4 (9)

T\ abed

3. Integrands Involving Bessel Functions of the Second Kind

3.1 k2=w
o 2 Vp2+a?
Lxe‘mng(axz)dx=— if;_;ll((k).
N o o g._ V(2k2—1)3
fo e P Yo(ax )x 119'6—24\/#_1)3 [2E(k)—K(k)]
V(2k*—1)5

fx e P7?Y(ax?)x*dx=— ) [8(1—2k2)E (k) — (5—8Kk2)K (k) ].

4 Vmp®

fx e—pazy (axZ)xdeM
0 ’ 8 Vap

120

= [2(23 128K+ 128k4)E (k) — (31—144k*+128k* ) K (k) ].

®)

6)

)

@)

(9)

(1)

)

3)
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V(2k2—1)3 [(1—E)K(k)— (1—2k2)E(k)].
2k Vaps (1—k2)

f e P7’Y, (ax?)x2dx=—
0

4kVaps(1 — k?)

f " e P, (ax?) xidx =
0

X [(1—k2) (1 —8k2)K(k) — (1 — 16k2 + 16k*)E(k)].

V(2 = 1)
8kVap™(1 — k?)
X [(3 — 80k% + 128k4)é(l — k?)K(k) — (3 — 134k + 384k* — 256kS)E (k)].

fx e P*%Y | (ax?)x8dx = —
0

_ VEE=Ip
4k (1 — k2) Vaps
X[(2 + 5k2 — 8k4) (1 — k2)K(k) — 2(1 — 2k2) (1 + 4k — 4k*)E(k)].

V(2kE —1)7
8k2(1 — k2) Varp’

fx e P*%Y, (ax?)x*dx =
0

fx e Pr?Y, (ax?)xbdx =
0

X [(24 15k — 144k* + 128k5) (1 — k2)K (k) — 2(1 + Tk* — 135k* + 256k% — 128Kk%)E (k) ].

2

P
P2+a2

3.2. k*=

f" e-92Y(ax) Jo(ax)dx = — = K (k) - OL 122 (13.18)
0 wp

A.
27mp?

fx e=20xY, (ax)Jo(ax) xdx=— [K(k)—E(k)].
0

4rp3

jxe‘ZWYo(ux),/o(ax)xz(lx:— [(A+E2)K(k) — (1+2k2)E(k)].
0

fxe-zl'IYo(ax),lo(ax)x3(1x=— A',4 [2(1 —2k4) K (k) + (2+ k21 8k4) E (k) ].
0

8mp

2 _p2
Cn, wmee Tl
2a
(" ()
/s Y o(ax?)Jo(bx2)dx=— 2772\/;[((/{)'

at

——:'K If "
7T2\/(L((12—b2) &

J’x Yo(ax?) Jo(bx?)x2dx=
0
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ar(3) 2

[ Yotan) e de= — S B — 1=k K (). 3)
0 w
1
2F2 =
foo(axZ)Jz(be)dx=——9§T42)bZL; [(2—3k2)(1—Fk2)K(k) —2(1—2k2)E(k)]. (4)
0
1
. r2<—) Va
| Vi@ nioen) de=— —2— 10— KD — (1 = 2B, )
0 3m%b
3 —
2 Z) Va
J'O Yi(ax?)J:(bx?) x%dx = m [(1—k2)K(k) — (1 — 2k*)E(k)]. (6)
x ari(2)va
J Yi(ax?)Ja (bx?) de =—— o [2(1 = R+ KDE(K) — (2= k) (1= k)K(K)]. (7)
) 2F2<%)\/a_3
f Yg(axz)jz(bxz)dx——“—w [(2+5k2—8k*) (1—Kk2)K(k)
—2(1—2k?) (1 +4k2—4k*)E (k) ]. (8)
b2
3.4. k*=-
a?+b?
fo Yo(ax)Ko(bx) dx = — %K(k). OB 152 (2.29) (1)
4. Integrands Involving Modified Bessel Functions of the First Kind *
»_ 2a
4.1. k e p>a
” —px2 2 — k
L e [y (ax®)dx %K(k). OL 119 (13.5) 1)
— 2.2 :-LE
J; e P (ax?)x*dx H1—F2) Vars (k). NM 151 2)
” —px? 4 — k5 — .2 — — L2 2
L e Ply(axt)xdx= e 2R KDE(R) — (1= KK (h).]
NM 151 3)

