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1 . . Introduction 

This table, which is an outgrowth of the author's experience in the theoretical study of s ignal 
statistics, contains infinite in tegrals of Bessel and modi fied Bessel functions reducible to complete 
elliptic integrals. I T he form ulas listed below are those important in applications and all results 
are expressed in conviently com pact forms . 

The materials were first extracted from the author's own memorandum which were then thor
oughly augmented and rearranged in the present form by scrutinizing various published books 
and papers. 

The parameters used in this table are usually positive real and notations occurring several 
times on a section are explained at the top of the section. 

2. Integrands Invo lvi ng Bessel Functions of the First Kind 

Vp 2+a2-p 
k 2 = ---''--======-

2 V p 2+a2 
2.1. 

OL 119 (13.2) (I) 

1"" V(l-2P)3 
e- pX2Jo(ax2)x2dx= [2E(k) - K(k)]. 

o 2 V 7Tp 3 

OL 119 (13.1) (2) 

rO"" e- px2Jo(ax2)x4dx= V (1-2k2)5 [8(l-2P)E(k) - (5 - 8F)K(k)]. (3) 1t 4 V 7Tp 5 

1 Including Bierens de Haan, D. , Nouvelles Tabl es d'iniegraics Defini es (Leide. Amsterdam 1867), there exists a considerable literature on complete elliptic 
integrals involving algebra ic. trigonomet ri c. h ype rboli c or loga rithmic integrands. 
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(5) 

(6) 

(8) 

f'" Vl-2k2 
e- PX'J2(ax 2 )dx= [ (1- P)(2 -3P)K(k) -2(1- 2k2)E(k) ]. 

o 3P (1- k 2 ) v;:p (9) 

x (1-k 2)K(k) -2(1-2P)(1+4P -4k4)E(k)]. (ll) 

x (1-k2)K(k)-2(1+7P-135k4+256k6 -128k8 )E(k)]. (12) 

x [2(1- k2 + k4)E(k) - (1- k2)(2 - k2 )K(k) ]. (13) 

-(1-k2)(8-19P+15k4)K(k)]. (14) 

x (1-k 2 )K(k)-(8-19k2+9k4-6k6 )E(k)]. (15) 
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x (8-15k2+3k 4 )K(k) - (8-19k 2+9k4 -6k6 )E(k)]. (16) 

2 2 
l' p2 +a 2 + b 2+ v' (p2 + a 2 + b 2)2 -4a2b2 

(1) 

x [(l-2k~)E(k2) - (l - k~)K(k2) ]. (3) 

x [(l - kD(2-3kDK(k l )-2(l-2kDE(kd] 

x [ 8(l-2k2)E(k2 ) - (5 - 8kOK(k 2 ) ] . (4) 

( '" - PX'j ( 2)j (b 2)d _ 2vY Jo e 2 ax I x x - 15k~k2(l- kn V7T3 (1- kn 

x [(1- kn (1- 8kV K(k2) - (1- 16k~ + 16knE (k 2 )]. (5) 

( '" - px'J ( 2) J (b 2)d - 2vY Jo e 2 ax 2 x x -105k~k~(1- kn (1- kD y:;J 

x [(1- kn (2 + 5kT - 8kt)K(k l ) - 2(1 - 2k~) (l + 4kT - 4kDE(k l )] 

x [(1 - kO (2 + 5k~ - 8knK(k2) - 2(1- 2k~) (1 + 4k~ - 4k~)E(k2) ]. (6) 
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JOO k 
e - 2PXn(ax)x2dx=--[ (3-2k2)E(k)-(1-k2)K(k)]. 

o 47Tp 2a 

JOO k 
e- 2PXJi (ax)x 2dx =-- [ (1_k2)K(k) - (1-2k2)E(k) ]. 

o 47Tp 2a 
BY 251 (561.08)2 

J~ 4a 
e- 2PXJi(ax)x - 2dx=-- [ (1- P)K(k) - (1-2P)E(k) ] -po 

o 37Tk3 

1'" 1 
e- 2PXJi(ax)xdx = [(16-16k2+k 4 )E(k) -8(1-P)(2-k2)K(k) ]. 

o 27Tpak3 

foo 4a p 
e - 2PXn(ax)x-2dx=-- [(I-k2)(4+3k 2 )K(k) - (4+P-6k 4 )E(k) J-_. 

o 157Tk5 2 

2.4. 

1'" e -2pX J2 (ax)J, (ax)x -' dx= _2_ [4(1- k2)K(k) - (4 - 5k2)E(k)]- P. 
o 37TP a 

1"" 1 ~ 
e - 2PX J3 (ax)J, (ax) dx= -3 k3 [(32 - 38k2+ 3k4 )K(k) -2(16- 23k2)E(k)] - 2· 

o ~ a 

2.5. 

