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A numbe r of new pro perties of the s pheroi dal functions of arbitrary real orde r a > - 1 a re estab· 
li s hed , inc luding double orthogonality over two se parate intervals simulta neous ly a nd the exis te nce 
of a new kind of characteristi c numers YOII (C) that arise from it. Some computa tional formulas are 
de ri ved and a fe w numerical res ults are shown . 
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1. Introduction 

The s pheroidal fun ctions as defin ed and inves ti gated by Stratton [1] 1 and later by Chu and 
Stratton [2] are those solutions of the differential equation 

(1) 

that remain finit e at the singular points 7) =± L The condition of finiteness restric ts the ad missible 
values of the parameter bOil (c) to a di screte se t of eigenvalues, indexed by n = 0, 1, 2, 3, . . ., th at 
depe nd upon the values chosen for the order a and the parameter c. The differential equation (1) 
together with the condition of finit eness at 1) = ± 1 is equivalent to the integral equation [l (27)] 

(2) 

with eigenvalues v on (c), valid for real a > - L 
For integral orders a= m = O, 1,2,3, ... the functions tjJOII(C, 1) are related to the spheroidal 

wave functions 511/,1II + I/(C, 7) that arise from separation of the wave equation in sphe roidal co
ordinates. For half-integral orders a=±t they are related to the pe riodic Mathi e u fun ctions 
5el/(c, 1) and 50 11 + 1 (c, 1) that arise from separation of the wave eq uation in ellipti c cylinder 
coordinates . The purpose of the present paper is to derive some new properties of the sphe roidal 
fun ctions of arbitrary real order a > -1, including a new kind of characteristic numbers 'Yall(c) that 
arise from the property of double orthogonality shown here to be possessed by these functions , and 
to present some numerical results illustrating them. It will be assumed throughout that the param
eter C is real and positive, although many of the results are more generaL A secondary purpose is 
to e mphasize the underlying unity of the properties associated with the spheroidal functions of 
arbitrary real order 0' > - L All properties of the spheroidal wave functions and of the periodic 
Mathie u functions arise quite naturally from those of the general functions tjJan (c, 1). An extensive 
and completely general treatment for all solutions of (1) for arbitrary complex values of 0', b, an d C 

has been developed by Meixner a nd Schiifke [3]. 
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Laboratori es, Office of Ae rospace Hescarc h, under Contract F19628--67- C-{}255. 

** Present address: Deptlrtrnc nl of Elec tr ical E ngi neering, Norl h ~arolj n a S iale Universit y, Ra leigh, Nort h Carolina 27607. 
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2. Elementary Properties 

The following properties of the spheroidal functions t/Jan(C, YJ) are evident directly from either 
the differential equation (1) and its boundary condition of finiteness at 71 = ± 1 or the equivalent 
integral equation (2). 

(a) The functions t/Jan(C, YJ) are entire functions of YJ. This follows from the fac t that the param
eter ban was chosen in such a way that one of the two solutions of differential equation (1) remains 
finite at the singular points YJ = ± 1. With no singularities except for the one at infinity that solution 
t/Jan(C, YJ) must be entire. 

(b) As C --* 0 the functions t/Jan (c, YJ) become proportional to the Gegenbauer functions T,~ (YJ) , 
and the eigenvalues ban (c) approach 

ban (c) --* n (n + 2a + 1). (3) 

This follows from the fact that the differential equation (1) approaches the Gegenbauer differential 
equation [4, p. 783] 

(4) 

The Gegenbauer functions for a=m = O, 1,2,3, ... are related to the associated Legendre 
functions P,::'+n (YJ) by 

(5) 

and for a = - t and + t they are related to the Chebyshev polynomials of the first and second 
kinds, respectively , by 

nTI-;;t( YJ) = ~;. cos [n cos - IYJ] , (6) 

T ' ( ) = i"isin [(n + I)cos - 1YJ]. 
/I YJ \j 7T vI - YJ2 (7) 

(c) For c --* 0 and YJ --* 00 such that CYJ remains finite the function t/Jan (c, YJ) becomes propor

tional to In+a+t (cYJ) / (cYJ) a+t . This follows from the integral representation (2) in which t/Jan (c, t) 

in the interval- 1 :;;; t :;;; 1 becomes proportional to T,~ ( YJ) , from the fact [1 (20) ] that 

(8) 

fora > -1. 
(d) The fun c tions t/Jan(C , YJ) are real for real YJ , have exactly n zeros in the interval (-1,1), 

and are even or odd functions of YJ according as n is even or odd. This is implied (not proved) by 
the limiting case C --* 0 in which the limiting functions, the Gegenbauer functions of (4), are known 
from Sturm-Liouville theory to be real, to have exactly n zeros in (-1,1), and to be even or odd 
functions of YJ according as n is even or odd. 

(e) The function t/Jan (c, YJ) cannot have a zero at YJ = ± 1. This follows from the differential 
equation (1) and the entirety of t/J an (c, YJ). For if it were to have a zero then, from (1), the first deriva
tive also must be zero there. And after l successive differentiations of (1) every l + lth derivative 
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must also be zero there, which would require that the function ~an(C, 1]) be identically zero every
where in 1] . 

(f) The eigenvalues ball (c) of (1) are real, positive, and ordered such that b aO < ber 1 < ber 2 < ... , 
provided that they are di s tin ct. Thi s is implied (again not proved) by the limiting case C ~ 0, being 
give n in the limit by (3). 

(g) The function s ~Ci ll (c, 1]) behave asymptotically with real 1] ~ + 00 as 

( n+a+1) 
,I, ( )=iIl2 cr+ lf(a + 1)~a ll( C, 1) cos C1]- 2 7T [1+0(1.)] 
'f' 'fI' C , 1] ( ) ( ) a + 1 • Ver n C C1] 1] 

(9) 

This follows from the known asymptotic behavior [5] of integrals of the form (2). 
(h) The spheriodal wave functions Sm, m+n(C, 1]) and the periodic Mathieu functions Sen(C, 1]) and 

SOn +1 (c, 1]) are special cases related to ~"n(c, 1]) as follows 2: 

Sm, m+n(C, 1]) 
(1-1]2)111/ 2 ' 

S Oll +I(C, 1]) 
(1_1] 2) 1/ 2 ' 

a=m=O, 1,2,3, 

(10) 

This is evide nt from the integral equation for the s pheroidal wave functions [6 (4)] and for the 
periodic M thie u fun c tions [6(11, 12)]. 