' The integrals of the same types as compiled in 2.1-2.6, 6.1-6.7 which involve I,(x) in place of J.(x) are also expressible in terms of K(k) and E (k). whose
results may be deduced from those without difficulty by using the relation /,(ix)=i"l,(x). Some of those results are also found in: WA 391 (5); OL 122 (13.21)-

(13.23), 123 (13.24)-(13.27); OB 152 (2.30), (2.31), 153 (2.38), 154 (2.40), (2.

41); BY 251 (562.01)-(562.04).
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” —-px2 2 6, — k7 s 2 4 — — [ — L2
L e Pehaxt)xtda= e (28 23K BKE (D) —4(1= k) (2= KK ().
)
e 2 - 1 P _
ﬁ e vl (axt)dv= = [ (2= K*)K (k) =2E (k). 5)
* —px2 2 2 — k —2 — — 2
fo el (axt) v = iy [(2 = B)E(H) =201 = B)K(R)). (6)
fp— 2) 4 — k? ) _ ) — 12

foev 1 (ax?) i = oo (20— K+ KE(K) — 2= k) (1= k)K(®B)].

NM 151 (7)
= 2V2a
J; e 7] (ax?) x*dx = Tw_za [(2— k2)E(k) — 2(1 — k%) K(k)]. (8)
” —-px2 > 2 = 1— — 2 4 — — 12 — 12

fo e vy (axt) dx = —oom= [(16 =16k + 3K)K (k) =82 — k) 1 = k)EK)]. (9

* —px2 2 2 f— ___1— — 2 4 —_ o i S >
J(, e I, (ax?)x2dx 4k(l—k2)\/§7;?f3r[(l6 16k + EY)E (k) —8(1 — k2) (2 — k2)K (k) ]. o

fx e 7L, (ax?) xidx = i [(16 — 16k% — k)
i ’ 16(1 — k2)?V2ma®
X (1= k2)K(k) — 2(2 — k2) (4 — 4k* — k)E (k) ]. (11)
k.’f

fx e-2*, (ax?) xbdx = [4(2— 2k2— k*)
0

64(1—£4*)3 V2mad’
X(2—k%)(1—k?)K(k) — (16 —32k2+9k*+ TkS —8k8 ) E (k) ]. (12)

» 2 V2a
e, (ax?)x2dx= 16— 16k% + k*)E (k) —8(2— k?) (1— k? :
(13)
» 1

-p2?] (qx?)dx= ————— [ (128 —128k%+ 15k*

L e reiy(axt)dr= oo [ 98K% + 15k4)
X (2—k?)K(k)—2(128 —128k*+ 23k*)E (k)]. (14)

1

f * e-peif, (ax?)adx = [(128 —128k>+ 3k*)
0

1243(1— k) Vaona?
X (2—k2)E(k)—2(1—k2) (128 —128k2+ 27k )K (k)]. (15

1
16k(1—£%)% V27ma®
X (2—k*)(1—k?)K(k)—2(128 —256k2+135k*—Tké — kB)E (k)]. (16)
123

f e-»=l, (ax?) xidx = [(128—128k2— k)
0



k
64(1—£k2%)3 V2ma®
—2(1— k2) (128 — 256k2+123k4+ 5k + 2k9)K (k)].  (17)

Jm e P=3(ax?)xbdx= [ (128 —256k> +99k* + 29k6 + 8k®) (2 — k2)E (k)
0

22 2 Va
—pa? 2) 2y — 2 V4@ — 198):2+ 3kt
f e P[4 (ax?) x~2dx 105 Vi [(128 — 128k )

0

X (2—Kk)E(k) —2(1 — k2) (128 — 128k% + 27k*)K (k)]. (18)