1'" k 
e- PX Jo( ax) Jo( bx )dx = < r-;- K (k). 

o 7Tvab 
BY 248 (560.01) 

( '" pk3 

J e- pXJo(ax)Jo(bx)xdx= vT;; E(k). 
o 47T (1 - P) ( ab )3 

LU 316 (19) 

2The right.hand s ide in BY 251 (56 1.08) is incorrect. 
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( 

JOO k 
e- pxJ, (ax) Jo(bx)xdx= 2) • ~ [P(a2 - b2- p2)E(k) + 4ab(1- k2 )K(k»). 

o 87T (1- k a v (ab)3 

LU 317 (21) (3) 

( 00 e- PX J, (ax) J, (bx)dx = ~ [(2 - k2 )K(k) - 2E(k»). Jo 7Tk ab 

BY 249 (560.02) (4) 

( '" e- pxJ,(ax)J,(bx)xdx= pk VT;J;)3 [(2-k2)E(k) - 2(1-k2 )K(k»). Jo 47T(l-P) (ab)3 

LU 316 (20) (5) 

( 00 e- PxJ2 (ax) J2 (bx)dx = .\/~ [(4 - k2) (4-3k2 )K(k) - 8(2 - P)E(k»). Jo 37Tk3 ab 

f OO e - Px} 3(ax) } 3(bx) dx = 157Tk! -vab [(128 - 128k2 + 15k4) 
o 

BY 248 (560.03) (6) 

X (2 - k 2)K(k) - 2(128 - 128k2 + 23k4)E(k»). (7) 

foo e - PX} 4(ax)}4(bx) dx = 1 ~ [(6144 - 12288k2 
o 1057Tk7 ab 

+ 8000k4 - 1856k6 + 105k8 ) K (k) - 32 (2 - k 2 ) (96 - 96k2 + llk4 )E(k»). (8) 

1.2 = 4ab 2.6 K sin 2a, 
p2 + (a + b)2 

Ao(a, (3) is Heuman's Lambda function. 3 

fOO pk 1 1 
e-PX}dax)}o(bx) dx = - . " K(k) --Ao(ex , (3) + - , 

o 27Ta vab 2a a 

pk 1 
= --2 ?K(k)+ -2' a = b; 7Ta- a 

a> b; 

P~K(k) + l:.- Ao(ex, (3), a < b. 
27Ta ab . 2a 

LU 317 (22) (1) 

fOO 2-Y;;b k(a 2 - b2 ) p p 
e-pxl, (ax)}o(bx) x - 1dx =--E(k) + . K(k) + - Ao(a, (3) --, 

o 7Tak 27Ta Vab 2a a 
a > b; 

2 p 
=-E(k)- -, a = b; 

7Tk 2a 

3 1n connection with the He uman's Lam bda fu nc tion the reader should c onsult BY pp. 35- 37. 
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L--__ _ 

2Vab k(a 2 -b2) p 
=--E(k)+ K(k)--Ao(ex,f3), a<b. 

~ak 2~a~ 2a 

LU 318 (24) (2) 

b 
+- a>b; 

2a' 

p pk(p2+4a2) 1 
=-E(k) - K(k) +-, 
~ak 4~a3 2 

a 
+-, a<b. 

2b 

a=b; 

LU 318 (25) (3) 

J'" 4~ kb 2 P 2p 
e-pxJ2(ax)Jo(bx)dx =--E(k) - • ~ K(k) +- Ao(ex, f3) --, 

o ~a2k ~a2 yab a2 a2 
a>b; 

4 k p 
=-E(k) -- K(k) --, a= b; 

7Tak ~a a2 

a< b. (4) 

f'" pk pk3 1 
e- PX J2 (ax)J o(bx )xdx =- • / K(k) - • / E (k) -- Ao(ex, f3) 

o ~a2 yab 4~(l-k2) y (ab)3 a2 

2 
+- a> b; 

a 2 ' 

pk pk3 1 
=--K(k) - E(k) +-, a= b; 

~a3 4~(1-k2) a3 a2 

pk pk3 

--K(k) - E(k) 
~a2Vab 4~(l- k2) V (ab)3 

1 
+- Ao(ex, f3), 

a2 
a< b. (5) 
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+~ 
2 ' a 

a>b; 

2p £(k)_pk(p2+ a2+ 2b2) K(k) +~ ;\o(a f3) 
rrkaYab 2rraY(abp 2a2 ' 

1 +- a < b. 
b' 

2.7. k2 - 4ab 
- (a+b)2 

100 a+b 
J,(ax)J,(bx) x- 2dx=-3 b [(a2 +b2)£(/,) - (a - b)2K(k)]. 

o rra 

i oo 1 
h(ax)J, (bx) x- 'dx = -3 ?b [(a- b) (a2 +2b2)K(k) - (a + b)(a2 - 2b2)£(k)]. 

o rr~ 

roo 1 Jo .h(ax)J2(bx) x- 'dx= 15rra3b2 [(a - b) (2a4 + 5a2b2 + 8b4 )K(k) 

- (a+ b)(2a4 +3a2b2 -8b4 )£U)]' 

foOO J4(ax) J2( bx) dx= 15rra4b:(a+ b) [(a6+4a4b2+4a2b4-24b6) 

x K (k) - (a+ b )2(a4 +4a2b2 - 24b4 )£(k)]. 