3. Construction of the Functions 

On the interval (- 1, 1) the Gegenbauer functions T~ (1]) form a complete set with respect 
to all func tions that are square-integrable with weight factor (1-1]2)", and are orthogonal with 
weight factor (1-1]2)"[1 (6)]: 

II (1 ?) T ( )T ()d 2f(k +2a + 1) 
- I _ 1]_ a~. 1] ~ 1] 1] = (2k+2a+1)k!ok'. (11) 

They are even or odd fun ctions according as k is even or odd. Hence the spheroidal functions 
ifJall( C, 1]) can be expanded in Gegenbauer functions on (-1, 1) [1(8)], 

~erll(C , 1]) = f' ddc l an)T~(1]), (12) 
k = O, 1 

where the prime denotes summation over only even or odd values of k according as n is even or 
odd. The function ~an(C , 1]) becomes proportional to T,~(1]) as c~ 0, hence 

2 The connection between the nota tion of Meixne r a nd Schiifk e [3] and that used he re is as follow s: 

~J . ,,( c, 1/) a: (l - 1/2)- . /2pS;;.;'" (1/ ; c'); 

tJi - t.,, (c, 1/) a: ce,, ( cos - ' 1/ ; ~); 
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ddclcm) ~ 0, k 0/= n. (13) 

Expansion (12) converges rapidly on the interval (-}, 1), but beyond that interval convergence 
becomes slower and slower with increasing 7}. An alternative expansion that represents the func
tions uniformly on (- 00, 00), by an argument used later for (40), can be obtained from (12) in the 
integral equation (2) by integrating term by term and making use of (8), 

(14) 

where the expansion coefficients ak are related to the dk by 

(15) 

The coefficients ak are all real because the d k are real (the factor i k- n is always real since k - n 

is always even). As c ~ 0, 

(16) 

by (13). For the special cases of 0'= m = O, 1,2,3, ... the coefficients ak will agree with those 
tabulated by Stratton et al. [7] for the prolate spheroidal wave functions provided that th€ normaliza
tion is chosen to be such that 

X :L' ik- nak(clcw) = l. (17) 
k = O,l 

With the right hand side of (17) replaced by v-:;;j2 the coefficients ak for the special cases of 
O' =-t and +t are related to Blanch's [8] Mathieu function coefficients De(~) and Do(~~~P , 

respectively, by 

(18) 

In addition to the increasingly poor convergence of (12) outside of ( - 1, 1) it requires special 

consideration for the case of 0' = -t because T; t (1}) is infinite for k = 0. Hence the expansion 

(14) will be used almost exclusively hereafter. 
A recursion relationship [1(9)] for determining the ak's in (14) and the eigenvalues bcm (c) 

is obtained from the differential equation (1), 

(19) 
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where 
k(k - 1) 

A ,.= ~, 
, (2k+20'-1)(2k+20'+1) 

2k2 + 2k(20'+ 1) + 20'-1 
B k = k(k + 20'+ 1) + (2k+20'- 1)(2k+20' +3) c2, 

(k + 20' + l)(k + 20' + 2) 
C,,= (2k+20'+1)(2k+20'+3) c2

• 

It can be rewritten as a continued fraction for the ratio of two succeeding values of ak in two 
different ways, one in terms of increasing subscript, 

and the other in terms of decreasing subscript, 

a', - 2 
ak 

(20) 

Ak 
(21) 

Eac h must be the reciprocal of the other, whic h leads to an infinite se t of eige nvalues for ban . The 
best method now available for computing these eige nvalues, and simultaneously the expansion 
coeffici ents ak, is an iterative procedure that was firs t used by Bouwkam p [9 (48)] for the case 
0' = 0 and later inve nted inde pe nde ntly by Blanch [10] for the Mathieu functions. All of the co· 
efficients ai, in (19) must vani sh for negative k, according to a res ult of Gegenbauer's [11, Sec 16.13] 
in which he showed that any analytic function can be re presented within its domain of analyticity 
by a series of the form (14). And for k = O or 1 the AI." , BIr , C". in (19) beco me indeterminate at 
O'=±t. Therefore (19) should be s upplemented by 

a,, = O for k < 0, 
(22) 

c2 3c2 20' + 2 
Bo = 20' + 3' B 1 = 20' + 2 + 20' + 5' CO= 20'+ 3 c2 , 

the latte r of which resolves the inde terminacy. For the special case of the Mathieu functions 
c2 c2 

(O' =±t) as computed by Chu and Stratton [2(100)], where A k·= C"=4" and Bk = k2 +2 , the two 

computational procedures are quite different although the numerical results have been found to 
be exactly the same. The advantage of the new procedure here is that all orders 0' > -1 are treated 
exactly alike. 

Once the eigenvalues are known the ratio --.!!~ for all k is also known, either from (20) or (21). 
a', - 2 

The a,,·'s can then be computed from these ratios in terms of ao or al for the even and odd spheroidal 
functions , respectively. The particular value chosen for ao or al determines the scale factor by 
which the tPall (c, YJ) fun ctions a re normalized. But no common agreement exists among authors 
on the choice of normalization factors. For this reason all formulas in this paper wiLL be shown with 
arbitrary normalization/actors that can be chose n at will. For those numerical results s hown whose 
values depend upon a choice of scale factor the 1Ia,, (C, YJ) fun ction s will be normalized to unity 
over the interval (-00, (0) . 

