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By constructing suitable combinations of algebraic matrices enabling the resulting eigenvalues to be 
predicted theoretically, chec king parameters were obtained for 32 interaction parameters of the configu· 
ration (d + SY'p. 
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1. Introduction 

The algebraic matrices of (d + s)"p comprise the electrostatic and spin-orbit interaction 
matrices of the configurations dnp, dn - Isp and d"- 2S2p, the matrices of the correction parameters 
representing two and three body interactions of the core d electrons, as well as the interactions 
between configurations. The energy matrix (for a particular n) is then a linear combination of these 
matrices , the coeffi cients of which are parameters usually obtained empirically by fittin g the experi­
mental levels to the eige nvaiues of th e energy matrix. In a previous paper, [1]1 , the role and s ig­
nificance of the various parameters was disc ussed. 

The algebraic matrices of (d + s)"p were constructed and checked by the author with the pur­
pose of using them to explain and predict the spectra of the configurations (3d+ 4s)"4p in neutral 
and singly-ionized atoms of the iron group. The problem of constructing the matrices was considered 
previously [2-4]. By using the eigenvalues of the Casimir operator for the group 5U3 , checking 
parameters were obtained for 12 electrostatic interaction matrices of the configuration (d + s)"p, [l]. 
The purpose of the present paper is to obtain checking parameters for the remaining interaction 
parameters. The checked matrices of the configurations (d + s)"p, for all permissible n, are available 
and can be obtained by request. 

All checks are based upon the construction of such algebraic matrices so that the eigenvalues 
of the resulting matrix may be predicted theoretically. If we know the values of the parameters 
required in order to form the desired combinations, then we insert these values as coeffi cients mul­
tiplying the algebraic matrices found on tape, and diagonalize the resulting matrix. If the obtained 
eigenvalues differ from those predicted theoretically then it is usually not too difficult to find the 
reason for the discrepancy because in a particular check only a few of the parameters are utilized. 

2. The Check Ip 

In this check we do not obtain exact numerical values of the predicted eigenvalues, only the 
number of eigenvalues differing from zero in any particular term of (d + s)"p. We first choose the 
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parameters of the configurations (d + s)p in such a way that as many terms as possible of (d+ s)p 
should have vanishing eigenvalues. By adding two parameters to the electrostatic parameters of (d + 
s)p, it is found that we can cause all the eigenvalues of (d + s)p, except one, to equal zero. Since the 
configuration (d + synp can be obtained from (d + s)p+ (d + syn-1, it is most convenient to choose the 
nonvanishing term of (d+s)p with lowest Land 5, i.e., 1P. If, furthermore, the rank of the 2 X 2 
matrix of 1P in (d + s)p is equal to 1, then when considering a particular term of (d+ s)"p, the rank 
of its matrix equals the number of terms of (d+syn- t, which in combination with 1 P yield the 
desired term of (d + synp. By choosing 1 P of (d + s)p to be nonvanishing the matrices of (d + synp are 
of the lowest rank and thus have a maximal number of vanishing eigenvalues. 

In the configuration dp there are the six terms 1,3PDF and in the configuration sp the two 
terms are 1,3 P. We may be inclined at first to search for parameters which would cause all the 
terms of (d + s)p to vanish identically. However, for this purpose we need 11 parameters to solve the 
resulting 10 homogeneous equations, whereas the number of electrostatic parameters of (d + s)p is 
only 8, i.e., FO,F2, G1,G3, Fo', G' ps, J and K. It is, however, possible to add two additional parameters 
which are independent of the previous six. We thus add to each term of (d + s)p 

For d-p this contribution equals 

For s - p we have 

e/2 [L(L+ 1) - ld(ld+ 1) - lp(lp+ 1)] 

+ 1L/2 [5(5 + 1) - Sd(Sd + 1) - sp( Sp + 1)] 

= e/2 [L(L + 1) - 8] + 1L/2 [5(5 + 1) - 3/2]. 

e/2 [L(L + 1) - Ills + 1) - lp( lp + 1)] + 1L/2 [5(5 + 1) - s.(ss + 1) - sp( Sp + 1)] 

(1) 

= .1L/2 [5(5 + 1) - 3/2]. (2) 

Here Land 5 are the net angular momentum and spin respectively, of a particular term of (d + s)p. 
We note that here the definitions of e and IL differ slightly from those of the parameters A and 0 
introduced in a previous paper, [1]. 

From p. 200 TAS [5], and (1) the terms of dp can be written as 

The two terms of sp are 

1P=Fo+7F2+G1 +21G3 - 3e - 3/41L 

3P= Fo+ 7F2 - G1 - 21G3 - 3e - 1/41L 

ID=Fo - 7F2 - 3G1 +7G3-e-3/41L 

3D=Fo - 7F2+3G1 - 7G3-e+l/41L 

1F= Fo+ 2F2 + 6G1 + G3 + 2e - 3/41L 

3F=Fo+2F2 - 6G1 - G3 +2e+l/41L. 

1P' = Fo' + G'ps - 3/41L 

3P'=Fo' - G'ps+l/41L. 

