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It is shown th aI if K , A, B are non singu lar matri ces over a princ i pa l id ea l ring R s uch tha t K ® II 
is equiva lent to K ® B, the n II is 'equivalent to B. 
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Let R be a prin cipal id eal rin g. W e write A E B, if A and B a re matrices over R wh ich are 
equivale nt (see [1] for a co mple te di scussion of thi s topic). The Kronecke r product of any two 
matrices A and B will be de noted by A @ B. 

The follow in g res ult was s ugges ted by a re mark made by W. D. Wallis in hi s s urvey paper [2]: 
THEOREM: Suppose that K, A, Bare nonsinguLar matrices over R such that K @ A E K @ B. Then 
AEB. 

It is not actu ally necessary to assume that A and Bare nonsin gular , bu t doin g so simpljfies 

the exposi ti on. 
We firs t prove th e followin g: 

LEMMA: Suppose that the sets 

(1) 

are the same, where kl ' k2, .. , kn a I, a2 , . . . , as, bl, b2 , .•• , bs are positive integers. Then the 
sets 

(2) 

are the same. 

Proof: Sin ce the sets (1) are the same, we must have the polynomial identity 

~ Zh"; + IIj = ~ Zh'; + bj 

t =!'S i ~ r l :G: i :s; r 
t ~jE S i E j ES 

Hen ce 

~ z"j = ~ zbj, 

l Ej ~ S I E j E S 

which implies th at the se ts (2) must be the sa me. Thi s comple tes th e proof. 

AMSSllbjecl Classificatiofl ." 15A 21; 15A36. 
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We now prove the theorem. Let 7T be any prime of R. Let 

be the elementary divisors of K which are powers of 7T, 

the elementary divisors of A which are powers of 7T, and 

the elementary divisors of B which are powers of 7T. Then the elementary divisors of K 0 A which 
are powers of 7T are 

(3) 7T"j +"j,l::S i::S r, l::Sj::S S 

and the elementary divisors of KgB which are powers of 7T are 

(4) 7T',j +iJj,l ::S i::S r, 1 ::S j ::S t 

(see [1], chapter 2). 
Since K 0 A E K 0 B, (3) and (4) must be the same (so that s= t) and hence the sets 

must be the same. By the Lemma, the sets {aj; 1 ::S j ::S s} , 
{bj ; l::Sj::S s} must also be the same. Hence the sets 

{ 7T"j; 1 ::S j ::S s} , {7TiJ j; 1 ::S j ::S s} 

are the same, so that the elementary divisors of A and B which are powers of any fixed prime are 
the same. It follows that A and B have the same elementary divisors, and hence that A E B. This 
completes the proof. 

The same method of proof also shows that if A, Bare nonsingular matrices over R such that 

A0A0 ... 0AEB® B{6,· ... 0B, 

where there are the same number of A's as there are B's in the Kronecker products, then A E B. 
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