The eigenvalues Van (C) can be computed by eq uating the two expressions (12) and (14), or 
their derivatives, at YJ = O. As YI approaches zero the Bessel functions in (14) cause all terms to 
vanish except for k = O. Hence for even n = 2r, 
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(-It Vrr ao(e IO', 2r) 
Va, 2r(e ) = 2af(0'+ i )l/1a, 2r( e , 0)' (23) 

For odd n = 2r + 1 the l/1a,,(e, TJ ) va nish at TJ = O, so (14) must be differentiated with respect to TJ 
before letting TJ approach zero. All terms vanish except for k = 1, hence 

. ( -I)rV;adeI 0' , 2r + l) 
Va, 21'+ 1 (e) = ~c 2 a+ IJ~ ( + ii).1.' ( 0)' a 2'f' a .2 r + l c, 

(24) 

The 1/10" (e, TJ) functions and their derivatives at TJ = 0 are found from (12) to be 

(- 1)'" '" f(l + !) 
l/1 a, 2r( e, 0) = , I L f(l + + 1) a 21(cI0' , 2r) , 

2a V1T 1= 0 0' 
(25) 

(26) 

Also, 
Va" (e) = i" lva" (e) I. (27) 

4. Double Orthogonality 

An important property that will be established here is that the s pheroidal function s 1/101l( e, TJ) 
for any order 0' > - 1 are orthogonal with weight factor 11 - TJ 21 a on two different inte rvals (-1, 1) 
and (- 00, (0) simultaneously. This double orthogonaLty property was firs t recognized for the case 
of the prolate spheroidal wave fun ctions of order zero by Slepian and Pollak [12]. A later investiga
tion by the author [6] revealed that this property was possessed by all of the prolate s pheroidal 
wave functions of order m = O, 1, 2, 3, . . . and by the periodic Mathie u fun ctions. 

The differential equation for the functions S a. a+II (C, TJ) defined by 

(28) 

is found from (1) to be of the singular Sturm-Liouville form 

Multiplication by S~. a+p( e, TJ) and subtraction of the product equation obtained when S o. O+II(e, TJ) 

a nd S ~. a+p(e, TJ ) are interchanged gives 

Integrating with respect to TJ over a real interval and changing from S a. a+n (e, TJ ) back to 1/1",,(e , TJ ) , 

(31) 

The fu nctions l/1all (C, TJ) will be orthogonal over a ny real interval (TJI , T} 2) for whic h the left hand 

192 



I 

I 
I 

L 

side of (31) is zero, provided that the ban are distinc t. Distinctness of the ban can usually be deter
mined numerically. 

(a) Orthogonality on (- 1 , 1) 

When YJI = - 1 a nd YJz = 1 the left ha nd s id e of (31) vanishes for all ex > -1 because 
(1_YJ2) 11 - YJ 2 1a vanishes at both end points and l/Jall(C , YJ) and its derivative are finite. Hence, 
if the ban are distin c t, 

n#p ; (32) 

i. e ., the l/JUI/(c, YJ) fun ctions are orthogonal on (-1, 1) with weight factor (1_YJ2) a. 

(b) Orthogonality on (-(X), (0) 

From the asymptotic behavior (9) of ~Jan(C, YJ) a simple calc ulation shows that 

as YJ ~ + 00, YJ real. When p - n is even the first term is zero for all YJ, leaving 

The left hand side of (31) then vanishes for YJ 1 = 1 and YJ 2 = 00, hen ce 

p - n even and # 0. (34) 

Similarly on the interval (- 00, -1), because of symmetry of the functions. Combining the three 
intervals (-00, -1), (-1,1), and (1, (0), 

p # n, (35) 

including p - n odd because l/Jan (c, YJ) l/J"" (c, YJ) i s then an odd function on (- 00, (0). Thus the fun c
tions l/Jcm(C, YJ) are orthogonal with weight factor 11-YJ2 1a on the interval (-(X), (0), provided only 
that the ban are distinct. 

S. Completeness 

(a) Completeness on (-1, 1) 

The func tion s Sa,a+ II(C, YJ) are co mplete on the interval (-1, 1) with respec t to alJ sq uare
integrable functions. This is a property [13] of all S turm-Liouville sys tems of the form 

(pu')'+ (.\w-q)u = O, puu'la = puu'lb = O, 
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and hence applies to the differential equation (29) and the boundary condition that Sa,a+n (e, YJ) 
must remain finite at the singular points YJ = ± 1. Completeness of the So, a+n( e, YJ) functions 
implies completeness of the ljian(e, YJ) functions. 

(b) Completeness on (- 00, (0) 

The fact that the functions tjJan(e, YJ) are complete on (-1, 1) with respect to the class of 
functions that are square·integrable with weight factor (1 - YJ2) a will now be used to show that 
they are also complete on (- 00, (0) with respect to all functions of the form 

(37) 

for Q' > -1. The only restriction on f(t) is that it be square-integrable on (-1, 1) with weight 
factor (l - t 2 )a. It can be expanded in a series that converges in the mean with weight factor 
(1 - t2 )a, 

f() ~ b" (e) ( ) t = L.J - -(-) tjJan e, t , 
n = O 'Va 11 C 

-l<t<l, (38) 

where 

b ( ) - VanCe ) Jl j'() ( )(1- 2)ad n e - Aan (e) - 1 t tjJan e, t t t. (39) 

Hence for all real values of YJ the absolute value 

IFa(eYJ) -I/~ bnljian(e, YJ)I = If 1 e iC7)t(l- t2 )a [f(t) - n~ :~:, tjJan(e, t)] dtl 

~ fl (1 - t2)ak(t) - I~O :~:, ljian(e, t) Idt (40) 

is exactly zero. It is concluded, therefore, that 

" Fa(eYJ) = L bn(e)tjJan(e, YJ)' -oo < YJ<OO, (41) 
n = O 

where the series converges to Fa(eYJ) not just in the mean but uniformly on (- 00, (0). Thus the 
functions tjJan (e, YJ) are complete on (- 00 , (0) with respect to all functions F IX (cYJ) of the form (37). 

6. Normalization Factors 

The double orthogonality property of the spheroidal functions results in two different sets of 
normalization factors, one on (-1, 1) and another on (- 00, (0). Both will be developed here. 

(a) Normalization factors on (-1, I), 

The orthonormality relation on (- 1, 1) will be designated by 

(42) 

where Aan (c) denotes the normalization factor for the spheroidal function of order Q' and index n. 
These normalization factors can be computed directly from the integral (42) for each p = n by 
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expanding l/Ian (C , 'Y/) in Gegenbauer fun ctions as In (12) and making use of their orthogonality 
relation (11), obtaining 

A () ~I k! 2( I ) 
WI C = L (k+ a+t)f(k+ 2a+ 1) a" can , 

1> = 0, I 

(43) 

where the a,,'s are th e expansion coeffi cie nts (15). 