(3) 

(4) 

In (3) we have six equations with six independent parameters. Thm~, we can let five of the equa­
tions to equal zero and the sixth to differ from zero. As stated previously, the term chosen to differ 
from zero is IP. On solving (3) we obtain parameters proportional to the following: 

(5) 
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The value of 1 P is then equal to 200. 
For sp we require that 3 P' be equal to zero , and thus form (4) and (5) 

Ip' = Fo' + G'ps+45 

O= Fo' - G'ps+15. 
(6) 

Th e interaction be tween configurations dp and sp is given by equation (7), [4]. For IP thi s 
equals - Y2( J + K), whereas for 3p the inte raction equals - v2( J - K). Furthermore, since the 
matrix oPP is to be identi cally equal to zero , the nondiagonal contribution also vanishes. 

Thus 

J=K. (7) 

The matrix of (dp + spy then reduces to the 2 X 2 matrix of I P which is given by 

IP= (200 
-2 V2J 

-2 V2J) 
2Fb-30 . (8) 

For the above matrix to be of rank 1 its determinant must vanish. Then , 

50 Fo' - 750= j2. (9) 

We can choose 

J = K = lOv'lo. (10) 

Then 

Fo' = 35. (11) 

By (6) 

G'ps= 50. (12) 

Then by (5) 

5' =Fo' - Fo = O. (13) 

With the choice of parameters given by (5), (10), (11), (12), and (13) the only nonvanishing eigen­
value of (d+ s)p is that of IP. By in serting the values of F 0' and) into (8) the numerical value of thi s 
eigenvalue is found to equal 240. 

Instead of the matrices «: and /-t we must use the matrices of 0', A, and 0 since the latter are on 
tape for all (d+s)"p. From the definiti ons of the parame ters 0', A, and 0 a nd noting that the core of 
(d+ )p is (d +s), we have from p_ 32 [1] 

A= «:/2= - 7.5 

0'=- «:/2= 7.5 

0= /-t/2 = 30. 

In addition there is a constant contribution - «:/2 lp(lp + 1) - /-t/2 sp(sp + 1) = - 7.5. 
Thus, we must add - 7.5 to the height of (d+ s)"p. Now, for dp 

A = Fo(dp) = 35. 

(14) 

(15) 

For cP1p there are only n interac tions d - p as the parameters Band C of the interaction d - d 
are set equal to zero in this check_ Furthermore, taking into account the above contribution of - 7.5 
we have 

A(d"p}=35n - 7.5. 
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Since in addition to the d - d interaction, the d - s interaction is also equal to zero, and F 0' (ps) 
equals Fo( dp), we have that the A's of the configurations dnp and rfH sp are equal. Thus 5' (dn- 1sp) 
equals zero. 

For dn - 2S 2p we must take into account the constant - C' ps for each term, which is not put on 
tape. 

Then we have 

5"=-C'ps=-SO. (17) 

Thus, finally we have the following parameters for the check 1 PI of the configuration (d + s)"p: 

A (dnp) = 3Sn -7.S 

5' =0 

5" =-SO 

(18) 

C3 = C~ = C~'=6 

C;s =SO 

a= a' = a"= 7.S 

}=J' =K=K'= 10\110 

'11.='11.' =A"=-7.S 

8=8' =8"=30. 

For the configuration (d + sPp, the matrices of a' , A" and 8" are constants and were thus not put 
on tape. However, we must take these parameters into account by incorporating them into 5' and 5". 

Thus, 

5'(dsp) = 0+ 6 X 7.S=4S 

5"(S2p)= - SO+3/4 X 30 - 2 X 7.S=-42.S. 

In the configuration (d + sfp, the matrix of a" is a constant and thus not on tape. 
Therefore, 

5"(ds2p)= - SO+ 6 X 7.S = - S. 

(19) 

(20) 

It should be noted that in this check there is considerable freedom in choosing the checking 
parameters. Firstly, the parameters of (S) can be replaced by parameters whose values are propor­
tional to those of (S). Also we can choose the values of Fo' and} in any convenient way as long as (9) 
is satisfied. Finally, it is not necessary to cause 1 P to be the only nonvanishing term. By the same 
token we can choose 3 P to be nonvanishing. The latter choice would only increase the rank of the 
matrix of a particular term of (d + s)"p, which is obtained by the combination of (d + S)" - 1 + 3P. 

Since we have chosen the matrix of 3 P to be vanishing, ) is equal to K in this check and thus 
nondiagonal elements of the interaction between configurations which are proportional to (J - K) 
can be wrong and we would not notice this fact from the 1 P check. However, the matrices of} are 
checked independently in the Casimir Check [1], and thus if there is an error of the nature men­
tioned above we would detect it from the Casimir Check. 

Since the 1p Check includes the parameters Cl,C3 , K and K', whose matrices differ for com­
plementary configurations [4], we may be inclined to use this check for n> 6. However, in its 
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present form the lP Chec k is useless for n > 6. This follows from the fact that for n > 6 the number 
of possibilities of combining (d+s j"- l with IP of (d +sjp to yield a particular term of (d+sj" p is 
greater th an the order of th e matrix cons idered. Thus , the check IP for (d+sj np , where n > 6, 
must be modifi ed by c hoosing (d+s j ll p as the basic co nfiguration rather than (d+sjp. Now, 
(d + sjI Ip can be considered as (d + sj- 1 P by the notation of section 3, [4]. 

