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It is shown that if K, A4, B are nonsingular matrices over a principal ideal ring R such that K® A4
is equivalent to K® B, then A is-equivalent to B.
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Let R be a principal ideal ring. We write A E B, if A and B are matrices over R which are
equivalent (see [1] for a complete discussion of this topic). The Kronecker product of any two
matrices 4 and B will be denoted by 4 ® B.

The following result was suggested by a remark made by W. D. Wallis in his survey paper [2]:
THEOREM: Suppose that K, A, B are nonsingular matrices over R such that K® A EK® B.Then
A E B.

It is not actually necessary to assume that 4 and B are nonsingular, but doing so simplifies

the exposition.
We first prove the following:
LEMMA: Suppose that the sets

& (k+tagl<isrilsj<sh{k+bsl<isrls<js<s)
are the same, where ki, k2, . . ..k, a1, as, . . ., a5, bi,ba. . . ., by are positive integers. Then the
sets

2 {a;1<j<s}, {b;1l=<j=<s}

are the same.

Proof: Since the sets (1) are the same, we must have the polynomial identity

2 Zkitaj = 2 Zkitbj

1<isr 1<sisr
1sjs<s 1sj<s

Hence

{ D zki}{ > zu.i}:{ D z'fi}{ D z".i}, S Rzai= N o

I1<isr 1<sjs<s 1<isr 1<js<s 1<js<s 1sj=<s
which implies that the sets (2) must be the same. This completes the proof.
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We now prove the theorem. Let 7 be any prime of R. Let
W T o o oo WEV
be the elementary divisors of K which are powers of 7,
W, W, o o o WS

the elementary divisors of 4 which are powers of 7, and

b

b b
1 e

the elementary divisors of B which are powers of 7. Then the elementary divisors of K @ A which
are powers of 7 are

3) kit 1 <isr,1<j<s;
and the elementary divisors of K & B which are powers of 7 are

(4) mhith 1 <i<r 1<j<t

(see [1], chapter 2).
Since K ® AE K® B, (3) and (4) must be the same (so that s=1¢) and hence the sets

{kitajp;l<isrl<jss} {kitbslsisr,1s<j<s}

must be the same. By the Lemma, the sets {a;; 1 <j < s},
{b;j; 1 <j < s} must also be the same. Hence the sets

{mus1<j<s}, {mt;1<j<s)

are the same, so that the elementary divisors of 4 and B which are powers of any fixed prime are
the same. It follows that 4 and B have the same elementary divisors, and hence that A E B. This
completes the proof.

The same method of proof also shows that if 4, B are nonsingular matrices over R such that

A®A® ... ®AEB® B& ...®B,
where there are the same number of A’s as there are B’s in the Kronecker products, then 4 E B.
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