(b) Normalization/actors on (-00,00). 

Each of the normalization factors on (-00,00) can be derived in terms of the corresponding 
normalization factor Aan (c) on (-1 , 1) by making use of the double orthogonality property already 
established. The orthogonality integral (35) can be written 

t "'oo l/Ian(C, 'Y/)l/Jap(C, 'Y/) II-'Y/2Iad'Y/ 

=JI [_I_J '" e ic1) I II-'Y/2I al/lan(c, 'Y/)d'Y/] (l - t 2)"'l/Iap(C , t)dt, 
- I vap(c) -00 

(44) 

by re placing l/IaJl(c, 'Y/) by its integral representation (2) and inte rc hangin g the order of integration. 
From the orthogonality prope rty (35) on (- 00, 00) it is clear that thi s mu st be zero for all p 0/= n. 
And from the othe r orthogonality property (32) on (-1, 1) it follows that the brack eted expression 
in (44) mus t be orthogonal to e very l/Iap (C, t) except I/Ic",(c, t). The n, from complete ness on (-1,1), 
it is co ncluded th at th e bracketed express ion for p = n mu st be proportional to (/lall(C, t) everyw here 
on (- 1, 1): 

-1 < t < 1, (45) 

where 'Yan (c) is the proportionality constant.3 Thus the orthogonality relation on (- 00, 00) is 

(46) 

that is, eac h normalization factor on (- 00, 00) is proportional to the corresponding normalization 
factor on (- 1, 1) , the proportionality fac tor being the real positive numbe r 'Y"" (c) de fin ed by (45). 

The new numbers 'Yan (c) re presenting the ratio of the two normaliza tion factors are c harac
teristic of the fun ctions I/Ian (c, 'Y/), much like the eigenvalues ban (c) and V a " (c) , e·ven though their 
defining equation (45) is not an integral equation in any ordinary sense. However they are by far 
the most difficult of the three to evaluate numerically for arbitrary a > - 1. In a few special cases, 
notably a = - t, 0, t, and 1, it becomes practical to evaluate them by evaluating the normalization 
integral (46). Such a method was actually used to obtain the first published values for the case of 
the prolate spheroidal wave functions of order zero [12, p. 59] (they were not recognized there as 
being a new kind of characteristic numbers because for a = 0 they are not, being related simply 
to the eigenvalues of integral equation (2» and the Mathieu functions [6 (60,61)]. But for arbitrary 
a the only practical me thod to evaluate the m appears to be from their definition (45), 

- I < t < l, (47) 

3 An early draft of the present pa pe r was communica ted privately 10 J. Me ixner, who became suffi cie ntly concerned about the lack of conve rgence of the integral 

in (45) for a ~ 1 that he looked into the poss ibilit y of an a lte rnative derivation. From some unpubli s hed not es that he kindly sent me aft e r thi s pape r was s ubmitted 

for publicat ion it appears that he has succeeded in deriving the relat ionship (45) by an enti rely different approach. He has given the integral from - 00 to- l and 

from 1 to 00 a meaning by assuming thai l has it negat ive or positive im aginary part , res pective ly, and then approaching the fimil of re al I" thereby avoidi ng the difficult 

problem of proving summabilit y. 

195 



at some convenient value of t in the interval (- 1, 1). In particular, at t = 0 this reduces to 

2 f" ('l'J2 - 1) at/la, 21"( C, 'l'J)d'l'J 

ya ",.(c) - 1 = ( ) ( ) ,- Va, 2r C t/la,2 1" C, 0 (48) 

for even n = 2,.. For odd n = 2,. + 1 the ratio (47) becomes indeterminate at t = 0 because 
t/la,2 1" + 1 (c , 'l'J) is an odd function of'l'J. It can be made determinate by applying L'Hospital's rule 
at t = 0, 

i2c fX 'l'J('l'J2 _l) a t/la, 2r+ I(C , 'l'J)d'l'J 
Ya ,2r+ 1 (C) - 1 = ---"--''----- ------ 

Va,2 1" + 1 (C)t/l~,2r+ 1 (C, 0) 
(49) 

for n = 2,. + 1. The problem of evaluating Ya l/( C) thus reduces to evaluation ofthe integrals in (48) 
and (49). 

The above method for determining Yan(C) was introduced originally by the author [6(42)] for 
the special case of the spheroidal wave fun ctions of integral order a = m. It has been confirmed 
and generalized recently in an elegant and quite different way by Meixne r [14], who showed 
that for integral a = m an expression equivalent to (45) holds for the most general solutions of 
the differential equation (1) for arbitrary complex values of c, of b, and of the characteristic exponent 
v in place of the integer n. 

The integral in (48) does not converge at infinity for a;3 1, nor does the one in (49) for a ;3 0, 
but they both appear to be Cesaro summable (C, m + 1) for all - 1 < a ~ m because of the 
sinusoidal asymptotic behavior (9) of t/lan(C , 'l'J) . They can be evaluated by expanding t/lan(C, 'l'J) in 
Bessel functions by (14) and integrating term by term, 

(50) 

2 ylh x 

Y a, 21"+ 1 (c) -:-1 = I 2 () ./, I (0) I L a2/J +1 (cia, 2,. + 1)Ka, 2p(C), 
JJ a , 2r+ l C \f' a, 2r+ 1 C, p= o 

(51) 

where the integrals l ad c ) and K,A'( C) are defined by 

I ( ) = I X ( 2 _ l) aJ k+a+! (C1/) d 
ak C 'l'J () a+t 'l'J , 

1 C'l'J 
(52) 

K .( ) = I X ( 2 _ l) a J k+2+a-t (C'l'J) d 
a A C 'l'J ( ) _ ! 'l'J. 