From p. 229 TAS , [5], it is evident that in order for all the terms except lp of d 9s 2p , i. e., d-tp , 
to equal zero, we must have 

Fo(d- 1pj = F2 = G:J= E= p. = O. 

G1 ¥= O. 

Then, 

(21) 

(22) 

(23) 

For the terms of dlOsp , i.e. , S- lp , the interaction S- 1 - P is the same as the interaction s - p and 

so we have 

3p ' = Fo' (S- lpj - G'ps. 

lP'=Fo' (S - lpj + G'ps. 

If, as before, we require that 3p be equal to zero the n 

(24) 

(25) 

(26) 

(27) 

The interaction between the configurations dlOsp and d 9s2p is given by (8), [4]. For I P thi s 
equals v2(]' - 2K' j whereas for 3p we have the value of v2] ' for this interaction. Since the 
matrix of the term 3p mu st be equa l to zero ide ntica ll y, we have 

] ' = 0. 

The n the matrix of 1 P can be written as 

-2v'2K'\ 
2G~s ) 

(28) 

(29) 

We specify that the above matrix be of rank 1, and thus its determinant must vanish. This im· 
plies 

As before, we can let 

G1 = 4, G' ps = 50 and K' = 10 ill. 

Then, 

The single nonvanishing eigenvalue of the matrix (29) is then eq ual to 180. 

For (d + S)llp the following parame ters enter the tp Check: 
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A (d9s2p )=A (d-1p) = 0 

A'(d10sp)=A' (S-lp) = 50 

S' =50 

G~s =50 

K' =lOvlO. 

(33) 

In order to obtain the parameters for (d+ sJl2 - np where n < 6, we write (d+ sJl2-np as (d+ s)-n, 
i.e., the configuration comprising n holes in the (d + s) shells. 

Thus, 

A (dlO- ns2p) = A (d-np) = nA(d-1p) = 0 

A'( dll-nsp)=A'( d-[n-I)s-lp) = A'(d-[n-l]p) + A'(S-lp) = 0 + 50 = 50 

A"(d12- np) = A"(d-[n-2]s-2p) = A"(d-[n- 2]p) + 2A'(S-lp) - G'sp = 0 + 100 - 50 = 50. 

A =0 

S' =50 

S" = 50 

G~s =50 

K = K' = lOvlo. 

(34) 

(35) 

In this check we have the result that for a particular term of (d+ s)-np, the rank of the matrix 
equals the number of terms of (d + s)- (n- O, which can be combined with 1 P to yield the particular 
terms of (d + s)- np. This result is exactly analogous to the previous result since the configuration 
(d + s)- n has exactly the same terms as (d + syn, and similarly for (d + synp and (d + s)-np. Tables 1-4 
give the ranks of the matrices for each term of (d + synp (or equivalently for each term of (d + s)- np). 

As an example, from table 3 the rank of the matrix of (d+s)5p3D, or equivalently(d+s)7p3D, is 
13. From table 6, [1], the number of expected eigenvalues of 3D is 29. Thus for the 1 P check of 
(d + sPp, with parameters given by (18) or for the Ip check of (d + s)1p, with parameters given by (32), 
the matrix of 3D should yield 16 vanishing eigenvalues and 13 eigenvalues differing from zero. 
When the rank of a particular term is not specified, it is zero and thus all the eigenvalues of that 
term should vanish. 

TABLE 1. Predicted number of nonzero eigenvalues 
for (d + S)±2p 

Term Rank 
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TABLE 2. Predicted number of nonzero eigenvalues 
for (d + S)±3p 

Term Rank 

Ip 4 
10 2 
IF 3 
IG 
IH 
3S 
3p 2 
3D 3 
3F 2 
3G 

TABLE 3. Predicted number of nonzero eigenvalues 
for (d + S)±4p 

Term Rank 

2S 2 
2p 7 
20 8 
2F 8 
2G 5 
2H 3 
2J 
4S 2 
4p 2 
40 4 
4F 2 
4G 2 

TABLE 4. Predicted number of nonzero eigenvalues 
for (d + S)±5p 

Term Rank 

IS 
Ip 9 
10 8 
IF 11 
IG 7 
IH 6 
II 2 
IK 1 
3S 5 
3p 8 
3D 13 
3F 10 
3G 9 
3H 4 
31 2 
5S 1 
5p 2 
50 3 
5F 2 
5G 
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TABLE 5. Predicted number of nonzero eigenvalues 
of (d + S)6 p 

Term Rank 

25 4 
2p 15 
2D 18 
2F 20 
2G 15 
2H 11 
21 5 
2K 2 
45 4 
4p 7 
4D 11 
4F 9 
4G 7 
4H 3 
41 
6p 2 
6D 
6F 

3. The Check Delta 

With the aid of the modified I P Check for (d + s)l2- np, where n < 6, it was possible to check 
the matrices of ~ ,2 K and K'. However, it is still necessary to check the matrices of G.J for these 
configurations. By means of the Check Delta we obtain checks of the matrices of ~ and G.J for 
(d + s)l2- np, where n < 6, as well as for the matrices of F2, G1 and ~ for the complementary con­
figurations of (d + s)l2 - np, i.e., (d + s)"p. 