- 8 Vg3
—px2 ) —4 e S P 2 _ |4 — 12
fo e-reily(ax?) x-tdx = 5T (128 — 128K — k) (1= k2)
X (2 — k2)K (k) — 2(128 — 256k2 + 135k* — Tk¢ — k)E(K)].  (19)
- 32 V2a®
P2 (ax?) x-Odx = —o2 V2% [(128 — 256k + 99k4 + 20K + 8k
fo e s {axt) 27t = a0 vk L )
X (2 — k2)E(k) — 2(1 — k?) (128 — 256k2 + 123/* + 5k¢ + 2k8)K (k) ]. (20)

1
4.2 k2=b—2 (Va+b—Va):(Va+2b—Va+b)?  k*+k'?=1

= 4
J’ e 2a+d) 2]2(qx)[,(2bx) dx= (Va+2b— Va+b) K(k)K(k'). MV 228 1)
. m2bVa
_ (P—a)\?
s = (E52)
fx e 2] (ax) Ky (ax) dx = —I—K(k). ET II 370 (48) (1)
0 P +a

N S
4p (a*> — p?)

: [(a?
8p*(a+p)a—p)P "

f " ewely (ax)Ko(ax)xdx = [(p+a)E(k) —2pK(k)]. &

f * e~y (ax)Ko(ax) x?dx = —3p2)E(k) +2p(2p—a)K(K)].

2 3)
2 — _b— 2 2 —
4.4 k—(\/—a—2+—b2+a>, k*+ k'2=1
fx Ip(ax)Ko(ax)Jo(2bx)dx= l;_,; K(k)K(k"). OB 23 (2.116) (1)
|7 htax)Ka(ax) o202 dv= 3 [2E(D — (1= k)R (D] [@—KDK ) —2EGK)). @)
fox Il(ax)Kl(ax)Jo(2bx)dx=%E(k')[K(k)—E(k)]. 3)
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L” L(ax)Ki (ax)Js (2bx)dx= = [(1+k2)E (k)

3m bkzk
—(A=k)K(K)J[(2—k*)E(k")—=2(1—k)K(K')]. 4

2

f I (ax) Ko (ax) Jo(2bx)dx= gt [+ K2)K(H)

—2(0+K)EK)][2(2—k")E(K')—(1—Kk'*)K(K")]. (5)

5. Integrands Involving Modified Bessel Functions of the Second Kind

! 2 2a
% Vi
fo e 7K (ax?) dx = \/I%; K(k), p>a
_Vm
= \/ZI.K(/Q p<a (1)
J;x e PT’K  (ax?) x2dx = 2(7r(p 1) [K(k1) — E(k1)], p > a;
_ Va _
- 2(02 - p2) \/% [20'E(k2) (P + G)K(kz)], P < a. (2)
[ emkatant) xtda = LS (Gp+ oK (k) — 4EG)), p>
Yo [( ) 3p + a)K(kz2) — 8paE (k») ], < 3)
4(a2—p2)2\/_ p+ p+a 2 pak (k, p <a. (
J:)x e Pr’K(ax®)xbdx= 8(1)"?;—#&) [(15p%+8pa+9a?)K (ki) — (23p%+9a?)E (k1) ], p>a;

Var

= 8(@®—p?)® Vaa [2a(23p2+9a?)E (k) — (p+a) (15p*+8pa+9a2)K(ks)], p<a. (4

fox e PT’K (ax?)x3dx= 2_7(7(21)—+a) [pE (k1) —aK(k1)], p>a;
=m [(p+a)K(k:) —2pE(k:)], p<a. (5
Lx eP7K, (ax?)x'dx = %—m [(p*+3a)E(k) —a(p+3a)K(k)],  p>a

Vv

zm [2(p?>+3a2)E (k:) — (p+a)(p+3a)K(k:)], p<a. 6)

5 For negative p, the second results are available.
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Va(p+ a)

* - pxr2 2 6 =
Le 22K (ax?)x®dx 8a(p? — a?)?

[p(3p* + 29a*)E (k1)

— a(3p? + 24pa + 5a?)K (k1) ], p > a;

Va , 2
= 8(at —p?)ivzg P T @) (Bp* + 2Apa + 5a?) K (k:)

— 2p(3p% + 29a2)E (k2) ], p <a.