1 ' C'l'J a 
(53) 

For k = 0 the integral l ao(c) in the range - 1 < a < 0 can be evaluated by re placing the Bessel 
function in (52) by its representation [11, p. 48(2)] as an integral on (0, 1) and interchanging the 
order of integration, 

(54) 

The inner integral on (1, (0) is an integral representation for the Neumann function [11, p. 170(4)], 
hence 
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I ( ) = - (1 (1 _ 2)" Y -(aH) (et ) dt = ___ 1_ [ Sin car (I (1 _ t2) a J -("Hl ( et ) dt 
aO e Jo · t (e l )"H cos cm Jo (et) aH 

+ (1 (1 - t2 ) " J ,,+1 (et) dt] 
Jo (et) "H ' 

(55) 

the la tter expression co min g from the de finiti on of the Ne uma nn fun ction [11, p. 64(1)]. Expanding 
the Bessel functions in powe r series a bout the origin and integrating term by te rm gives 

I () = f(O'+ 1) ~ (- l)I + I[ sin Q'1rf(l-a) (~ ) - 2" - ~ . r( l + t) ](~) 2 l (56) 
aO e 2aH: cOSa-Tr6 I! l!f(/ -O'+t) 2 f2( l + O' +i) 2 . 

The integrals l al..( e ) and Kade) for all k can now be obtained from I"o(e) by recursion in k. By 
use of the recursion relationships among Bessel functions [11, p. 45(1,2)] the following recursion 
relati onships among l ad e ) and K"..{e) can be established , valid for all a >-1: 

(57) 

Ka,k- 2(C) - Kak( e) = (2a+ 1) l ade ) + 2cl~". ( e ) , (58) 

(59) 

(k + 20' + 3)la,k+2(e ) + cl~, k + ~ (e) = klad e) - cl~/" (c ). (60) 

the las t relation (60) is a differe ntial equation for l a,k+2 (e) in term s of l ad e ) . Its solution is 

2k+2O'+3 f e t k'+ 2a + 21 d t ) dt - Ide) . e k+2a +3 0 a a (61) 

Repeated appli cation of (61) to l ao( e ) in (56) sugges ts the appropriate form of the power series 
expansion for l a,2p (e ) , whic h is then easily shown by induction to hold for all nonnegative integers p . 

Its jth derivative, obtained by differentiating term by term with res pect to e , is 

I (j) (e)= f(a+1) '" (-1) l+ I[ sinanf(l-O')(- l+a+!)p (2l-2O' -j)j (~ ) - 2a - 1 
a,2p 2 j+aH cos an 2: l! (l+p) !f(l-O' +t) 2 

l = O 

+ f(l+ t ) (-l) p(2l + 1-j)j ] (~ ) 21 - j (62 ) 
f(l+a+i)f(l+a+i+p) 2 ' 

where (z)p=z(z+1)(z+2) ... (z+p-1), (z)o=l, is Pochhammer's symbol. l a, 2P(e) and 
K a, 2p (c ) for - 1 < a < 0 can thus be computed by (62) and (59), respectively. 

To obtain l a,2P( e ) and K a,2P(e) for orders beyond the region of integrability -1 < 0' < 0 of 
(55) the following recursion relations are valid for all a > 0, 

( k 1) 1 1 I 

l ad e ) = e2 - 2k+ 20' + 1 l a- l , ,,·(e ) - 2k+ 20'+ 1 l a- l,k+2(e) -~ la - l ,de), (63) 

_ k(k+2) 2k+1 I /I 

Kad e ) - 2 I" - I,k( e ) -la- I,I.-+2 (e )---l a_ 1 I, (e) +Ia- I k(e), 
e e" (64) 

the first being obtaine d from th e definiti on (52) and the Bessel function recursion relations and the 
second from (59). It has bee n found by direct subs titution that the series (62) satis fi es the recursion 
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relation (63). From this it is concluded that (62) is valid for all a > -1, even though the integral (55) 
from which it was derived contains a nonintegrable singularity at t = 0 for all nonintegral values 
of a greater than zero. As an indication of the rapidity of convergence of (62) and of (50) and (51), 
and hence of the practicality of the formulas developed here, the series (62) always was found to 
converge to 16 significant figures in less than 23 terms for the computations shown later, and the 
series (50) and (51) to converge to 16 figures in less than 19 terms. 

The series (62) becomes indeterminate when a is an integer or a half·integer. The indetermi· 
nancy at any of the integers a = m can be resolved by taking the limit as a approaches m. For 
a=O, for example, the limiting value loo(e) is 

loo(e) =1 G._ ~! (-1)1 
e Y"2 Y;l=O (2l+1)(2l+1)!' 

(65) 

in agreement with the power series expansion of 

obtained by direct evaluation of the integral (52). At a = - t the indeterminancy again can be 
resolved by taking the limit, obtaining 

(66) 

III terms of the Digamma function I/J(z), which is identical to the power series expansion [11, 
p. 150 (1)] of 

obtained by direct evaluation of the integral (52). But in the special cases of integral and half· 
integral orders, and these cases only, there are more direct means available for evaluating Ya,,(e) 
than by the series (50) and (51). For all integral orders the numbers Yan(e) are found to be express· 
ible quite simply in terms of the spheroidal eigenvalues ban (e) of the differential equation and 
VanCe) of the integral equation [6(23)]. For the half-integral orders a=±t the numbers Yan(e) 
have been found [6(31)] in terms of Blanch's joining factors Ie. n(e 2) and 10,,,+1 (e 2 ) to be simply 

{ 1+l e ,n(e2 ), 

Y a ll (e) = 1 + I' ( 2) 
)0 , n + 1 C ., 

a = -t 
a=+t. (67) 

From Blanch's expansion of l e, n (e 2 ) and 10, n + 1 (e2 ) in terms of Bessel functions it can be shown 
that (67) is identical to that obtained from (50) and (51). The integrals I ak (e) and Kak (e) can be 
expressed in closed form for half-integral values of a, starting from I - t, 2p(e) [15(6.552.6)] 

from which K _! ,2P(e) is obtained by recursion relation (59), 
2 
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and from which l !. 2p (c) and K t. 2p (c) are obtained by recursion relations (63) and (59), 
respectively, 

I t , 2P(C) =4(2p7T+ 1) [.Jp(~)YJJG) + .J1J+ <~) YIJ+ I(~) 

7. An Extremal Property 

An important property of the prolate spheroidal wave functions of order zero was established 
by Landau and Pollak [16, Th. 1], namely, that the first N + 1 of them are the N + 1 linearly inde· 
pendent function s of the form Fo(cry) that are most concentrated in the interval (-1, 1). By the 
term "concentration" of a function of the form F a (cry ) defined by (37) will be meant the value 
of the ratio Ra (c) , 

(72) 

It will now be shown, by quite a different and much more simple argument, that for any order 
ex > - 1 the first N + 1 of the spheroidal functions "'an (c, 'Y]) are the N + 1 linearly independent 
functions of the form Fa (c'Y] ) that are mos t concentrated in the inte rval (-1, ]). 