If we insert for the configuration dp, the values 

(36) 

which are the values corresponding to a a-interaction [6], we get nonvanishing eigenvalues only for 
lp and IF. If in addition we give Gk the value 

Gk=- (2k+ 1)£0, (37) 

the resulting matrices of dp + d9p vanish identically, [7] and [8]. 
Now, from the definitions of the parameters FJ,G1 and G3 [1] 

Fo=£O=35 (38) 

we obtain 

F 2 = 5, G1 = 7, G3 = 3, ~ = - 7, G.J = - 3. (39) 

For the configurations dnp and d lo- nS2p, the height A is given by 

A = nFo = 35n (40) 

as only the d - p interaction is taken into account in this check. 
Similarly for the configurations dn- Isp and dll-nsp as well as dn- 2S2p and dl2 - np we have 

2 (Gt and C:J are the parameters of (d + S)12 - "p. where n < 6, to distinguish from GI and G3 of (d + s)"P. which are on the same tape.) 
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A' = (n - 1) F 0 = 35 (n - 1) 

A" = (n - 2) F 0 = 35 (n - 2) 

S' 

S" 

=-35 

=-70. 

The other parameters are given by (38), (39) and (40). 

(41) 

This check is useful, simple and very convenient as all the expected eigenvalues vanish. The 
Check Delta may be particularly helpful in the case where by chance the other checks may not 
locate the error. 

4. The Check C, G'dS and f3 

The primary purpose of this check is to verify that the matrices of C and {3 are correct. In­
cidentally, the matrices of G'ds and 0 are also checked. In our case 0 has no physical significance 
since it is only a checking parameter, [1]. Since only the parameters C, G'ds, {3 and 0 enter this check, 
it is used for n :s.; 6. 

From (88') [9], the energy of d", for the case of B equal to zero, is given by 

W = L Wij = L [A + t - {2(Si . Sj) + qij}C] 
k j i<j 

Here Si and Sj are spins of the electrons i andj, and L Qij is the seniority operator Q«50), [10]). 
By (91) [9], ; < j 

2 L (s I . Sj) = S I (S I + 1) - in, 
i< j 

where SI is the net spin of dll • 

Since there are n(n - 1) pairs in the summation we have 

(42) 

S· n(n-1). f · I d d ·d· I A b mce 2 IS a constant or a partlcu ar lip un er consl eratlOn , we can rep ace y 

n(n;- 1) A as the height of the configuration, and call the result simply A. To (42) we add (3Q and 

o[S(S+ 1)-SI(SI + 1)], where 5 is the spin of d"p. 
Then, (42) becomes 

If we now let 

C = - 4, (3 = 4 and 0 = 4, (44) 

we get 

W = A - n( n + 2) + 45(S + 1). (45) 

If, furthermore, all the other parameters of d"p are given a value equal to zero and 

69 



- ~-----

A = (n + 1)2 (46) 

we have the very simple result 

W(dnp) = (25 + 1)2. (47) 

For the configurations dn- l sp we let 5, 52 and 51 be the net spins of dn-Isp, dn- l s and dn - I , 

respectively. Then from (43) we obtain 

W(dn-Isp) = A' + [en - I)4(n + I) - 51 (51 + 1) + Q']C' + /3'Q' + a' [5(5 + 1) - 52 (52 + 1))­

(48) 

By using the parameters for C' , /3' and a' as given in (44) we get 

(49) 

The term 5d51 + 1) - 52(52 + I) can be compensated for by th~ coefficient of G' ds which by (32), 
[2] equals 

(50) 

Then, by giving G'ds a value equal to - 4 we obtain from (49) and (50) 

W(dn-lsp)=A' - n2 +2n - 4+45(5+ 1). (51) 

Then letting 

A'=n2 - 2n+5, (52) 

we have 

W(dn- l sp) = (25 + 1)2. (53) 

From (46) and (52) 

5'=A' - A= - 4(n - 1). (54) 

From (43), 

Here 5, 51 are the spins of dn- 2S 2p and dn- 2 respectively, and A" includes the d - s interaction 
of dn- 2S 2p, which is a constant, [4]. 

We let 

Then, 

Thus, if we let 

then 

- - ---- ---

/3" = 4, Gil = - 4, a" = 4. 

W(dn- 2S2p) = A" - n(n - 2)+45(5+ 1). 

A"=(n - 1)2, 

W(dn- 2S2p) = (25 + 1)2. 
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From (46) and (57) we have 

S"=A" - A= - 4n. (59) 

Thus, the following parameters are used in this check: 

A = (n + 1)2 

S' = - 4(n - 1) 

S" =- 4n 

C = C' =C"=-4 (60) 

Gds = - 4 

f3 = f3' = f3" = 4 

8 = 8' = 8"= 4. 

The expected eigenvalues then equal (25 + 1)2, where S is the net spin of the term considered in 
either dnp, dn- 1sp or dn- 2S2p . 

