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For q > J Be rs . Iefin es a Banach s pa ce A,,(U) = {/EH( U) 1 I. 1 /(1I)1( 1 -lnl")q~2dxdy < 00 } a nd 

s hows th a t a ny bou nd ed lin ea r fun c tion al \ on A,,(U) may be rep!"esen ted a,; "(I) = jl(n)C(u)(1 -,. 
InI2)2q ~2dxdy where CEB ,,(V) = {hEH (U) 1 s up Ih (I1)I(1- lul, )q < co} and is unique. T hi s work is 

IIE/ ' 

do ne in [1 p. Duren , R o mbe rg, a nd S hi e lds. purs uant to th e ir work 4Jn H" for p < l , d efi ne a B an ac h s pace 

B"(P < 1 ) = {/E H (V) I J,2~J,, ' I/( rei!J)I (l - r) I /" 'drd(J <oo }. They s how th a i a bllund ed linea r 

fun ('t ill na l A lin B" lIla y be uniqu e ly re prese nt e d as "(f) = lim f'j, .(ei!J)g(eiO)dlJ 
whe re r -+ I J o 

(i) 1 ,(eiO ) = I,(re ill ) _ 

(i i)/iEA = {hE H (U) 1 g is co ntinu llus lin V} and gin I) . a nd II - l 5t de riv a ti ve of g, is in 
i\ ,, = {hEH( U)l h'( reiO) = O(l - r) " 'n. (Il e re (y= l /p - 1I where 1I < I /p < II+1 , Sll a ¥ O. If 
l /p = II + l , th e condition s on g a re : gEA, gin - ilEA = {hdl (V)l h"( reiO ) = 0«(1 - r) ~ I )}.) Thi s work 
appears in [2J, * 

In Ihi s paper. afte r s l,., \\inl( th a t B" =" A,,(U) \\ itll l /p= q, \\e de riv e Ih e re latitlnsll ip bet\\e('n C 
a lld (:{, nalllel y: 

211 + I 
C(z) = 2: Ak·/f"·+I)(z) ·z2!·", 

I: () 

( izi < 1) where Ai are C4J ns tant s, A'n+1 "'" O. (in thi s case q= l /p is a n int ege r. Th e Theore m is s li ghtl y 
rliffere nl if q is nol an int ege r. ) 

Key words: Auttlnlllrphie fun c ti tl ns; Ha rd y s pal'es. 

W e begin by showing that B'i is isomorphic to Aq=A,,(U) with l/p = q. (the mapping is the 

identity. ) 
PROOF: Take IEB I'. 

{ III 0-lu I2)Q -2dXdy =.l.... J I 1/1(1- r2) q- 2rdrdO ~ max 0 , 2'1 -2) (27T {I III (1- r) rHdrdO. 
Jl' 27T 0 27T Jo Jo 

This shows that kll/illili ~ 1I /IIA q. , So B" c A", with a continuous injection. Now it is eas y to verify 
that if lEA q then IEBP . Thus we have i: B"~ Aq, i the injection, is continuous and onto. The Open 
Mapping Theore m implies that i - I is co ntinuous, co mpleting th e proof that B'i == A q , with l/p = q. 

W e turn to the Dure n, Romberg and Shields represen ta tio n. W e he reafter will only refer to 
A q , dropping all reference to Bli. If I(z) =z", n ~ 0 (w hic h is certainly in Aq). 

AMS S lIbiect ClassilicaliulI:30 I-\ S8: 30 1\ 78 . 
"'A n in vited paper. Thi s work was done while the author was a National Academy of Sciences-National Research Council Postdoctora l Resea rch Associate 
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since g eA. 
But now 

~ 

by the Lebesgue Dominated Convergence Theorem since Ilg,. ll", ~ Ilgll ",. Now, letting g(z) = 2: bkz\ 
k = O 

(since the power series for g r converges absolutely in U) 

= 21Tb llr ll 

and 

We have proved '" 
LEMMA 1: If g(z) = 2: bkzk , 

k = O 

A(zn)= 21Tb n. 

Now we turn to the Bers representation of A(zn). If 

Defin e Cp(z) =G(pz). Then 

(since" depends only on Izl) 

sup ICp(z)"Q(z) I = sup IGp(z) I"q(s) 
Izl=s Izl=s 

~ sup IG(z) l"q(s) 
Izl=8 

= sup IG(z) l"q(z). 
Izl=8 
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W e ha ve s hown th a t 

(*) 

s in ce 

IGp(Z)A"(z) l,,;; s up I Gp mAq(~)1 
1,1'" Izl 

,,;; s up I G ( ~)AII( OI ,,;; K; 
I" '" Izl 

b y a bove. But s ince l EA", K I/AII - 2 1 is integra ble so (*) hold s . Now , as befo re, we co mput e 

J J z"C p A2Q- 2dxdy, n ~ O. 

(s in ce the series for Gp conv e rges a bsolute ly [o r Izl = r ";; 1) 

a nd takin g limit as p ~ 1 we get 

'" 
L E MM A 2: II G(z )= '2. akzk 

o 

where 
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COROLLARY 3: n ;:,: 0 

PnOOF: By takin g conj ugates, and notin g that ell and 27T are real. 
We s hall need the fullowing computation . 

LEMMA 4: Let 

then 

(Here p "" - 1. ) 
PROOF: By integration by parts 

Also, it is easy to co mpute 

c _ n!f(p+ 1) 
p n-r(p+n+2)·2 

=-I-fr211 - 1 (1- rZ) /H1dr 
p+1 

=_n_(p+ 1) '" (n-1). 
p+1 

1 
p'"o = 2(p + 1) 

Us ing our rec ursion equation and initial condition , we obtain: 

(**) 
n! 

pCn =2(p+ 1). (p+n+ 1) 

Now 

pI' (p ) = f (p + 1) . 