After expanding F a(C'Y]) in spheroidal functions as in (41) and making use of the two orthog· 
onality relations (42) and (46) the concentration ratio (72) becomes 

" L bllb~Aan 
R a = _ "..::11::.:= 0'--__ _ (73) 

L b"b~ya"A(](" 
n=O 

It is determined entirely by the expansion coefficients b" of the function Fa (cry) . Hence a neces· 
sary condition for it to attain its largest value is that it be an extremum with respect to the real 
and the imaginary parts of each and everyone of the b,,'s; i.e., since bn and b,t are linearly related 
to the real and imaginary parts of b", 

p=o , 1, 2,3, .... (74) 

Rewriting (73) in the form 

" L bnb~( RaYa1l- 1)A(](,,= O, (75) 
1/. = 0 

the n differentiating through with respect to b" or b,f and imposing condition (74), 

p=o, 1,2,3, .... (76) 
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The normalization factors Aa,,(c) are never zero , hence either 

(77) 
or 

Rayap-l = o. (78) 

The second condition (78) can be tru e for at most only one value of p , in which case condition (74) 
for all other values of p requires that (77) be true. It is clear , then, that an extremum of R a(c) can 
occur when, and only when , Fcr(cTJ) is proportional to one of the spheroidal functions t/lcrn(C, 11)' 

The value of Ra(c) at each of these extrema is , from (78), 

1 
Raext(c) = --( - )' yan C 

n = 0, 1,2,3, (79) 

The largest possible value of Ra(c) is that for which ycrn(C) is least, which is YaO(C). Hence the 
spheroidal function for n = 0 is the single most concentrated function of the form Fa (CTJ). 

By the term "linear independence" of a set offunctions is meant that they are mutually orthog
onal. Thus to find the second most concentrated function of the form F a (CTJ) that is linearly 
inde pendent of t/lao(c, TJ) on (- 00 , (0) means to find the most concentrated function of the form 
Fa (CTJ) that is orthogonal to t/lao (c, TJ) on (- 00,(0). From the orthogonality of the functions t/lan (c, TJ) 
on (- 00, (0 ) and from their completeness with respect to functions of the form F,, (cTJ) it follows 
that all functions of the form Fa(cTJ) that are linearly indepe nde nt oft/lao(c, TJ) can be expanded in 
the set of t/l"n (c , TJ) fun ction s that re main after t/lao (c, TJ) has been removed; i. e ., after setting bo = 0 
in (41). Re peating the maximization process above leads again to conditions (77) and (78) but 
res tri cted now to p = 1, 2 , 3 . . . . The larges t possible value for R a( c) is again that for which 
y all( C) is least , which now is YaJ( C). Hence the spheroidal functions for n = O and 1 are the most 
concentrated pair of linearly independent functions of the form F a(cTJ). By this process of sys
tematically depleting the set of functions t/l ,," (c, TJ) it is concluded that the first N + 1 of them are 
indeed the N + 1 linearly independent functions of the form Fa (CTJ) that are most concentrated 
in the interval ( - 1, 1). 

8. Spheroidal Identities 

All of the identities to be derived here will be obtained from the integral equation (2) and the 
following property of com pleteness of the functions ljian (c , TJ) on (- 1, 1): 

(80) 

for - 1 < t < 1 and - 1 < t' < 1, obtained by expanding the delta function o(t - t') in the ortho
normal fun ctions t/lcrn( C, t') /VA"n(c) with expansion coefficients (1- t2)at/lmz(c, t) /v'A<X1z (c), 
Although s uch an expansion is open to question on grounds that the delta function is not square
integrable it does appear to be valid as the limiting case of some square-integrable function that 
approaches the delta function. 

The principal identity from which the others will be derived is obtained by multiplying the 
integral equation (2) for argument TJ by its complex conjugate for some other argument y, then 
dividing by the normalization factor Aan{c) , and finally summing over all n, 

~ IVan( c )12 ( ) ( ) 
L.J A . ( ) t/lcm C, TJ t/lan C, Y 

n = O cnl C 

= f~, f~ J e ic(l)t - ut') (l - t' 2)a [ (l - t2)a ~ t/lan (c, t) t/l<XIZ (c, t')] dtdt'. (81) 
n ~ O Aan(c) 
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I 

The bracketed expression is oCt - t'), by (80), which reduces the right hand side to an integral 
representation of a Bessel function [11, p. 48(4)1. Hence one obtains the ide ntity 

~ [v",,(e)[2 ( ) ( . ) _ 2 "+< f( ] )[(1-) J a+! (e[1)-y]) 
L. A ( .) tJ;a" e , 1) ~Ja" C, y - - a + . 2 ([ _ ]) .1. 
,, =0 a" C e 1) y "+2 

(82) 

for - 00 < 1) < 00 , - 00 < Y < 00. 

An important special case of (82) occurs when y= 1), giving 

~ [Va" ( c) [2 tJ;2 ( ) = [( a + 1) f (!-) 
//=0 Aa,, (e) all e,1) [(a+!) (83) 

for - 00 < 1) < 00. At 1) = 0 the product V an (C) tJ;an (e, 0) for odd n is zero and for even n is propor
tional to ao, by (23), hence 

~ a~(e[a, 2r) 
L. (!-f(2a + 2). 
1"= 0 A" , 21" e) 

(84) 

This ide ntity provides a means for an overall numerical check on computed values of the normaliza
tion factors Aan(e) alone for even n. To obtain the corresponding identity for odd n construct a 
new ide ntity like (83), 

~ [Van(e) [2 tli' 2 ( ) = 2 r(a+ 1) rm 
L. A ( .) a" e , 1) e 1' ( + !!) 