2.8. 
b- Yb2 -a2 

'-2 _ =---.....:....::~=-

" - 2b ' b > a 

roo 2 Jo Jij(ax)Jo(2bx) dx= rr2b [K(k) p. 

f ' n(ax)J2(2bx)dx = rr:b [2E(k) -K(k»)2. 

Ix 8b 
Jf(ax)J o(2bx )dx = ----;-:;. [E(k) - (1- k~)K (k) P-

o rr a 

100 JHax)Jz(2bx)dx= 3 82b .) [(1- k~)K(k) - (1- 2k2)E (k) P-
o rr a-
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( oo n(ax)]0(2bx)dx=932: 34 [(2-3P) (1-P)K(k) -2(1-2P)E(k)p. (5) Jo 7[ a 

(6) 

( 'X 32b3 Jo n (ax) ] 4(2bx)dx 1057[2a4 [(2 + 5k2 - 8k4 ) (1- P)K (k) 

- 2(1- 2k2) (1 + 4k2 - 4k4 )E(k»)2. (7) 

LX ]~ (ax)] 0(2bx)dx= - 2~~!~: 6 [(8 - 23k2 + 23k 4 )E (k) - (1- P) (8 -19k2+ 15k4 )K(k)] 2. (8) 

100 15 (ax)]d2bx )dx = 128b 5 [(8 -15k2 +3k4) (1- k2) K(k) - (8 -19k2 + 9k4 - 6k6 )E(k) J2. 
o 3157[2a 6 

(9) 

2 9 p= abed 
.. 1 ..12 ' 

p=£ 
2 abed 

16..12 = (a+b+e-d) (a+b+d-e) (a+e+d-b)(b+ e+d-a) 

( oo 1 Jo lo(ax)]o(bx)]o(ex)]o(dx)xdx= 7[2t:.. K(k.) , t:..2> abed; 

t:..2 < abed. WA414 (9) (1) 

3. Integrands Involving Bessel Functions of the Second Kind 

3.1. 

(1) 

(2) 

(3) 

(4) 
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(5) 

( 
( '" , Y(2k2 - 1) 5 

Jo e- px'YI (ax2)x4dx = --:-4k~Vr7r~p=:'5""'(1;=-~k2""') 

X [(1- k2) (1 - Sk2)K(k) - (1 - 16k2 + 16k4)E(k)]. (6) 

( '" Y (2k2 - 1)7 
Jo e- px'YI (ax 2 )x6dx = - SkY7Tp7(1 _ k2 ) 

X [(3 - SOk2 + 12Sk4)!(l - k2)K(k) - (3 - 134k2 + 3S4k4 - 256k6 )E(k)]. (7) 
I 

( '" . Y(2k2-1)5 Jo e- Px'Y2(ax2)x4dx = - 4k2(1- k2) Y 7Tp5 

X [(2 + 5k2 - Sk4) '(l - k2)K(k) - 2(1 - 2k2) (1 + 4k2 - 4k4)E(k)]. (S) 

( '" - px'Y ( 2) 6d _ Y(2k2 -1)7 Jo e 2 ax x x - Sk2( 1 _ k2) Y7Tp7 

X [(2 + 15k2 - 144k4 + 12Sk6 ) (1- k2)K(k) - 2(1 + 7k2 - 135k4 + 256k6 - 12SkB )E(k)]. (9) 

1'" k e- 2PXYo(ax)]o(ax)dx = - - K(k) . 
o 7Tp 

OL 122 (13. IS) (1) 

1'" k e- 2PXYo (ax)Jo (ax)xdx =---, [K(k) - £(k)], 
o 27Tp2 (2) 

1'" .. k . 
e- 2PX Yo (ax)Jo (ax)x 2dx =--- [(1 + k2)K(k) - (1 + 2k2)£(k)] . 

o 47Tp 3 
(3) 

1'" .. k 
e-2PXYo(ax)Jo(ax)x3dx = - - - [2(l-2k4)K(k) + (2 + k2+ Sk4)£(k)]. 

o 87Tp4 
(4) 

3.3. a>b 

(1) 

(2) 
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(3) 

" 2f2(~)Va3 fo Y2(aX 2)J2(bx2)dx=- 2l7r2b2 [(2+Sk2-8k4) (l-k 2)K(k) 

-2(l-2k2)(1+4k2-4k4)E(k)]. (8) 

f" k 
o Yo(ax)Ko(bx) dx = - b K(k). OB lS2 (2.29) 

4. Integ rands Involving Modified Bessel Functions of the First Kind 4 

4.1. k 2-~ 
-p+a' p > a 

OL 119 (13.S) 

NM lSI 

(1) 

(1) 

