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. 
In the 

Radernache r quit e som e time a~o posed th e qu es ti on "f der ivin g th e c lass ica l fUllctiolla l eq uation of 
1/1)(z) (1) (z) is th e Dede kind Inodul a r form ) direc tl y from th e exact express ion he had fo und for til e 
l)a rt it ion fun c tion . p (n). which a ri ses as t he Fourier coeffi cient of 1/1) (z). A Ithou gh he had bee n able to 
solve a s illl il ar problellJ for th e a bsn lute in va ri a nt J (z). Radeillaehe r was unable to so lve the prob le m 
for 1/1) (z) . W e he re re la te thi s ques ti o n to sOllle lIIorc re cen t re s ult s of Dou~ l as N iebur , " hieh re duce 
the problem to one of ide ntica ll y ze ro Poin ca re series of degree - 5/2. 
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1. In [611 R ade mache r introduce d a me thod [or rec apturing th e fun c tion a l e qu a tion 

J (- I /z ) = J(z) 

of th e we ll-kn own modular in va ri e nt , J (z), direct ly from th e ex pli ci t re presentation of th e Fourier 

coeffi cie nts of J (z) th at he had obta ined ea rli e r [051. S ubseque nt Iy, R ade mac he r quit e natura ll y 
r aised th e qu es ti on of findin g an analogous me thod for derivin g th c fun c tion a l eq ua tion of the 

modular form YJ - 1 (z) frolll the e xac t fo rmul a he had found for th e partition fun c tion , p (n) , which is 

ge ne ra te d as th e Four ier coeffic ie nt of YJ(z) - I . It is the purpose of thi s note to conside r th e r e la tion

s hip of this problem to the resu lt s of N ie bur [3]. W e sh all s how that, in o ne se nse at least , N ie bur's ' 

r es ults (whic h a re quite far-reac hing and deep) so lve Rad e mac her' s problem; in another sense ' 

th e problem remai ns open. The apparent paradox will be ex plained ill du e co urse. 

2. The Dedekind function YJ (z) is defin ed by the infinite produ c t. 

(1) YJ (z) e7r iz/ I '1. IT (l_e'.!:rri lll z), Imz > O. 
111 = I 

A s imple cO lllbinatoria l a rgument [1 , pp. 32-341 shows tha t 

(2) YJ (Z) - I = e27Ti(23!24)z {e -27TiZ + i p(n+ l) e21T i I/ Z } , 

1/ = () 

where p(n ) is th e numbe r of unres tri c ted pa rtiti ons of n into pos iti ve integers . Now it is obv ious 

from e ith e r (1) or (2) that 

(3) 
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while it is a deep property of YJ (z) that 

(4) Imz > 0, 

where -TT ~ arg z < TT is the convention adopted for calculating ZI /2 [1, pp. 41-43]. 
It follows from (1), (3), and (4) that YJ (z) is a modular cusp form of degree - 1/2; that is, 

(5) 

and 

(6) YJ(Mz) = v~(M) (cz + d) 1 / 2 7](z), 

for all Mz = (az + b) / (cz + d), with a , b, c, d rational integers such that ad - be = 1. Here 
v~(M) is a 24th root of unity, independent of z . The collection {v l'J (M)} is called the multiplier 
system of YJ(z) . It follow s that YJ(z) - 1 is a modular form of degree 1/2 , with multiplier system 
Vl'J; YJ (z) - 1 has a pole at i(Xl, in the sense that 

(7) I YJ(i y) - 1 I ~ + (Xl, as y~ + (Xl. 

Using (2) and (4) and a refined version of th e "circle method," Rade macher [4] derived the 
exact form u la 

(8) erl / 4 YO d {Sinh(vVn-l/24 /k) } 
pen) = TTV2 h~1 Adn)k l

/
2 dn Y n - 1/24 ' 

where v = TT V2i3 and 

(9) { 2TTi[ ( 1) I,]} Adn) = L V~(Mk. - II) e xp - k n - 24 h+ 24 h ; 
II (mod Ie) 
(II . k) = I 

he re M h . - II = G' ~ h) ' with - hh' - kk' = 1. 

Rade macher's problem may be stated as follows. Suppose we regard the function YJ (z) - 1 as being 
defin ed by (2) , (8), and (9), ignorin g the definition (1) and the number-theoreti c interpretation of 
pen) as the partition fun ction . Show from this definition that YJ(Z) - I is a modular form of degree 
1/2 and multiplie r system firJ, that is , that 

(10) 

with M as before. Since it is obvious from (2) that 

th e proble m reduces to showin g that 

(11) 1m z > O. 

3. Th e res ult s of N ie bur are valid for aU automorphic forms of positive degree on H-groups, 
and , in parti cular , a pply to the function YJ (z) - 1 , as defined by (2) and (8). In this case Niebur's met hod 

82 



yie ld s the followin g fun ctional equation directly from the series (2), (8) [3 , Theorem 3.2]: 

where a is a nonzero constant, [/3] - de notes the complex co njugate uf /3, th e path of integration is 
the y axis, and G (T) is the Poincare series defin ed by 

(13) 1m T > O. 

Here the sum is taken over all pairs of relatively prime integers c, d and a, b are rational integers 
chosen such that ad-bc=1; also, MT = (aT+b)/(CT+d) and VT) is the multiplier system of 
'Y] (z). 

Now (11) follows from (12) if it ca n be shown that 

(14) 

and Niebur has observed that (14) is equivale nt to G(T) =0 0 [3, Theorem 4.1]. Thu s Rad e mac her's 
problem is redu ced to showin g th at G(T) =0 O. On the oth er hand, G(T) is a mod ul ar c usp form of 
dime nsion -5/2 and multiplier sys te m VT) (cf. the discussion in [2 , pp. 272- 280]), and we may 
show that s uch a modular form is necessarily =0 O. This can be done as foll ows. With 'Y](z) defined 
by (1), th e fun c tion fez) = G(z)/'Y](z) is an entire modular form of degree -2 and multiplier system 
identically 1. That is, 

(15) f(Mz) = (cz+ d)2f(z), 

with M as in (6) a nd 1m z > 0, and 

(16) If (iy) I has a finit e limit as y ~ + 00. 

- It is not too diffi c ult to show that fez) satisfying (15) and (16) is identically 0 [2, p. 216]. Thus G =0 0 
and Rademacher's problem is solved. 

But only in a sense, for to maintain the spirit within which Rademacher proposed the problem, 
one should show that G =0 0 directly from the expression (13). This is as yet unresolved and appar
ently exceedingly difficult. 
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