11 = 0 a" C a 2 
(85) 

for - 00 < 1) < 00. At 1) = 0 thi s reduces, by (24), to 

'" aneta, 2,. + 1) 2: (a+ ! )f(2a + 2), 
1"= 0 A a ,2r+ l( e) 

(86) 

which provides a means for checking numerical values of the Au" (c) 's alone for odd n. 
An identity for the eigenvalues va,,(e) alone can be obtained by multiplying (83) by (1-1)2) " 

and integrating over ( - 1, ] ) , 

~ [ ()[2 = (f(a+1)f(t))2. 
L. V a" e r( +;i) 
,, = 0 . a 2 

(87) 

An identity for checking the new numbers yan(c) for even n can be obtained from (82) by 
letting y = 0, multiplying by (1)2 - 1) a, and integrating over (1, 00), 

where {ao(e) is as defined by (52). For odd n differentiate (82) before letting y= 0 and then multiply 
by 1) (1)2 -1) a and integrate over (1 , 00) , 

(89) 
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Another identity can be constructed by multiplying integral equation (2) by t/Jan(C, y)/V Aan(c) 

and summing, 

~ ~,', ( ),/, ( ) - iCT/Y 
,~o A all{c) 'l' an C, YJ 'l'an C, y - e , (90) 

for - 00 < YJ < 00 , -1 < Y < 1. For y = 0 this becomes, from (23) and (24), 

~ (-l)r ao(c la, 2r) ,I, . ( )= 2ar(a+i) 
LJ A .,. (c) 'l' lX , 2r C, YJ f(l) , 

1"= 0 0, _, 2 
(91) 

~ (_1)ral(c1a , 2r + 1)", ( ) = 2lX +1f(a+!) 
LJ A () 'l' a,2r+l C, YJ f( -21) YJ, 
r= O a, 2r+ l C 

(92) 

for - 00 < YJ < 00. 

In the limiting case where C ~ 0 and "'I is such that CYJ = ~, 

(93) 

n! 
A an( c ) ~ (n+a+!)f(n + 2a + 1) a;" (94) 

\12; J ,, +u+t (~) 
Iv",,(c) It/J an( c, "'I) ~ 27T an ~"H . (95) 

Then (82) for c~ 0 with CYJ = ~ and cy =z reduces to 

2,,+t r( a + 1) f m } "H (~ - z) 
27T (~_z)a+t ' (96) 

whic h is one of Gegenbauer ' s addition theorems [11 , p. 363(2)], and (90) for c~ 0 with CYJ = ~ 
reduces to 

(97) 

which is another [11, p. 368(2)]. 

9. A Special Case 

For the special case in which c= Q2Tr , a = l , and n = Q-1, with q= l , 2,3, .. . , an exact 

closed-form representation can be obtained for the spheroidal function and each of its associated 
numbers. Its importance lies in the fact that it provides an independent means for an exact numeri
cal check. 

The spheroidal function sought can be obtained from the differential equation (1) and the 
condition of finiteness at "'I = ± 1 by letting 

(98) 

202 



which leads to 

When a = 1 thi s reduces to 

f For c= q; and assuming for the mome nt that 

(100) becomes, for n=q-l, 

whose solu60n is 

he nce 

(q7r) (q7r)2 
bl , q - I 2 = 2 -2, 

(q7r) cos q7r 
UI , q - I 2,1] = k" sin 2 1], 

odd 
q 

even 

(99) 

(100) 

(101) 

(102) 

(103) 

(104) 

where kq is a norm alizing co nsta nt. Expression (104) sati sfies the differential equation (1) and is 
finite at 1]= ± 1, so it is clearly a spheroidal function. Furthermore it has exactly q-l zeros in the 
interval (-1, 1), so the index of the s pheroidal function must be q -1. Thus the validity of (101) 
is es tablishe d. The s pheroidal fun ction (104) and its eige nvalue (101 ) were obtained earli er by 
Flamme r [17] . 

The sph eroidal fun ction (104) sati s fie s also the integral equati on (2), whi ch can be verified 
by direct calculation of the integral, 

cos q7r 
-1] 

sin 2 
1-1]2 

This is the integral equation in question, from which it is evident that its eigenvalue is 

V (q7r) = iq - I~. 
I , q - I 2 q7r 

(105) 

(106) 

The normaliza tion factor on (- 1, 1) in te rms of the cons tan t k" is found by direc t calcu lation 
of the integral (42) to be 

(107) 
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And by direct calculation of the integral (46) one finds 

YI , Q- I (q;) = 2. (108) 

The above results provide an interesting indication of the way in which the integral in the 
definition (45) of Yan (e) can behave outside of the open interval- 1 < t < 1. For q odd, for example, 
the left-hand side of (45) can be evaluated in closed form, 

q71" 
cos 2 t Q- I 

= 2 I-t 2 -(-1)-2 ¥[8(t-l) + 8(t+l)], (109) 

which agrees exactly with the right-hand side of (45) within the open interval - 1 < t < 1. It does 
not agree at the endpoints t = ± 1, however , as evidenced by the delta function singularities that 
appear there. 

10. Numerical Results 

The formulas developed above have been used to compute and check the spheroidal functions 
and their associated numbers for values of e up to 571". Representative nll merical results for e = 6 
are shown below, all of which were computed on the Triangle Universities IBM 360/75 computer 
by Guy A. Myers at the North' Carolina State University. 

The first nine of the spheroidal functions t/Jall(e , 1) are shown in fi gure 1 for a=-t, 0, t, 1,2 , 
and 3. They were normalized on the interval (-00, (0) by choosing Aal/(e) to be 1/Yall(e). The 
corresponding fun ctions for a=O with e= 0.5, 1,2, and 4 were shown earlier by Slepian and 
Pollak [12]. The characteristi c numbers ball( e) , vall(e) , and yall(e) as a func tion of a are shown 
in fi gures 2,3, and 4, respectively. 