So 

[2(p+1) .. (p+n+1)]f(p+1)=2f(p+n+2) 
or 

[2(p+ 1) ( + + 1 )] = 2f (p + n + 2) . 
p n f(p+ 1) 

Substituting in (**), we obtain 

n!f(p+1) pCn = . 
21'(p+n+2) 

We can now prove th e basic theorems. First, the case when q = n + 1, an integer. 
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THEOREM 5: Let q=n+l, then 
(1) G(z) = A2n+ 1 g<2n+ I)(Z)· z2n+1 + A2n g(2 n)(z)· Z2 n + .. . + Aog(z)( I zl < 1) where Ai are constants, 

A2n+1 "'" o. 
PROOF: all, = 27rbll,!cm where 

( )
c m!I'(2q - l) 

cll,= 2q - 2 m = 21' (2q+ m) 

2q-2=2(n+ 1) - 2 = 2n 

m!2n! 
c ll ,= (2n+m+1)!·2 · 

Then 

-2 b! - 27rb m·2·(2n+m+l)!. 
alii - 7r 11/ CIII - m! 2n! 

(2n+m+l)!.. .. . .. 
Now, , IS a polynomIal of proper degree 2n+ 1. S uc h polynomIal IS a Imear co mbm alJOn 

m. 

of the following 2n+ 2 polynomials: 

Thus we have 

(Bi constant, B 211+ 1 "'" 0) ; then 

and, if r < 1 

507-714 0 - 73 - 2 

Corm) = 1 

c:,(m) = m(m - l) (m-2) 

C211 + I (m)=m(m-1) . .. (m-2n) 

47rb lll 211+1 
a lll =-2-'-· L B;·C;(m). 

n. i= O 

47r 211 + 1 
all,rllleiIllO=-2 , L BiCi(m)bll/r"'eiIllO 

n. i= O 

= :7r, L L BrCi(m)b",rllleiIllO 
n. 111 i 

= 47r ~ ~ B C(m)b rllle imO 
2 ,L..L.. " III n. i m 
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l 

(since r < 1) 

Now, 

or 

or 

Hence 

47T x =21 L B; L C;(m)bmrllleiIll8. 
n.; m = O 

x 

g(l,)(z) = L Ck(m)bmrlll -kei(III - /.-)8 
m = O 

g(l.-)(z) =Z - k. L Ck(m)bmrlll'eiIll8 
m 

z"g(l.-)(Z) = L Ck(m)bmrllleim~ 
In 

x 

G(z) = L amr"'e illl8 
1n=0 

47TB 
Now, with A i=-2 ,1 we have (1)'A 2n+1 #- 0 because B 2n+1 #- O. 

n. 
We now turn to the case when q is not an integer. 

COROLLARY 6: Let n < q < n + 1. Then G E Bq may be written 

2n+1 
G(z)= L Ai"zi'g(i)(z),A2n+I#-0 

i= O 

(We shall see shortly that g(n-I)EA* => g(2 n+J)= 0(1/(1- r)n+I.) 

Note that we do not claim that this g is the same as the g associated with A. 
PROOF: Choose f3 such that q+f3 = n+1. GEBq. GEB q+f3 =B II + 1 since A(Z) ~ 1, and f3 > 0. Apply 

211+1 

Theorem 5, getting G(z) = L AiZig(O(Z). The proofthatg(211+ lbO(l/(l-r)q) depends on 
i = O 

LEMMA 7: Say fEH(U), 

Then 

PROOF: Pick z, r = I z I, r < p < 1, C p = {z II z I = p}. Then 

, - 1 f f(~) f (z)-~ Ir I ·) d~ 7T£ cp ., - z -
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We must es timate the last integral 

(where ~=pei8 , d~=piei8d(), so Id~l=pd()). 

Now, let p= (1 + r)/2. If we set z*= zip, 1 z* 1 = 2rl (1 + r) < 1, when r < 1. The n. 

Let us look at the last integral. 

_ J 27T e i( + z* 
27T - Re.( *dt 

o e' -z 
(Poisson Kernel) 

Now e ilz*- ei(z* is imaginary so 

_ J21T 1-lz* 12 
- 1 ·/ * I·' dt o e' - z -

Thus 

Now sin ce GEB q , n < q < n + 1 we see that 

(*** ) (1- r)"· Zi • {p! (z) = 00) 

for i > 2n + 1. 

G(z) (l-r)q=OO)+ (1-r) q g 211+1(z) ·zi 

by (***). Thus g211 + 1 = 0 (11 (l - r) q). 
This concludes the proof of Corollary 6. 
We ask the following question: Is every sum of the form 

LA i • Zi • gil (z) in Bq ? First, if q is an integer, the answer is yes. For then g" - l E A* which 
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implies 

Thus clearly 

g"+1 =O(l/(1-r) 
gll+2 = 0(1/(1- r)~) 

211 + 1 _ ( 1 ) _ ( 1 ) g -0 (1-r) n+ 1 -0 (1-r)Q 

211 + 1 

2: Ai·Zi .g..il (Z)EB q• 

i. ~ O 

successively, 
by Lemma 7. 

If q is not an integer, then not every such sum is in BQ• Only those with g211+ 1 = 0 (I I (1 - r) q) 
will be in Bq. g E A* only implies that g211+1 = 0(11 (1 - r) 11 + I), and 0(11 (1 - r) 11+1) is a weaker 
condition than O(1/(I-r)q), sinceq < n+l. 

The author wishes to thank Jay Ste pelman without whom this work co uld not have begun. 
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