(2) 

4 The integral s of the same types as compiled in 2.1-2.6. 6.1-6. 7 which invol ve II! (x) in place of J n(X) are also expressible in terms of K (k) and E(k). whose 
results may be deduced fro m those without diffic ulty by us ing the relation J II( ix )= i 'I/,t(x). Some of those results are also foun d in: WA 391 (5); OL 122(13.21)
i!3.23), 123 (13.24)-(13.27 ); OB 152 (2.30), (2.31),153 (2.38). 154 (2.40), (2.41 ); BY 251 (562.01)-(562.04). 
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('YO e-!Jx 'J,(ax 2)dx= 1 [(2-P)K(k)-2E(k)]. Jo k Y27Ta 
(5) 

(6) 

(7) 

Jx 2Y'2a 
e- px'/ (ax2) x -2dx = -- [(2 - P)E(k) - 2(1- k2)K(k)]. 

o I 3Y7Tk3 (8) 

(9) 

J'" e- Px'}., (ax 2 ) x4dx = k [( 16 - 16k2 - k4) 
" 160 - k2)2Y27Ta 5 

o 
X (1- P)K(k) - 2(2 - k2) (4 - 4k2 - k 4)E(k)]. (ll) 

(13) 

x (2-k2)K(k)-2(l28-128P+23k4 )E(k)]. (14) 

{ '" e- px213(ax2)x2dx = 1 ~ [(128-128P+3k4) 
Jo 12k3 (1- P) 27Ta3 

X (2- P)E(k) - 2 0- k2) (128 -128P + 27k4 )K(k)]. (15) 

foo 1 
e- px'I3(ax2)x4dx= ------== [(128 -128k2-k4) 

o 16k(1- P) 2 Y27Ta5 

X (2 - k 2) (1- e)K(k) - 2 028- 256k2 + 135k4 -7k6 - k8 )E(k)]. (16) 
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(" e - px213(ax2)x6dx= k ~ [(128-256k2+99k4+29k6+8k8 ) (2-k2)E(k) Jo 64(1-P)3 27Ta7 

-2(1-P) (128-256P +123k4+5k6 +2k8 )K(k)]. (17) ). 

f" 2 v'2ci' 
e-px213(ax2) x - 2dx = 105 v:;;]li [(128 -I28k2+3k4) 

o 

X (2 - P)E(k) - 2(1- P) (128 -I28k2 + 27k4)K(k)]. (18) 

f'" 8 \I'2(i3 
e -px213(ax2) x - 4dx = [(128 - 128k2 - k4) (1- k2) 

o 945 V7Tk9 

x (2 - k2)K(k) - 2(128 - 256k2 + 135k4 - 7k6 - k 8 )E(k)]. (19) 

f " e -Px213(ax2) x - 6dx = 32 v'2a5 [(128 - 256k2 + 99k4 + 29k6 + 8k8 ) 

o 10395 V7Tk ll 

x (2 - k2)E(k) - 2(1- k2) (128 - 256k2 + 123k4 + 5k6 + 2k8 )K(k)). (20) 

f" 4 
e-2(a+b) x 15(ax)Io(2bx) dx= (Va+ 2b - Va+ b) K(k)K(k'). MY 228 

o 7T2b~ 
(1) 

f" 1 
e- 2Px[0(ax)Ko(ax) dx = -- K(k). 

o p +a 
ET II 370 (48) (1) 

J" 1 
e-2PXlo(ax)Ko(ax)xdx=4 (2 2) [(p+a)E(k)-2pK(k)) . 

o p a - p 
(2) 

J" 1 
o e-2Pxlo(ax)Ko(ax) x2dx = 8p2(a + p) (a _ p)2 [(a2 - 3p2)E (k) + 2p (2p - a)K(k)]. 

(3) 

44 k2= ( b )2 
. . Va2 +b2 +a f 

( " k'2 Jo Io(ax)Ko(ax)Jo(2bx)dx= 7Tb K(k)K(k'). OB 23 (2.116) (1) 

fo" Io(ax)Ko(ax)J2(2bx)dx= 7Tb~'2 [2E(k)-(1-P)K(k)) [(2-k'2)K(k')-2E(k ' )). (2) 

( oo k'2 Jo I 1 (ax)K1 (ax)Jo(2bx)dx=7TbP E(k')[K(k)-E(k)]. (3) 
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L'" It (ax) Kt (ax) } 2 ( 2bx)dx= 37Tb~2k'2 [(1+k 2)E (k) 

- (1- P)K(k) ] [ (2- k '2) E (k') -2(1- k' 2)K (k')]. (4) 

( '" k'2 Jo 12(ax) K2(ax) }0(2bx)dx= 97Tbk 4 [(2+ k2)K(k) 

- 2(1 + k2)E (k) ] [2(2 - k'2)E(k') - (1-k'2)K(k')]. (5) 

S. Integrands Involving Modified Bessel Functions of the Secand Kind 

S k2 - p-a 
5 .1. 1 - + ' P a 

p > a ; 