Va(p+ a)
4a2(p2 — a2)2

f" e ~Pr’K,(ax?)xtdx = [a(5a* + 3pa — 4p*)K (k)
0

—4p(2a* = p*)E(k1)], p>a

_ Va : _ 4t
= ta(a* = p*)*Va [ (5a? + 3pa — 4p?)

X (p + a)K(k:) — 8p(2a® — p?)E(k2) |, p <a.

s a—Vai-B .. b—Vi-o
5.2. k1=—Tl k2=T

K4+kiZ=1, kI+kz2z=1

()

4 V2a

foo(axz)Ko(be) dx = [K(k:) +K(k})], a>b. OBI53(2.33)

= (3)

2 V2a® (k|2 — k2)

f’c Ko(ax?)Ko(bx?) x?dx = [K(k!) —K(k)], a>b.

f’“ Ki(ax?) Ko(bx?) x%dx
0

(2

8 V2a® (k2 — k?)

(3

16 Vabs (k (ky2 — k%) (kok})?

(2E (k1) — K(ki) + K(k}) —2E(k;) ], a>b;

2 __ a—b &
« k_(m)

f Ko(ax)Ko(bx)dx =—03 K(k).
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(7)

(8)

1)

@)

[(1—k)K(ks) — E(ks) + E(k) — (1 — k)K(k))],  a <b.

(1)



“ oy —— T K —Ek
J-O Ko(ax)Ko(bx)x2dx @¥b) (a=0) [K(k) — E(k)].

T

Za(a — 1) [2aK (k) — (a + b)E(k)].

J'x Ky (ax)Ko(bx)xdx =
0

™

2a(a+ b)2(a — b)3 [2a(3a + b)K(k) — (Ta2+ b2)E (k) ].

fw Ki(ax)Ko(bx)x3dx=
0

T
2ab(a+ b) (a—b)2

fx K, (ax)K, (bx)x2dx = [(a2+ b2)E (k) — 2abK (k) ].
0

T
at(a+b)(a—0>b)2

fx Ks(ax)Ko(bx)xtdx = [a(Ba —2b)K(k) — (2a% — b2)E (k) ].
0

T
2a2b(a + b)2(a—b)3

f“ Ko (ax) K, (bx)x3dx = [(3a* + 7a2b?
0

—2bY)E (k) — 2ab(3a% + 3ab — 2b2)K (k) ].

,_a—Var—b? ., b— Vbi—¢g?
5.4 kl————r, kz—T

I+ k2=1, k2+k2=1

f K3( ax)K0(2bx)dx— K(k)K(ky), a>b;

=%[K2(k2)+1<2(k§)], 5
OB 154 (2.39)

6. Integrands Involving Products of Bessel and Modified Bessel Functions

61 K= 2, a1z VI-by
T 1+ Vi4aky? : 2

2
p:—a2+b?+ V(p?—a2+b?)2+4ab?

yi=

foxeszKo(ax2)J0(bx2)dx=kl\/;;K(kl)K(kz).
” —px2? 2 2 —_i—___,_ 2
foe Koaxt)J (be2)dv = m[(z k2)K (ky)

—2E (k1) J[E (k2) — (1 — k3)K (k=) ].
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(2)



Vy
9 Vak3kz(1—k2)
X [(16 —16k2+ 3k$)K (k1) —8(2 —k2)E (k1) ]

f e 7K (ax?)J2(bx2)dx=
0

X [(1—k3) (2—3k3)K(k2) —2(1 — 2k3)E (k2)].

Vy
3k Var(1—£2) (1 —£2)

X[E2=F)E (k) =20 = k) K (k)1 [(1—k3) K (k2) — (1 —=2k3) E (k2)].

