
( 

------------ ------

JOURNA L O F RESEARC H of the Noti ona l Bureau of Sta nda rds - B. Ma themati ca l Sc iences 

Vo l. 78 B, No.2, April- June 1974 

Rational Equivalence of Unimodular Circulants* 

Stephen Pierce ** 

(December 5 , 1973 ) 

We answe r a qu es tion of M. Ne wman by prov id ing a U unim odular pos iti ve c irc ul ants a re 
rationa Ll y eq uiva lent to the id e nt it y. 

Key wo rds : Circ ulant. to ta ll y pos iti ve unit. 

Let P be the n X n matrix satisfying P I2= . . ,= P" _ I , I/ = P " , 1= 1 a nd all other entries O. 
The elements of the group rin g Z [P] are caJl ed integral circ ulants. Let G be the group in Z [P] con
sisting of the pos itive de finite symme tric unimodula r ele ments. M. Ne wma n [2, p. 198] as ks whi ch 
me mbers of G are ra tionall y equivalent to [ 1/. Th e a nswer to thi s question is in fact a n easy co nse
que nce of th e Hasse norm theore m [1 , p. 186]. 

, TH EO REM : A LL members of G a re rat iona LLy equivalent to In. 
PROOF: Let A EG. As noted in [2 , p. 198] , we must show that an y eigenvalue A of A is of the form 
aa for some a in QI/' the nth cyclotomic fi e ld . Le t K be the real s ubfield of index 2 in Q". We must 
show A is a norm from Q" to K. If n = 2p ", p a prime, the n p is fully r amifi ed in Q 1/. I n any othe r case, 
Q" is unramified over K at all finit e primes. So at most one finite prim e ramifies fro m K to Q". 

N ow A is totally positive, so A is a norm at all Archimedean localiza tions. And A is a unit ; thu s 
A is a norm at all finite localizations, except , poss ibly, one. By the product formula , A is a norm 
ever ywhe re, and hence, by th e Hasse norm theore m, A is a global norm . 
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