For (d + S)6p we must be particularly careful to modify the heights. Since the matrices of C, f3, 
and 8 are the same for d6p as for d4s2p we have here 

(61) 

However, from (57) 

Thus , 

A (d6p) = 25. 

Also, from (52) 

A'(d5sp) = 29. 

Thus, the heights of (d + S)6p are given by 

A (d6p) = 25 

S' =4 (62) 

S" =0 . 

In the configuration (d + sf p, the coefficient of 8" is a constant. Since the matrix of 8" is not put 
on tape, it must be incorporated into S". 

For S2p, 

Then, 

S"(S2p) = - 8+(3/4)(4)= - 5. 

5. The Check T and Tc 

The configurations d" for n < 5 are characterized by the parameter T [1], whereas the configura­
tions dn for n > 5 are characterized by Tc [2]. The configurat~on d5 can be considered as either con-
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sisting of 5 electrons d or as 5 holes in the d shell. In the former case the parameter needed is T, 
whereas in the latter case the parameter Tc is to be used. The relationship between these two cases 
is given by (65), [10]. 

An interesting and very useful relationship was obtained by Racah [11] forthe configuration dn . 

If we let 

then, 

C =-80 

ex = 15 

(3 = 160 

T = 1 

Tc = 1 

W(Jn) = 240 - 40(n - 2)(n - 3). 

(63) 

(64) 

Since the matrices of T and Tc for the configurations dnp, dn-1sp and dn-zszp are just those of In, 
dn - 1 and dn- z , the equations (63) and (64) can be used to check the matrices of these parameters in 
the configurations (d+synp. It should be noted that although T and Tc are parameters representing 
three-body interactions, [1], the combination T+ Tc represents two-body interactions, the same as 
the interactions represented by C, ex, and {3, [1]. 

Incidentally, the matrices of C, ex, and {3 are checked here. However, as they enter other checks 
as well, the primary purpose here is to verify that the matrices of T and Tc are correct. 

6. The Checks of the Spin-Orbit Interaction Matrices 

In order to check the matrices of either ~d or ~p it is sufficient to diagonalize them separately 
giving a value of zero to all the other parameters. The expected eigenvalues may be obtained by 

determining the possible states of the configuration considered in} - } coupling. 
Since for an electron d,} can take on the values 3/2 or 5/2 

(I, s) =t [}(j+ 1) -l(l+ 1) -s(s+ 1)] 

= 1, for d 5/Z (65) 

= - !, for d3/ Z • 

The eigenvalues for dn are then obtained by determining the combinations of d3 /2 and d5 /2 

making up dn • 

For an electron p,} has the values 1/2 and 3/2. 
Thus , 

(I . s) = t, for P3/Z 

=-I,forpl /z, (66) 

In order to determine the multipli city of each eigenvalue for a particular], it is necessary to 
know what multiplicities of] appear in the configuration [d5/2]k [d3/2]n- k. The resulting] of [d5/2]k and 
[d3/ 2]n-k, with their respective multiplicities are given on p. 263, T AS [5]. By using this information it 
is easy to obtain the multiplicities of the eigenvalues of the matrix ~d in the configuration dn , and 
thus the multiplicities of the eigenvalues of ~d if an s and/or a p electron is added to dn. 
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If ~p is given a value of 2 and all the other parameters equal zero, then the eigenvalues of dnp, 

dn- Isp and d"- 2S2p are just 1 and - 2 by (66). For a particular ], the multiplicity of the eigenvalue 1 
equals the number of times the electron p is coupled withj equal 3/2 to the core dn, dn- Is, and d n- 2S 2 , 

res pectively. Similarly, the multipli city of the eigenvalue -2 equals the number of times the elec­
tron p is co u pled with j equal 1/2 to the core dll , dn- 1 sand dn- 2S 2 , res pectively , for the particular] 
considered. 

In our case we also combined the checks of ~d and ~Jl by le ttin g ~d equal20 and~]J equal2. 
The expec ted eige nvalues and their res pective mu ltipli cities are obtained by the same con­

siderations as above. 
Tables 7, 10, 13, 16, and 19 give the eigenvalu es a nd their res pective multipli cities for the con ­

figurations (d+ s)"p, 2 ~ n ~ 6 whe n ~d equals 20. 
Tables 8, 11, 14, 17, and 20 give the eigenvalues and their respective multiplicities for the con ­

figurations (d + s)"p, 2 ~ n ~ 6 when ~p equals 2. 
Tables 6, 9, 12,15,18, and 21 give the eigenvalues and their respective multipli cities for the 

configurations (d+ s)"p, 1 ~ n ~ 6, in the co mbined c heck with ~d equ al to 20 and ~Jl equ a l to 2. 
It should be note d that in tables 7, 10, 13, 16, and 19 the column "Eigenvalue" gi ves the eigen ­

values of S2p ,Sp and p when ~p has a value of 2. These values are necessary in order to obtain the 
multiplicities of the eigenvalues for the case of~!J equal to 2 , a nd for th e co mbined c heck ~d equal to 
20 and ~p equal to 2. 

F or five electrons d th e co mbination (3/2)5 does not occur because for j equal to 3/2 there are 
only 4 values of mj and by Pauli 's principle it is forbidde n for two elec trons to have the same values 
of (nLjm) . 