Jwe—l’“Kl(axz)Jl(be)dx=
0

Vy
15Vrkik3 (1—k3) V1 — k2

X [(16—16k2+ k%) E (k1) —8(1—A2) (2— k2) K (k1) ]
X[2(0—k3+k$) E(ks) — (1—k3) (2—k3) K(k2)].

fw e P2* K, (ax?)J2 (bx?)dx=
0

Vy
105V wk3k3 (1 —k3) (1—k3)

X [(1—43) (16 —16k3 — kt) K (k1) —2(2— k%) (4—4k3 — k) E (k1) ]
X [(1—k3) (24 5k —8k3) K (ko) —2(1—2k3) (1+4k3 —4k3)E (k2)].

b 2
2 tom( o)
a’+b%2+a

fme—”rsz(axz)Jz(bxz)de
0

rz(i-)\/é

e L OB 22 (2.108
- (k) (2.108)

fwKo(ax2),]o(bx2)dx=
0

r2<§;—)\@

* 2 2) g 2dy=——-t K (k). OB 21 (2.107)
LKO(ax )Jg(bx )x2dx ﬂ-m (k) (

o 3
fw o (4)
Ko(ax?)J1(bx?)dx= ik [K(k)—E(k)].
f‘”K (ax?)] (be)dxzrz—G)— [(2+k2)K (k) —2(1+ k2)E(K)].
Nt 187 Voks
B rz(%)\/z
J; Kl(axz)Jl(bxz)dx=m [(1+k )E(k)—(l—k )K(k)]
) r2<%>\/13
ax?)J1(bx2)x2dx= 2 —(1—-F)K(k)].
[ Kitarygs payaea=— == [ EW — (1=K (0]
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)

(4)

(5)

(6)

@

2

)

@)

©)

(6)



(2)vi

f: Ki(ax?) J:(bx?) dx= (20 — 2+ EYE(K) — (1 — k2) (2—k2)K(K)]. (7)

5ma V>
(3)vi

f: Ko (ax?) Jo(bx?) dx— [(2— 9k2 — 1)

168mwa2 VKT
X (1 —Fk2)K(k) —2(1 + k2) (1 —6k2+ K4)E(K)]. 8)

L
63. K=— 1
x k
fo Ko(ax)Jo(bx)dxzzK(k)- OB 22 (2.109), 152 (2.28) (1)
f: Ko(ax)Jo(bx) x2dx:§ [2E (k) — K (k)]. (2)
ﬁ” Ko(ax)Jo(bx) x“de% [(8(1—2k2)E (k) — (5—8Kk2)K(k)]. (3)

7

. [2(23 —128k2+ 128k*)E (k) — (31 — 14442+ 128k*) K (k) ]. (4)

o 15
f Ko(ax)Jo(bx)xbdx= =
0

[ Kt x =5 Ko —E w01 (5)

f” Ko(ax)Jy (bx) wdx="52 [(1=4k)K (k) — (1= 8k)E (k) . (6)

f Ko(ax)Jy(bx) xodx =25 [(3—ak2) (1= 16k)K(K) — (3— 88K+ 128K E(R)]. (1)

ﬁ” Ko(ax)J (bx) - tdx=7 [K(k) = E(k)]. (8)

Lw Ko(ax)Js(bx) =7 [(2— K)K(K) —2E(k)]. )

fo‘” Ko(ax)Ja(bx) =1 [(2+R)K (k) —2(1+ k) E (k)] (10)
Lw Ko (ax)do(5x) x4dx=b—k: [(2+ k2 — 24k4) K (k) — 2 (1 + 42 — 2414)E (k) ]. (11)
f’ Ko(ax)Ja(bx) atdv=rs [(2+ K (K) —2(1+ K)E(B)]. (12)

L“’ Ko(ax)Js(bx) xdx—ﬂ [(8—5k2)K (k) — (8—k2)E(K)]. (13)

f: Ko(ax)Ja(bx) 0= [(B+3k-+ 4K (k) — (8+ The+8K) E()]. (14)
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[ -3
f Ko(ax)Js(bx) x5dx=% [(8+ 1942+ 60kt — 192k8) K (k) — (8 +23k2+ 72k* —384k8)E (k)]. (15)
0

