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Let ~ be a primit ive qth root of unity. It is conjectured that the group gene rated by 

A = (6 and B=G 
is ne ver free. The conjecture is proved when q is an even prime power. or an odd prime power having2 
as a primitive root. 
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Let G= {A, B } be the group generated by the matrices 

A = (~ B =A /' = G ~) , 
where { is an arbitrary complex number. It has been known for some time that G is free when 
I {I ~ 2 (see [1], [3J); and it is also true that C is free if { is transce ndenta l, or if { is algebraic and 
has a conjugate which is greater than or equal to 2 in absolute value. (See the references at the end 
of this note for furth er results of this kind.) The only values in question therefore are those algebraic 
{ all of whose conjugates are less than 2 in abso lute value. This remark prompts the conjecture 
that if { is a root of unity, then G is not fre e. Although we do not have a proof of this, the following 
result provides evidence that it is correct: 
THEOREM: Suppose that { is a primitive qth root of unity, where q is a prime power. Then G is not 
free when q is even, and also when q is odd and 2 is a primitive root of q. 
PROOF: We define a sequence of elements of G as follows: 

(1) ~) , m ~ l. 

We note firs t that as a formal word in A and B no cancellation occurs, and that Kill is of length 
2111-1, beginning and ending with B. Next, set 

K = (am 
In 

em 
bm) 
d", ' 

m~l. 

Then (1) implies readily that for m ~ 1, 

Cm +1 = ,c1u, dll/ + I = 1- {all/ell/, 
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from which we deduce that for m ~ 1, 

(2) 

11/ - 1 

" Y2 111 _21; + 1, am= L..J '=' 
1: = 0 

Cm= ~2111 _ 1, 

where ao is understood to be O. 

6m=- /';arn-I, 

dm =2-alll , 

Suppose first that q=2 r, so that /.;2r=1, /.;2 r - I=_1. Choose m=r-1. Then tr(AKm) = a 111 + 
/.;Cm + dll1 = 2 + ~2111 = 1, and so (AK III ) (; = I. This is a genuine relation, so that G is not free in this case. 

Next suppose that q = pr, where p is an odd prime and 2 is a primitive root of q. Then the num­
bers 2h', 0 ~ k ~ cp (q) -1, form a reduced set of residues modulo q. Choose m = 1 + cp (q). Then it 
follows easily that 

<p(q) 

alii = L ~2111 -2/'+1 =1+~2,..,.,(q), 
1: = 0 

where ,..,.,(q) is the Mobius function, since the numbers 

~-2k+ t, O~k~cp(q)-l, 

are the cp(q) primitive qth roots of unity, and the sum of the primitive qth roots of unity is ,..,.,(q). 
There are now two subcases to consider. 

I. r > 1. Then ,..,.,(q) = 0, and alii = 1. 

It follows from (2) that Kill = G ~) = B, which is a genuine relation. 

II. r=1. Then ,..,.,(q) =-1, alll=1-~2, 

( 1 - ~2 
K III = ~ 

AKm = (~ DKm=G 

Km = A - IBA. Again, this is a genuine relation. 

This com pletes the proof. 
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