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A co mpu te r prugra m is desc rib ed fo r ca lc ul a t i ng Besse l fun ction s J" (z) a nd /" (z) . fur z compl e x, 
a nd n a no nn ega ti ve intege r. Th e me thod used is th a t of ba c kwa rd rec ursio n, with stri c t control " f e rror , 
a nd opti mum de ter mi nati o n of th e po int a t whic h to begin the rec urs ion. 

Ke y wo rds : Besse l fu nctio ns ; bac kw a rd recurs iun; e r ro r bound s ; Mill e r a lgorith m; differe nce e quati o n. 

1. Method 

Given a complex number z and a positive integer NB , BESLe I calculates eithe r 

III(z), n= O, l , . , NB-1 

jll (Z)' n = O, 1, ... , NB - 1 

using double-prec ision ari thmetic. The method used is described in [lJ 1 a nd is based on algo rithms 
of Olve r [2] and Miller [3], a pplied to th e difference equation 

2n 
YII - I=- YII-SIGN ' YII+ I , 

z 

where SIGN is +l forj 's,- l forI 's. 

(1) 

The program se ts MAGZ = [ Izl]' the integer part of Iz l, PM AGZ= O , PM AGZ + 1= 1, and the n 
successively calculates 

PII+I= SIGN' (2znpn-PII _I), n=MAGZ+1 , MAGZ+2, . ... (2) 

The sequence is strictly increasing in magnitude [l, sec. 6]. The program takes N to be the leas t 
. n such that Ip lI l exceed s a number TEST defined in section 2 and section 3. It th e n sets 
y</)= O, y</lt = l/PN, and rec urs I, backward using (1). To the working accuracy , the co mputed 

sequ ence yioN) , YiN) , . . . is the recessive solution of (1) which sati sfi es the boundary condition 

YM AGZ= 1. From this solution , the I ' s or j 's are found by norm alizing: 

j II (z) = yi,/'T)I I.L n = O, l , .,NB-1 

III (z) = f.;") I I.L n= O, 1, ... , NB-1 

AMS S ubjec t c lass ifi ca tion : 68A 10. 
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where 

j's, 1m z> 0 

[NI2] 

J.t = fON) + 2 2: f2'~) J's,lmz=O 
n= l 

J.t=e - ;Z (fON)+2 ± iSf,;V» ) 
1/.= 1 

J's, 1m z < 0 

I' s, Re z > 0 

r :V I z] 
J.t = f/) + 2 2: (-1) II f21~) I's,Rez=O 

n = 1 

I' s, Re z< O. 

2. Error Bounds for the Yn 

For n > MAGZ, the trun cation error in y~:V) is 

see [2J; equations 5.01 and 5.02. This erro r is bounded by using the followin g 
LEMMA: For n > MAGZ, let 

k - Pn +' _ 2n Pn- ' n---- ----, 
Pn z Pn 

and let 

n + 1 n +1 2 jff;-
An =-Izl + (-lzl )-1. 

Let Pn = min (I kn I, An)· Then/or m ? n, I km I> Pn· 
The lemma, for real z, is lemma 2 of [IJ. The proof for complex z is essentially the same. 
The program insures that 

TEST ? V2 ·lONS!(;11 11 1 /, /,+ I ~ 

(3) 

(4) 

where L = max (MAGZ + 1, NB -1 ), and NSIG is the maximum number of significant decimal 
digits in a double-precision variab le on the computer being used. Then N' is the least n such that 
IplIl > TEST" and N is the least n ?N' such that 

IplI l > TEST = ~ ~N' • TEST,· 
Ps ,- ' 
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In co nsequen ce of (4) and (5), the relative truncation error 1 T~:V)/Y II 1 is less than t · IO - Ns ,C for 

all n in the range MAGZ < n :s; L; see [1 , sec. 5]. 
For n :s; MAGZ , it may be im possible to bound the relative truncation error in the above manner, 

ow ing to loss of precision due to can cellation in (1). Experience indicates that this loss is negligibl e 
exce pt when the magnitude of y~,N) oscillates as n = MAGZ , MAGZ - 1, . .. ,0 in the back-recursion 

(e.g., calculating j's, with Re Z ~ 1m z). In thi s case, there will be about D decimals of precision 
in the values Y~:V), where D is th e nu mber of deci mals in J MA<;Z (z) (! MA(;Z (z)) which corresponds 

to NSIG significant figures in the same quantity [1 , sec. 5]. 

3. Normalization and Error Bounds for fL 

The equations (3) were chosen to keep cancellation under control. Now 

i - II f IT 
JII(Z) = - eiz eos 8 cos (ne)d8 

7T <I 

[4],9.1.21. Th e integrand ne ver exceeds ejllll zl in magnitud e, so IJII (z) I :s; ejllll zl. Similarly, 1/1I (z) I 
:s; e lHc zl . Thu s each term of the s um s (3) has magnitud e less than twi ce that of the whole sum. 
In fact , th ese bound s on the magn itudes of J II(Z) and I II(z) are rath er weak, and canceHation in 
(3) is less than thi s would indica te. 

Besides bounding the trun cation error of the algorithm, th e program provides an es timated 
bound for the trun cation e rror of the normalization sum , defined by eq (3). In the first of these eq ua­
tions , this error is 

S(N) = e i z { YO - Y6N) + 2 f (YII - y(~' ») } . 
11 = 1 

For n :s; MAGZ , a bound for the error term YII - Y(~) is unavailabl e. For MAGZ < n < N, 

1 YII - Y(~) 1 :s; PIIPII / (p~ - 1); see [1 , sec. 5]. To avoid storing a ll th e PII , the program allows only 
for terms for whi ch n ~ N. He re y~N)= 0 , and 

00 

YII = PII L 
r=1I p,Pr+l 

1 

Therefore , 

IY(~)- YII I:s; 1_1 I {I + 1...l!..!!.....1 + I.E!!..... ~I + .. } 
PII+1 PII +2 PII+2 PII+3 

1 I 1 1 < -- 1+ -+-+. 
~ 1 PI/ + l 1 p~, P:, . ·1 

P7\' :s; ----~~~--~ 
(p~. - 1) 1 P 11 + 1 1 ' 

compare section 2 above. Now let 

II =.V 

Then 

R( N) :S; ~P~" f I - I - I :s; 2 2p~. , (1 + _1_ + + + . .. ) 
PI\,· - III = X PII + 1 (ps· - l) lpV + l l p\" p ,\" 

2p~' , ,.,:: , 

~ (p~" - 1) (p\" - 1) 1 fJ x I' 
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The program sets TEST l ~ 2 . lO l'iSlG. The normalization factor fL is e - izfj MA{;Z(Z) [l, sec. 5] , so 

I R( N) I I I ------;- = JMA(;Z(Z) 

2p~' 2p~" 
:S; :S; -------'------

(ps,+l) (p\,-1)2IfJII (Ps,+l) (Ps,-1)2 
1 

2 
(6) 

Th e bound (6) holds for the first, third , fourth and sixth equations of (3); the derivations are 
the same. Similarly, the second and fifth equations yield 

These bounds are rather weak, and the error I 5 Uv )/ fL I turns out to be less than ~ ·lO -NSl( ; . 
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