f Ko(ax)Js (bx) x“dx—9A3 [(8—5k2)K (k) — (B—K2)E(K)]. (16)
f‘” Ko(ax)Js(bx) x-3dx= 22b5k5 [(8+ 3k + 4k)K(K) — (8+ Tk + 8EVE(K)].  (17)
J’le(ax)Jo(bx) Gl ), (18)
0 ab
[ Kaan o b sode=—5 17— 812 E) = 401 = k) K(B)]. 19)
f Ki(ax)Jo(bx) x5dx——— [(43 — 168k2 + 128K4)E (k) —4(1 — k2) (T — 16k2)K(K)]. (20)
fw 15k
Ki(ax)Jo(bx) x7dx— 2784k2 + 5504k* — 3072k8)E (k)
—8(1—k?) (29— 176k + 192K (H)].  @1)
f " K@) 1y (b) dx=— [E(R) = (1= kK (0)]. 22)
fx Ki(ax)J (bx) dx === [(1 = k)K () = (1= 202) E(K)]. (23)
f K (ax)Jx (b) x“dx—— [(1—8k2) (1 — k2)K(K) — (1—16k2+ 16K)E(K)]. (24)
f K (ax)]y (bx) o= 15" (1— k2) (3 — BO0K2 -+ 128K4) K (k) — (3 — 134K2 + 384K — 256k8)E (F) ].
(25)
f: e ) dx———alﬁ [(2—k2)E (k) —2(1 — k2)K (k)]. (26)
f e x3dx=£ [201— k) (1+ 26)K(k) — 2+ 3k —8)E(K)]. (27
f K (ax)Js (bx) x5dx—— [2(1—k2) (1 + 642 — 3254)K (k) — (24 1142 — 136/ + 128K8)E (k).
(28)
f” K1 (ax)J2 (bx) x—ldx_3 7 L2~ B)E () 21— ) K(B)]. (29)
0
f: Ky (ax) Js(bx) dx = 3alks [(8 — Tk2)E (k) — (8 — 3k2) (1 — k2)K (k)] (30)

[(8— 3k —2k9E(K) — (1— k) B+E)K(K].  @31)

* 1
fo Ki(ax) J3(bx) x2dx = bk

fw Ki(ax) J3(bx) x4dx =a—lg4 [(1—Ak2) (8+ 13k%+ 24k4)K (k) — (8 + 9k2 + 16k* — 48kS)E(k)].
’ (32)
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2

o (B =3k —20E(R) — (1= k) B+ kKD G3)

fw Ki(ax)Js(bx) x—2dx =

fm Ks(ax) Jo(bx) .rzdxz—l;; [22—Kk)E(k) — (1 — k2)K(k)]. (34)
0 azb

ijz(ax)Jo(bx) xidx = [2(19 — 44k2 + 24k E (k) — (1 — k2) (23 — 2442)K (k) ]. (35)
0

z[;

fw K, (ax)Jo(bx) x“dx— [2(1 58 —923/% + 1408k — 640/45)
0

2bs
XE(k)— (1—A£2) (211 —R48k2+ 640k*)K (k) ]. (36)

[ Ketwnnon) x = DE(K) — (1~ 1)K (k) . (37)
0 a2k

fw Ks(ax)Ji(bx) x3dx= fll[ (1—F42)(3—4k2)K (k) — (3—13k2+8k4)E(k)]. (38)
0

K; (ax)Ji(bx) xf dx—

zb4 [(1—A~‘~’)(5—68A~2+64A4) (k) — (5—123k2+248k*— 128k8)E (k) ].
0

(39)

- Ky (ax)J:(bx) dx= U

[(1—k2) (2—=3k)K (k) —2(1— 2k2)E(k)]. (40)

0 : i‘%(lz/{:i

) Ks(ax) /. (bx) x2dx=—+ lbk 20—+ Ek) — (1 —k)2—k)K(k)]. (41)

0
f K (ax) /) (bx) x*dx= 321; [(1—A2)(2+5k2—8k)K (k) —2(1 —2k2) (1 +4k2— 4k E (k) ].
(42)

f K (ax) J2(bx) x (lx— 215 [(2 + 15k2 — 144%4 + 128k6) (1 — k2)K (k)
—2(1 + 7h? — 135k* + 256k6 — 128k8)E (k) ]. 43)
f Ko(ax)Js(bx) x dx = 12A3 [(1— k%) (8—9k2)K(k) — (8 — 13k2+ 3k E(F)]. (44)
fw K (P ale)Zk [(1+ k%) (8 — 13k2+ 8K)E(k) — (1 — k2) (8 — k2 — 4k)K (k) ].
0