( '" - Px'K ( 2) 2d - Y7T(p + a) [K(k) E(k)] Jo e 0 ax x x - 2(p2 _ a2) t - t, 

p = a-p 
2 2a 

p > a; 

p < a. (1 ) 

Y7r 
( ) 

• In' [2aE(k 2) - (p + a)K(k2) ], p < a. (2) 
2 a2 -p2 v2a 

p > a; 

p < a. (4) 

p < a. (5) 

p < a. (6) 

~ For negati ve p. the second resu lt s are availab le. 
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- a(3pZ + 24pa + 5aZ)K(k,) J, 

8(a2 _ ;)3~ [(p + a) (3pZ + 24pa + 5a2)K(k2) 

5.2. 

p> a; 

p < a. 

p>a; 

p < a. 

(7) 

(8) 

~ rz(i) 1 Ko(ax2)Ko(bx2) dx = .~ [K(k , ) + K(k~)], a > b. OB 153 (2.33) (1) 
o 4 v2a 

~ f2(~) 1 Ko(ax2)Ko(bx2) x2dx = [K(k;) - K(k,)], a> b. (2) 
o 2 v2a3 (k;Z - kT) 

5.3 k 2 = ( a - b ) 2 

a+b 

a> b; 

100 7r 
Ko(ax)Ko(bx)dx =--b K(k). 

o a+ 
126 
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( 

I 

r oo w Jo Ko(ax)Ko(bx)x2dx = (a + b) (a _ b)2 [K (k) - E(k) ]. 

r oo w Jo KI (ax)Ko(bx)xdx = 2a(a2 _ b2) [2aK(k) - (a + b)E(k) ]. 

r oo w Jo KI(ax) Ko(bx)x3dx= 2a(a + b)2(a _ b)3 [2a(3a + b)K(k) - (7a2 + b2)E(k)]. 

r oo w Jo KI (ax)KI (bx)x2dx = 2ab(a + b) (a _ b) 2 [(a 2 + b2 )E(k) - 2abK(k)] . 

r oo w Jo K 2(ax) Ko (bx)x2dx = a2 (a + b) (a _ b)2 [a(3a - 2b)K(k) - (2a2 - b2)£(k)] . 

- 2b 4 )£(k) - 2ab(3a 2 + 3ab - 2b2)K(k)]. 

a > b; 

a < b. 
OB 154 (2.39) 

6. Integrands Involving Products of Bessel and Modified Bessel Functions 

6.1 k~ 
2 

f '" e- PX'Ko(ax 2 )JI (bx2)dx = V y:y 2 [(2-kT)K(kd 
o klk2 w(l- k2 ) 

- 2E (k I ) ] [E (k 2) - (1 - k~ ) K (k 2) ] . 
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f oo Vy 
e - px2K o (ax2)J 2 (bx 2) dx = -. ,=---'---

o 9 v7Tkrk~(1-kV 

x [(16-16ki+ 3kt)K(kd -8(2 -k1)E(kd] 

x [(1- kV (2 - 3kVK(k2) -2(1- 2kDE(k2)]. (3) 

roo e-px2KJ (ax2)JJ (bX2)dx= vy 
Jo 3kJk2 V 7T(1- ki )(1- kV 

x [(2 - kl) E (kJ) - 2 (1- ki) K (k J)] [(1- k~) K (k 2) - (1- 2k~) E (k2)] . (4) 

1'0 e-px2Kdax2)Jdbx2)dx= 15V7Tkrk~(~kV\Il"=k1 
x [(16- 16ki + k1)E(kd-8(1-kj) (2-k1)K(kd] 

x [2(1- k~+ kVE(k2) - (1- k~)(2 - k~)K(k2)]. (5) 

roo -px2K ( 2)J (b 2)d - vy Jo e 2 ax 2 x x-105V7Tkrk~(1-kn(1-kD 

x [(1- kI) (16 -16kl- k1 )K(kd -2(2 - k1) (4 -4ki- k1 )E(k J)] 

x [(1- k~)(2 + 5k~ -8knK(k2 ) - 2 (1- 2k~)(1 + 4k~ -4k~)E(k2)]. (6) 

OB 22 (2.108) (1) 

OB 21 (2.107) (2) 

00 2f2 ( ~) 
J Ko(ax2)Jdbx2)dx= VJ;i; [K(k) -E(k)]. (3) 

o 7T bk 

f2 (l) Joo Ko(ax2)h(bx2)dx= ~ [(2 + k2)K(k) -2(1 + k2)E(k)]. (4) 
o 187T bk3 

J" K, (ax'I), (bx'ldF p ( ~ z: [(1+k'IE(kl - (1- k'IK (kl]' (5) 
o 127Ta k3 
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P(~)Vb3 f oo K2(ax2) } 2(bx2) dx= . 4 [(2 - 9k2 - k4) 
o 1687ra2 Vk7 

X (1 - k2)K(k) - 2(1 + k2) (1- 6k2 + k4 )E(k)]. (8) 

Joo k 
Ko(ax)} o(bx )dx=- K(k). 

o b 
OB 22 (2.109), 152 (2.2S) 

(00 ~ 
)0 Ko(ax)}o(bx) x2dx= b3 [2E(k) -K(k)]. 