For (d+S)6p only the pertinent values for the configuration d5sp are required since d6p and 
d4s2p are equivale nt to d4p he re. 

TABLE 6. Eigenvalues and their multiplicities for the combined ~d ' ~p Check of (d + s)p 

Conf. ~ 0 1 2 3 4 
, 

sp 1 1 1 
-2 1 1 

dp 21 1 1 1 1 
18 1 1 

-29 1 1 1 1 
- 32 1 1 
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TABLE 7. Eigenvalues and their multiplicities for the ~d Check of(d+ sfp 

J total 
Eigenvalue J Eigen· 

n Jdn J,2 - np 

'd" Combinations value 1 3 5 7 9 11 -
2 2 2 2 2 2 

0 0 I 3/2 1 1 
0 1/2 -2 1 

1 20 5/2 5/2 2 1 
1 1 1 3 4 3 1 
1 -2 

-30 3/2 3/2 0 -2 3 4 3 1 

2 40 (5/2)' 0 2 4 2 3 3 3 2 1 
3 
2 

1 

-10 (5/2) (3/2) 1 2 3 4 3 5 6 5 3 1 
1 

-2 
2 

-60 (3/2)' 0 2 2 3 2 1 

TABLE 8. Eigenvalues and their multiplicities for the ~p Check of (d + sfp 

Conf. ~ 1/2 3/2 5/2 7/2 9/2 11/2 

s'p 1 1 
-2 1 

dsp 1 3 4 4 3 1 
-2 1 3 3 1 

d'p 1 4 7 7 6 3 2 
-2 3 4 4 3 2 

TABLE 9. Eigenvalues and their multiplicities for the combined ~d' ~p Check of (d + sfp 

Conf. ~ 1/2 3/2 5/2 7/2 9/2 11/2 

s'p 1 1 
-2 1 

dsp 21 1 2 2 2 1 
18 1 2 1 

-29 2 2 2 1 
-32 1 2 1 

d'p 41 1 2 2 2 1 1 
38 1 1 1 1 1 

-9 2 3 4 3 2 1 
-12 1 2 2 2 1 
-59 1 2 1 1 
-62 1 1 1 I 
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TABLE 10. Eigenvalues and their multiplicities for the ~d Check of (d+ S )3p 

Eigen- J Eigen- J Total 
n value Combinations Jdn J,3-np value 

~dn 0 1 2 3 4 5 6 7 

1 20 5/2 5/2 3/2 1 1 2 2 1 
-30 3/2 3/2 1/2 -2 1 2 2 1 

40 (5/2)2 0 2 4 2 1 2 5 6 6 5 3 1 
-

2 -10 (5/2) (3/2) 1 2 3 4 1 1 3 8 11 11 8 4 1 
-60 (3/2 )2 0 2 1 -2 2 5 5 3 1 

60 (5/2)3 3/2 5/2 9/2 0 -2 1 3 4 4 3 2 1 
10 (5/2)23/2 1/2 (3/2), (5/2), (7/2 ), 9/2 11 /2 3/2 1 3 8 11 11 9 6 3 1 

3 - 40 5/2 (3/2) 2 1/2 3/2 (5/2), 7/2 9/2 2 6 8 8 6 3 1 
- 90 (3/2)3 3/2 1/2 -2 1 2 2 1 

TABLE 11. Eigenvalues and their multiplicities for the ~p Check of (d + S)3 p 

Conf. l~ 0 1 2 3 4 5 6 7 

ds2p 1 1 2 2 2 1 
- 2 1 2 1 

d 2sp 1 4 11 14 13 9 5 2 
- 2 3 7 8 7 5 2 

d 3p 1 5 12 15 16 12 8 4 1 
- 2 2 7 10 8 6 3 1 

TABL E 12. Eigenvalues and their multiplicities for the combined ~d ' ~p Check of (d + s)3p 

Conf. ~ 0 1 2 3 4 5 6 7 

ds2p 21 1 1 1 1 
18 1 1 

-29 1 1 1 1 
-32 1 1 

d 2sp 41 1 3 4 4 3 2 1 
38 1 2 2 2 2 1 

- 9 2 5 7 7 5 3 1 
-12 1 3 4 4 3 1 
-59 1 3 3 2 1 
-62 1 2 2 1 

d 3p 61 1 2 2 3 2 1 1 
58 1 2 1 1 1 
11 2 5 7 7 6 4 2 1 
8 1 3 4 4 3 2 1 

-39 1 4 5 5 4 2 1 
-42 1 2 3 3 2 1 
-89 1 1 1 1 
- 92 1 1 
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TABLE 13. Eigenvalues and their multiplicities for the 'd Check of (d + s )4p 

Eigen· j Combi· j Total 
n value nations J.n j ,4-np Eigen· 

dn value 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 

40 (5/2)' 0 2 4 2 3 3 3 2 1 
3/2 1 

2 -10 (5/2) 3/2 1 2 3 4 3 5 6 5 3 1 
1/2 -2 

- 60 (3/2)' 0 2 2 3 2 1 

60 (5/2)' 3/2 5/2 9/2 2 1 4 7 8 7 5 3 1 

3 
10 (5/2)' 3/2 1/2 (3/2), (5/2)' (7/2), (9/2) 11/2 1 1 11 19 22 20 15 9 4 1 

-40 5/2 (3/2)' 1/2 3/2 (5/2), 7/2 9/2 1 -2 8 14 16 14 9 4 1 
-90 (3/2)3 3/2 0 -2 3 4 3 1 