(45)

[(1—A2) (8 —9k2)K(k) — (8 — 13k2+ 3k*)E(k)]. (46)

o b2
-1 —
fo K> (ax) Js(bx) x—1dx Batks

fw K;(ax) Jo(bx) x3dx = Ef;—b [(23 — 23k2 + Bk E (k) —4(2 — k2) (1 — k2)K (k) ]. (47)
0

[(281 — 98542 + 1080k* — 38448)E (k)
—4(1 — k2) (44 — 93k2 + 48k*)K (k) ]. (48)
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fx Ks(ax) Jo(bx) x3dx = %
0 b



f Ka(ax) Ja(bv) xtdx = = [(3 + Tk = 2R)E(K) — (1— k) 3+ ADK(R)].  (49)

j: Ks(ax)J1(bx) xtdx = —3—b—2 [(15 — 43k2 + 24k%) (1 — k2)K (k)

— (15— 103k2 + 128k4 — 48k$)E(k)].  (50)

f: Ks(ax) J2(bx) x dx = [2(1 — k%) (1 —3k2)K(k) — (2—Tk2 —3k4)E(k)]. (61)

3k3

f: Ks(ax) J2(bx) x3dx = [(6—9k2+19k*—8kS)E (k) —2(1 — k2) (3—3k2+2k4)K(k)]. (52)

3bk

[(8—23k2+ 23k4)E (k) — (1 —k2) (8 — 1942+ 15k*)K (k)]. (53)

®© . b2
[ Katan) 1atbn) =

f: () e %i—kg [(8—15k2+3k%) (1—k2)K (k) — (8— 19K2 + Okt — 6k6)E (k) . (54)

f: Ka(ax) Jo(bx) xtdx = a—’jg [8(11 — 11k2 + 6k4)
X (2 — K2)E(k) — (1— k2) (71— T1k* + 24k9K(K)].  (55)

fm Ki(ax) J1(bx) x3dx — [(15+58k2—33k*+8KS)E (k) — (1 —k2) (154 13k2—4k*)K(k)].

a‘k
(56)
f: Ka(ax) Jo(bx) x*dx = af’k3 [(1—k2) (2—9k2 — kK (k) —2(1 + k) (1 — 6k2 + Kk*)E(K)].
(67
* b2 2 4 6
fo Ki(ax) J3(bx) x dx=mg [ (8 — 33k2 + 58k* + 15k®)
X E(k) — (1—k2) (8 — 20k% + 45k9K(k)].  (58)
64. k2= (——9—— )2
VaTtb'+a
f” Ko(2ax) J2(bx) dx =%’% [K(k)]2 OB 153 (2.37) (1)
|7 Ko(2ax) J1(b2) dx = (K () = B2 @
0 wbk
fx Ko(2ax)J3(bx) dx—9 s [+ K () —2(1+)E (k)] (3)
f " Ko(2ax) J3 (bx) dx= 22537 o (B 342+ k0K (k) — (8+Th*+ 8K E(K) . (4)
* 1 (1—22
fo Ki(2ax) Jj(bx) x d=— e K(k) [2E(K) = (1= B)K(B)]. (5)
* 2 =+ — o) . —
fo Ki(2a2)J(bx) x d=3—— e [K(K) ~E(D ] [(1+ R)E(K) = (1= R)K (k). 6)
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* . 1
fo K;(2ax)J3(bx) x dx—m

J'x K> (2ax) J3 (bx) dx=

“ K» (2ax) J2 -
fo (2ax) /5 (bx)dx 30mra?k>

o b
P 2 -
fo Kz (2ax)J3 (bx)dx 630mazk?

b2

20—+ E)E(k) — (1— k) (2—k2)K (k)]

b

X[(2+k)K(k)—2(0+k)E(k)].

orazps L(LHRE(R) — (1= k) K (k) ]2

[2(01—k2+ k) E(k) — (1 —k2) (2— k2)K (k) ]2

me3(2ax)J%(bx)xdx=
0

247rk*a® Va2 + b2 L

[(8—13k2+8Kk4)(1+ k2) E (k)

—(1—k2) (B—k2—4k*) K (k) ]2

1+ 1452+ k4)E (k)

— (1=k2) A+ Tk2)K(B) TLA +k2)E (k) — (1 — k2) K (k) ].