( 00 3~ 
)0 Ko(ax)}o(bx) x4dx =fj: [8(1- 2k2)E(k) - (5 - Sk2)K(k)]. 

f 00 15k7 

Ko(ax)} 0(bx)x6dx = - [2(23 -12Sk2 + 12Sk4 )E(k) - (31-144k2 + 12Sk4 )K(Jc)]. 
o b7 

1000 Ko(ax)}t(bx) x dx = ~ [K(k) -E(k) ]. 

l OO Ko(ax)}t (bx) x3dx= ~: [(l-4k2)K (k) - (1- Sk2)E(k)]. 

1000 Ko(ax)}t (bx) x5dx= 3b:
5 [(3 -4k2 ) (l-16k2)K (k) - (3 - S8k2 + 12Sk4)E(k)] . 

(00 1 
)0 Ko(ax)}t(bx) x-tdx=Tc [K(k) -E(k)]. 

(00 1 
)0 KO(ax)}2(bx) dx= bk [(2-k2)K(k) -2E(k)]. 

1000 KO(ax)}2 (bx) x4dx=:S [(2 + 7k2 - 24k4)K(k) - 2(1 + 4k2 - 24k4)E(k)]. 

( 00 b 
)0 Ko(ax )}2 (bx) x- 2dx= 9~ [(2 + k2)K(k) - 2 (1 + k2)E (k)]. 

1'.0 KO(ax)}3(bx) x dx= b~k [(S-5k2)K(k)- (S-k2)E(k)]. 

f ' KO(ax)}3(bx) x3dx= ;4 [(S+3k2+4k4)K(k) - (S+7k2+Sk4) E(k)]. 
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(1) 

(2) 

(3) 

(4 ) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 



[00 1 Jo KO(ax)J3(bx) x- 1dx=9k3 [(8-5k2)K(k) - (8-k2)E(k)]. (16) 

Jooo KO(ax)J3(bx) x-3dx = 2:;k5 [(8 + 3k2 + 4k4)K (k) - (8 + 7 k2 + 8k4)E (k)]. (17) 

JOO k 
o K. (ax)Jo(bx) x dx= ab E(k). (18) 

JOO k3 
o K.(ax)Jo (bx) x3dx= ab3 [(7 - 8k2)E(k) - 4(1 - k2)K(k)]. (19) 

Jo'" K.(ax)Jo(bx) x5dx= !~: [(43 -168k2 + 128k4)E(k) - 4(1- k2) (7 - 16k2)K(k)]. (20) 

Joo 15k7 
K.(ax)Jo(bx) x7dx=-b- [(337 - 2784k2 + 5504k4 - 3072k6 )E(k) 

o a 7 

- 8(1 - k2) (29 - 176k2 + 192k4)K(k)]. (21) 

Joo 1 
o K.(ax)J.(bx) dx= ak [E(k) - (1- k2)K(k)]. (22) 

(23) 

(24) 

[00 Kl (ax )J. (bx) x6dx= 15b:
5 [(1- k2) (3 - 80k2 + 128k4)K (k) - (3 -134k2 + 384k4 - 256k6 )E(k)]. 

Jo a (25) 

JoOO Kl (ax)J2 (bx) x dx= a~k [(2-k2)E(k) -2(1-k2)K(k)]. (26) 

Loo K. (ax)J2 (bx) x3dx= a~3 [2(1- k2) (1 + 2k2)K(k) - (2 + 3k2 - 8k4 )E(k)]. (27) 

[00 b Jo K.(ax)J2(bx ) x-·dx=3ak3 [(2-k2)E(k)-2(1-k2)K(k)]. (29) 

Jooo K.(ax)J3(bx) dx = 3~k3 [(8 -7k2)E(k) - (8 - 3k2) (1- k2)K(k)]. (30) 

(31) 

J OO K.(ax)J3(bx) x4dx=~b [(l_k2) (8+ 13k2+24k4)K(k) - (8+9k2+ 16k4-48k6 )E(k)]. 
o a 4 

(32) 
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(33) 

f'" k K2(ax).!0(bx) x2dx = -----;;-b [2(2 - k2)E(k) - (1 - k2)K(k)]. 
o a -

(34) 

f'" ~ Kz(ax) } o(bx) x 4dx = 2b3 [2(19 - 44k2 + 24k4)E(k) - (1 - k2) (23 - 24kZ)K(k)]. 
o a 

(35) 

r'" 3k5 Jo Kz(ax) } o( bx) x6 dx= a2b5 [2 (158 - 923k2+ 1408k4- 640k6 ) 

X E(k) - (1 - k2) (211 - g4.8k2 + 640k4)K(k)]. (36) 

(37) 

(38) 

1'" Kz (ax) .!) (bx) x 5dx = :z~34 [(1 - kZ) (5 - 68kz + 64k4)K (k) - (5 - 123k2 + 248k4 - 128k6 )E(k)] . 