80 (5/2)' 0 2 4 2 3 3 3 2 1 
30 (5/2)' 3/2 0 1, 2, 33 4, 5 6 3/2 1 7 12 14 13 10 6 3 1 

4 -20 (5/2)'(3/2)' 0, 1 24 3, 4, 5 6 1/2 -2 8 14 16 15 11 7 3 1 
-70 5/2 (3/2 )3 1 2 3 4 3 5 6 5 3 1 

-120 (3/2)' 0 1 1 

TABLE 14. Eigenvalues and their multiplicities for the ~p Check of (d+ S)4p 

Conf. ~ 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 

d's'p 
1 4 7 7 6 3 2 

-2 3 4 4 3 2 

d3sp 
1 17 27 31 28 19 11 5 1 

- 2 9 17 18 14 10 5 1 

d 4p 
1 12 23 25 23 17 11 4 2 

- 2 9 12 14 13 9 4 2 
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TABLE 15. Eigenvalues and their multiplicities for the combined ~d' ~p Check of (d+ S)4p 

Conf. ~ 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 

41 1 2 2 2 1 1 
38 1 1 1 1 1 

d2s2p 
- 9 2 3 4 3 2 1 

-12 1 2 2 2 1 
-59 1 2 1 1 
- 62 1 1 1 

61 3 4 5 5 3 2 1 
58 1 3 3 2 2 1 
11 7 12 14 13 10 6 3 1 

d"sp 
8 4 7 8 7 5 3 1 

-39 5 9 10 9 6 3 1 
- 42 3 5 6 5 3 1 
- 89 2 2 2 1 
- 92 1 2 1 

81 1 2 2 2 1 1 
78 1 1 1 1 1 
31 4 8 9 8 7 4 2 1 
28 3 4 5 5 3 2 1 

d4p 
- 19 5 9 10 10 7 5 2 1 
-22 3 5 6 5 4 2 1 
-69 2 3 4 3 2 1 
- 72 1 2 2 2 1 

- 119 1 
- 122 1 

TABLE 16. Eigenvalues and their multiplicities for the 'd Check of (d + s )5p 

Eigen· 1 Combi· Eigen· 1 Total 
n value nations ldn l .5-np value 

'd n 0 1 2 3 4 5 6 7 8 

60 (5/2)3 3/2 5/2 9/2 1 3 4 4 3 2 1 

3 
10 (5/2)' 3/2 1/2 (3/2), (5/2), (7/2), 9/2 11/2 3/2 1 3 8 11 11 9 6 3 1 

-<W 5/2 (3/2)' 1/2 3/2 (5/2), 7/2 9/2 2 6 8 8 6 3 1 

-90 (3/2)3 3/2 1/2 -2 1 2 2 1 

80 (5/2)' 0 2 4 2 1 2 5 6 6 5 3 1 

30 (5/2)3 3/2 0 1, 2, 33 4, 5 6 1 1 7 19 26 27 23 16 9 4 1 

4 -20 (5/2)'(3/2)' 0, 1 24 3, 'h 5 6 1 -2 8 22 30 31 26 18 10 4 1 

-70 5/2 (3/2)3 1 2 3 4 0 - 2 3 8 11 11 8 4 1 
-120 (3/2)' 0 1 2 1 

100 (5/2) ' 5/2 1 2 2 1 
50 (5/2)' 3/2 1/2 (3/2), (5/2), (7/2), 9/2 11/2 3/2 1 3 8 11 11 9 6 3 1 

5 0 (5/2)3(3/2) ' (1/2), (3/2), (5/2). (7/2), (9/2)' 11/2 13/2 5 14 19 20 17 12 7 3 1 
-SO (5/2) ' (3/2)3 1/2 (3/2) , (5/2), (7/2) , 9/2 11/2 1/2 -2 3 8 11 11 9 6 3 1 

-100 5/2 (3/2)' 5/2 1 2 2 1 
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TABLE 17. Eigenvalues and their multiplicities for the ~p Check of (d+ s)5p 

Conf. ~ 0 1 2 3 4 5 6 7 8 

d3s2p 
1 5 12 15 16 12 7 4 1 

-2 2 7 10 8 6 4 1 

d 4sp 
1 12 35 48 48 40 28 15 6 2 

-2 9 21 26 27 22 13 6 2 

d5p 
1 7 21 28 29 25 16 9 4 1 

-2 4 11 17 17 12 8 4 1 

TABLE 18. Eigenvalues and their multiplicities for the combined ~d, ~p Check of (d + sf p 