2
6.5. k= (7&’ )
Va’+b’+a

¢

F K2 (ax) Jo (2bx)dx="2% [K(k)]2. OB 23 (2.117)
0

fx K2 (ax)J 1 (2bx)xdx=
0

b

L KWKk —EW)].

bVaz+ b2

fx K2(ax)J:(2bx)dx = ﬁ (K(k) — E(k)]2.
0

f: K3 (ax) J3(2bx)xdx = m [K(k) — E(K)1[(2 + k)K(E) — 2(1 + k2)E(I)].

f” K2(ax) J4(2bx)dx =

b

J, e bt = e

X [(L+)E(k) — (1= )K()][2E (k) — (1 — k2)K(k)].

fx K2 (ax) J2 (2bx)dx =
0

2 L@+ R)K(k) —2(1+ k)E(K) .

9bk3

b
6/k3a2

[+ k)E(k) — (1 — k2K (k) ]2
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(7)

(8)

(10)

(11)

(1)

3)

(6)

(7



b 2
6.6 2= —/—n——
k ( Vaz+b2+a)

mTa2b

L ® Ko(2ax) J1 (bx) Jo(bx)xdx = K(k) [K(k) — E(k)]. 1)

Va2 + b?

ma*bk?

Lm Ko(2ax) J2(bx) J1 (bx) xdx= [K(k) —E(k) ][ 2+ k)K(k) =2(1+F)E(K)]. 2)

Va?+ b?
9mra*bkt

X [(2+ k2K (k) —2(1+ k2)E (k) ][ (8+ 3k2+ 4k4)K (k) — (8+ Th2+ 8k)E(k)].  (3)

j " Ko(2ax) Js(bx) Jo(bx)xdx =

bVa*+ b

daratk?

[(A+E)E (k) — (A —=k*)K(K)][2E (k) — (1= k*)K(K)].
(4)

F K (2ax) J1(bx) Jo (bx) xdx =
0

% VR
f K> (2ax) Jo(bx)J1(bx)xdx= bVa'+h
0 127atkt

AR (= K 12 (D= VR Y A PR 2 == R (5)

o 5 .
f K»(2ax) J5(bx) Jo (bx) xdx = bVa2+ b
! 607ratks

X [(1+£%) (8—13k*+8kY)E (k) — (1 —k?) (8 —k*—4k*)K(k)]. (6)

b 2
6.7. k*= (4)
VaZ2+b%2+a

[2(1 =k +EE (k) — (1 —k%) (2— kK (k)]

1

R = = 1
Zan()[()( )K(k)] (1)

foI () Ko ) Jo (20 dx =
0

1

raVar g (K(k) —E(k)J[(A+k2)E(k) — (1—k2)K(k)].

kal (ax) Ko (ax) J2 (2bx) xdx=
0

fol (ax)Ko(ax)Js(2bx)xdx= [2+k2)K (k) —2(1+k2)E(k)]

1
6kta Va2 + b2
2= FAsrt il (R == k2 (2 =2 VKLV (3)

J’m K, (ax)K;(ax)J2 (2bx)xdx= [A+E2)E(k)— (1 —k2)K(k)]

bZ
24k4ad Vg2 + b2
X [(1+14k2+E)E(K)— (1 —k2) (1 +T7k2)K (k) ]. (4)

- B bt
LKg(ax)Kg(ax),]4(2bx)xdx—3360k8a5m
—2(1+k2)(1—6k2+Ek)E (k)] [(1—k2)(2—21k2—108k* — k) K (k)

—2(1 —11k2—108k*—11k6+ k8)E (k) ]. (5)

134

[(1—A2)(2—9k2—k*)K (k)



02_b2>2

2= —_—
6.8. k <a2+b2

1

mK(k)' (1)

f”Ko(axm<bx>Jo<ax>Jo(bx)xdx=
0
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