(39) 

(41) 

r'" 3k Jo Kz (ax).f2 (bx ) x4dx = aZb3 [(1 - k2) (2 + 5k2 - 8k4)K (k) - 2 (1 - 2k2) (1 + 4k2 - 4k4)E (k)]. 

(42) 

f'" 15k3 
K2(ax)h(bx) x6dx = ~b· [(2 + 15k2 - 14411'4 + 128k6 ) (1 - k2)K(k) 

o a2 5 

- 2(1 + 7k2 - 135k4 + 256k6 - 128k8 )E(k)]. (43) 

f'" 1 
o K2(ax) } 3(bx) x dx = 3a2k3 [(1- Jr2) (8 - 9k2 )K(k) - (8 - 13k2 + 3k4)E(k)] . (44) 

f'" 1 
o KZ(ax) .!3( bx) x3dx = a2b2k [ (1 + k2 ) (8 - 13k2 + 8k4)E(k) - (1 - k2 ) (8 - k2 - 4k4)K(k)]. 

(45) 

f'" k K3(ax) .!o(bx) x 3dx = - b [ (23 - 23k2 + 8k4 )E(k) -4(2 - k2) (1 - k2 )K(k)]. 
o a3 

(47) 

f'" K3(ax) .!0(bx ) x 5dx = ~l3 , [(281 - 985k 2 + 1080k4 - 384k6 )E(k) 
o ( 3 ). 

- 4(1 - k2) (44 - 93k2 + 48k4 )K(k)]. (48) 
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I OO 1 
K3(ax)}1(bx) x 2dx = -k [(3 + 7k2 - 2k4)E(k) - (1- k2) (3 + k2)K(k)]. 

o a3 
(49) 

I OO k 
o K3(ax)}1(bx) x4dx= a3b2 [(15-43k2+24k4)(1-k2)K(k) 

- (15 - 103k2 + 128k4 - 48k6 )E(k)]. (50) 

I OO b 
o K3(ax)}2(bx) x dx = 3a3k3 [2(1- k2) (1- 3k2)K(k) - (2 - 7k2 - 3k4)E(k)]. (51) 

IoOO K3(ax)}2(bx) x3dx= a31bk [(6-9k2+19k4-8k6 )E(k) -2(l-k2) (3-3k2+2k4)K(k)]. (52) 

Iooo K3(ax)}3(bx) dx = 15::k5 [(8 - 23k2 + 23k4)E(k) - (1- k2 ) (8 - 19k2 + 15k4)K(k)]. (53) 

!o'''' K3(ax)}3(bx) x2dx = 3a!k3 [(8-15k2+3k4) (1_k2)K(k) - (8-19k2+ 9k4-6k6 )E(k)]. (54) 

Io"" K4(ax)}0(bx) x4dx = a~b [8(11 - llk2 + 6k4) 

X (2 - k2)E(k) - (1- k2) (71 - 71k2 + 24k4)K(k)] . (55) 

Io"" K4(ax)}1(bx) x 3dx = a!k [(15+58k2-33k4+8k6 )E(k) - (1_k2) (15+ 13k2-4k4)K(k)]. 

(56) 

t ' K4(ax)}3(bx) x dx = 15::k5 [(8 - 33k2 + 58k4 + 15k6 ) 

X E(k) - (1 - k2) (8 - 29k2 + 45k4)K(k)]. (58) 

I'" 2k 
o Ko(2ax)}~(bx) dx = 7Tb [K(k»)2. OB 153 (2.37) (1) 

Ioo 2 
o Ko(2ax)n(bx) dx= 1Tbk [K(k) -E(k»)2. (2) 

f Ko(2ax )}Hbx) dx= 91T~k3 [(2 + k2)K(k) - 2(1 + k2)E (k»)2. (3) 

f Ko(2ax)}§(bx) dx= 225!bk5 [(8 + 3k2 +4k4)K(k) - (8 + 7k2 + 8k4)E(k) ]2. (4) 

f"" K,(2ax)}'6(bx) x dx= ~ K(k) [2E(k) - (1_k2)K(k)]. (5) 
o 27Ta a2 + b2 

f"" Kl(2ax)}Hbx) xdx= ~ [K(k)-E(k)][(1+k2)E(k)-(1-P)K(k)]. (6) 
o 27Tk2a a2 + b2 

132 



J" K.(2ax)}Hbx) x dx= ~ [2(1-k2 +k4 )E(k) - (1-k2)(2-k2)K(k)] 
o 6rrk4a a2 + b2 

X [(2 + k2)K(k) - 2(1 + k2)E(k)]. (7) 

(8) 