Conf. ~ 0 1 2 3 4 5 6 7 8 

61 1 2 2 3 ? 1 1 
58 1 2 1 1 1 
11 2 5 7 7 6 4 2 1 

d3s2p 8 1 3 4 4 3 2 1 
-39 1 4 5 5 4 2 1 
-42 1 2 3 3 2 1 
- 89 1 1 1 1 
-92 1 1 

81 1 3 4 4 3 2 1 
78 1 2 2 2 2 1 
31 4 12 17 17 15 11 6 3 1 
28 3 7 9 10 8 5 3 1 

d4sp -19 5 14 19 20 17 12 7 3 1 
-22 3 8 11 11 9 6 3 1 
-69 2 5 7 7 5 3 1 
-72 1 3 4 4 3 1 

-119 1 1 
-122 1 1 

101 1 1 1 1 
98 1 1 
51 2 5 7 7 6 4 2 1 
48 1 3 4 4 3 2 1 

d5p 1 3 9 12 13 11 8 5 2 1 
-2 2 5 7 7 6 4 2 1 

-49 2 5 7 7 6 4 2 1 
-52 1 3 4 4 3 2 1 
-99 1 1 1 1 

-102 1 1 
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TABLE 19. Eigenvalues and their multiplicities for the ~d Check of d5sp 

Eigen· J Eigen J Total 
value Combi· Jd' J.P va lue 

'd' nations 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 17/2 

100 (5/2)' 5/2 I 3 4 3 I 
2 I 

50 (5/2)43/2 1/2 (3/2), (5/2), (7/2), 9/2 11/2 II 19 22 20 15 9 4 I 
I I 

0 (5/2)'(3/2)' (1/2), (3/2)3 (5/2). (7/2), (9/2), 11/2 13/2 19 33 39 37 29 19 10 4 I 
I -2 

-50 (5/2)' (3/2)3 1/2 (3/2), (5/2), (7/2), 9/2 11/2 II 19 22 20 15 9 4 1 
0 -2 

-100 5/2 (3/2)' 5/2 I 3 4 3 I 

TABLE 20. Eigenvalues and their multiplicities for the ~p Check of d5sp 

J 
1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 17/2 

Eigenvalue 

15 28 34 29 20 12 5 
-2 28 49 57 54 41 25 13 5 

TABLE 21. Eigenvalues and their multiplicities for the combined ~d' ~p Check of d5 sp 

J 
1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 17/2 

E igenvalue 

101 2 2 2 
98 1 2 
51 7 12 14 13 10 6 3 
48 4 7 8 7 5 3 

12 21 25 24 19 13 7 3 
-2 7 12 14 13 10 6 3 

-49 7 12 14 13 10 6 3 
-52 4 7 8 7 5 3 
-99 2 2 2 

-102 2 

7. Checks for the Relative Phases of the Electrostatic and Spin-Orbit Interactions 

Since the matrices of the electrostatic interaction and the spin-orbit interaction do not generally 
commute, it is difficult to find values of the parameters which yield simple eigenvalues. The 
matrices which do commute are the electrostatic matrices of (d + s)" and the matrices of ~p, 

Now, if we check the relative phases of the electrostatic matrices of (d + s)" and the matrices 
of ~p, we also know that the relative phases of the electrostatic matrices of (d + s)" and ~d are correct. 
This follows from the previous check where the relative phases of the matrices of ~d and ~p are 
checked. The relative phases of the matrices of the interactions d - p and/or s - p and the electro­
static matrices of (d + s)" are checked in the Casimir [1], and the 1 P Checks. Thus, if in addition to 
the other checks, the Check (d + s)" + ~]J is considered, then we have a verification of the correct­
ness of the relative phases of all the electrostatic and spin-orbit interaction matrices. 

For( d + s)" the parameters of the Casimir Check, as obtained fr,om (30) [1], are used: 
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A = lln 

5' =9 

5" = 34-8n 

B = B'=B"=1 

G~s = 8 

3 
a=-

2 

H=H,=2 VfO 
5 

(67) 

We note that it is necessary to replace A by a , since L(L + 1) refers to the configuration (d + s)" 
here. 

To ~p a value of 2 is given as before. 
The expected eigenvalues for each term of (d+ s)" are given in [1], (pp. 33·35). Then to find the 

eigenvalues of (d+s)llp we simply add to the eigenvalues of (d+s)" a value of 1 or -2 depending 
upon whether the electron p is cou pled as j equal to 3/2 or j equal to 1/2 res pecti vely, for a particular 
level of (d + s)"p. 

As an example consider the expected eigenvalues of (d + s)2p for) equal to 1/2. From [1] the ex­
pected eigenvalues can only have the values 57,54,33,30,21, and 18. The eigenvalue 57 can only be 
obtained from 

The eigenvalue 54 can be obtained from 

(d+s)2 'So+ P' /2' 

The eigenvalue 33 has a multiplicity of 5: 

(d+sJ2 3P, ,2 + P3/2 , (d +s)2 3D,,2+ P 3/2, (d + sF 3F2 + P 3/2 . 

The eigenvalue 30 has a multiplicity of 3: 

(d+ sF 3PO" + P' /2, (d+s)2 3D,+ P' /2. 

The eigenvalue 21 can only be obtained from 

(d+s)2 'D+ P3/2' 

The eigenvalue 18 can be obtained from 

(d+ s)2 'S + P' /2' 

The work described in this paper was supported by the National Bureau of Standards and the 
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