1" b 
K2(2ax)n(bx)dx = 30 k [2(1 - k2+k4)E(k) - (1 - k2)(2 - k2 ) K(k)J 2. 

o 7ra 2 5 
(9) 

i" K2(2ax)}5(bx)dx= 630:a2k7 [(8 - 13k2+ 8k4 )(1 + k2)E(k) 

- (l - k2 ) (8 - k2 - 4k4 ) K (k) )2. (10) 

- (l - k2) (1 + 7 k2) K (k) ][ (1 + k2) E (k) - (1 - k2 ) K (k) ] . (ll) 

1" 2k 
o K&(ax) }o(2bx) dx = t; [K(k»)2 . OB 23 (2 .117 ) (1) 

1" 1 
o K~ (ax) ld2bx)xdx= K(k)[K(k) - E(k)]. 

bYa2+ b2 
(2) 

( oo 2 Jo K&(ax)Jz(2bx )dx = bk [K(k) - E(k»)2. (3) 

1" 1 
o Kg(ax)} 3 (2bx)xdx = bk2 Va2 + b2 [K(k) - E (k) J [(2 + k2)K (k) - 2 (1 + k2)E (k)]. 

(4) 

1" 2 
o Kg(ax)}4(2bx)dx = 9bk3 [(2 + k2)K(k) - 2(1 + k2)E(k) J2. (5) 

1" b 
Ki(aX)}1(2bx)xdx = ~ 

o 4k2a2 a2 + b2 

X [(1 + k2)E(k) - (1 - k2)K(k)][2E(k) - (1 - k2)K(k)]. (6) 

1" b 
o KHax) } 2(2bx) dx = 6k3a2 [(1 + k2)E(k) - (1 - k2)K(k)]2. (7) 
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66 k2_( b )2 
. - v'a 2 +b 2 +a 

Joo Va2 + b2 

Ko(2ax))1 (bx))o(bx)xdx = 2b K(k)[K(k) - E(k)]. 
o na 

(1) 

( 00 Ya2+b2 Jo Ko(2ax)J2(bx))1 (bx)xdx= na2bk2 [K(k) -E(k)] [(2+ k2)K(k) -2(1 + P)E(k)]. (2) 

( 00 V7J2+i}i 
Jo Ko(2ax )J3 (bx ))2 (bx )xdx = 9na2bk4 

X [(2 + P)K(k) - 2(1 + k2)E(k)] [(8+ 3P+ 4k4)K(k) - (8+ 7k2+ 8k4)E(k)]. (3) 

L oo Kz(2ax)JI(bx))0(bx)xdx= b~ [(1 + P)E(k) - (1- k2)K(k) ][2E(k) - (1-P)K(k)]. 

(4) 

( 00 bV7J2+i}i Jo K2 (2ax ))2 (bx)) I (bx )xdx = 12na4k4 

X [(1 + k2)E(k) - (1- k2)K(k) ][2(1- k2+ k4)E(k) - (1- P)(2 - k2)K(k)]. (5) 

( 00 . bV7J2+i}i Jo K2 (2ax)J3 (bx).h (bx )xdx = 60na4k6 [2 (1- P + k4 )E(k) - (1- k2) (2 - k2)K(k)] 

X [(1 + k 2 ) (8 -13k2+ 8k4)E (k) - (1- k2)(8 - k2 - 4k4)K(k)]. (6) 

Joe 1 
Kl (ax) Ko (ax)J 0 (2bx)xdx = v:;2+hi K (k)[2E(k) - (1- k2) K(k)]. 

o 2a a2 + b2 
(1) 

Joe 1 
Kl (ax)Ko (ax)J2 (2bx)xdx= v:;2+hi [K(k) - E (k)] [(1 + k2 )E(k) - (1- k2) K(k)]. 

o 2k 2a a2 + b2 

(2) 

Joo 1 
Kl (ax) Ko (ax)J 4 (2bx)xdx = v:;2+hi [(2 + k2) K (k) - 2 (1 + k2) E(k)] 

o 6k 4 a a 2 + b2 

( 00 K2 (ax)Kl (ax))2 (2bx)xdx= ~ [(l + k2 )E(k) - (1-k2) K(k)] Jo 24k4a3 a2+b2 

X [(l + 14k2 + k4 ) E (k) - (1- k2 ) (l + 7 k2) K (k) ]. (4) 

( 00 K3 (ax)K2 (ax)J4(2bx)xdx= b~[ (1- k 2 ) (2 -9k2- k4)K(k) 
Jo 3360k8 a5 a2 + b2 

- 2(1 + k 2 ) (1- 6k2 + k4 )E(k)] [(1- k2) (2 - 21k2 -108k4 - k6 )K(k) 

- 2(1-11k2 -108k4 -11k6 + k8 )E(k)]. (5) 
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( 00 1 Jo Ko( ax) Ko(bx) }o(ax )}o(bx )x dx= 2(a2 +b2 ) K(k). (1) 
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