N umerical results for a few representative cases are shown in tables 1 and 2. Table 1 shows 
computed values of ball(e) , IVall(e) I, and I/Iall(e, 0) for even n and t/J~II (e, 0) for odd n , for a=-t, 

0, and + t at e = 6, n = O to 13. Table 2 shows computed values for the reciprocal of y all(e) for 
a= -t, -t, --1-,0 , t, t, t, 1, and to at e = 6, n = 0 to 13. The reciprocal of YO'Il (c), rather than Yan(e) 
itself, is shown in order to illustrate the relative concentration (79) of the functions. 
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FIGURE 1. The spheroidal/unctions/or c:x=-lj2, 0, 1/2, 1, 2,3, c = 6, n = 0 to 8, with Aa,,(c) = l /Ya " (c). 

205 



7 

~======~~~ ________ --3 

-----------------+-------------------2 

__ ~I -====================================-==~,n~O a 
-I I 

FIGURE 2. The eigenvalues ban(c) of the differential equation (1) for - O. 92 ~ a '" 1, c = 6. 
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FIGURE 3. The eigenvalues vnn(C) of the integral equation (2) for - 0.92 '" a'" 1, c = 6 . 
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FIGURE 4. The new numbers Yan(c) defined by (45) for - 0.92 '" a '" 1, c = 6. 
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TABLE 1 

I n b.,, (c) III." (C) I t/J.,,(C, O) 
~ 1J~,,(c, 0) 
I 

a=- 1/2, c= 6 

0 0. 5737585781 + 01 0.1074447786 + 01 0.1155255760 + 01 
1 .1661 329843 + 02 .1212324184 + 01 .3686243582 + 01 
2 .2598284316 + 02 .1469587054 + 01 -.6927129388+00 
3 .3290367966 + 02 .1770806514+01 - .2666895609+01 
4 .3816092638 + 02 .1311549557 + 01 .3176164384+00 
5 .4509186607 + 02 .4656092304 + 00 .1273298762 + 01 
6 .5521934384 + 02 .1117504031 +00 -.6410649522 - 01 
7 .6785668990 + 02 .2310300898 - 01 -.1308328538 + 00 
8 .8264753135+ 02 .4243576673 - 02 .3284620306 - 02 
9 .9950842599+ 02 .6981239327 - 03 .5920679880 - 02 

10 .1184102166 + 03 .1037825612 - 03 - .9512187852 - 04 
11 .1393381242 + 03 .1405973769-04 - .1623325826 - 03 
12 .1622835823 + 03 .1 74·876 1994- 05 .1808459022 - 05 
13 .1872412953 + 03 .2010009631 - 06 .2990162450 - 05 

a= O, c= 6 

0 0.5208269159 + 01 0.1023276503 + 01 0.1153430212 + 01 
1 .1600044275 + 02 .1021309607 + 01 .3662488818 + 01 
2 .2535647864 + 02 .9922435547 + 00 -.7045705538 + 00 
3 .3320419949 + 02 .8229938914 + 00 - .2977793219 + 01 
4 .4072019426 + 02 .4659781026 + 00 .2864309440 + 00 
5 .4977371212 + 02 .1693510360 + 00 .7958373899 + 00 
6 .6118075689 + 02 .4524678973 - 01 - .3152431639 - 01 
7 .7485286652+ 02 .9966212672 - 02 -.6222320400 - 01 
8 .9065115936 + 02 .1897100693 - 02 .1388242306 - 02 
9 .1085154453 + 03 .3192404741 - 03 .2472548565 - 02 

10 .1284188799 + 03 .4820488557 - 04 -.3606307265 - 04 
11 .1503474434+ 03 .6605196410 - 05 - .6113574747 - 04 
12 .1742930029 + 03 .8286721621 - 06 .6275570287 - 06 
13 .2002505133 + 03 .9588946460 - 07 .1033409530 - 05 

a=+3/4, c= 6 

0 0.4524868470 + 01 0.9514693801 + 00 0.1157683567 + 01 
1 .1554416968 + 02 .7960998515 + 00 .3741186029 + 01 
2 .2556039130+02 .6000021716 + 00 -.7319049126 + 00 
3 .3502025958 + 02 .3687113331 +00 -.2915597899 + 01 
4 .4493678220 + 02 .1690739803 +00 .1800330864 + 00 
5 .5631678092 + 02 .5762489345 - 01 .3736554493 + 00 
6 .6963816767 + 02 .1546055800 - 01 - .1125847285 - 01 
7 .8500027646 + 02 .3450023959 - 02 - .2071854851 - 01 
8 .1024006606 + 03 .6633536963 - 03 .3879838010- 03 
9 .1218275965 + 03 .1124131264 -03 .6700408720 - 03 

10 .1432726639 + 03 .1705749626 -04 -.8491880927 - 05 
11 .1667303958 + 03 .2345366168 - 05 - .1414240391- 04 
12 .1921972059 + 03 .2949700757 - 06 .1289490027 - 06 
13 .2196706817 + 03 .3419275479 - 07 .2099163320 - 06 
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TABLE 2 

Reciprocal of 'Ya,,( c ) for c=6 

n a =- 3/4 a=-1/2 a= - 1/4 

0 0.9998903116 + 00 0.9998968961 + 00 0.9999006633 + 00 
1 .9953591572 + 00 .9957735784 + 00 .9959984111 + 00 
2 .9251077487 +00 .9361280337 + 00 .9403541758+00 
3 .6617807432 + 00 .6867880908 + 00 .6773573623 + 00 
4 .4329978267 + 00 .3559391049 + ()() .2783892137 + 00 
5 .1631458857 + 00 .8787799051 - 01 .4890053549 - 01 
6 .1812019930 - 01 .8375304321-02 .4009596286-02 
7 .1085823478 - 02 .4742740153 -03 .2109141235-03 
8 .4704479809 - 04 .1948721509 -04 .8155744837 -05 
9 .1566525909 - 05 .6167222470-06 .2444286528 - 06 

10 .4138876101-07 .1554061438 - 07 .5862729444 - 08 
11 .8891403564 - 09 .3195449002 - 09 .1152410426-09 
12 .1584025115 -10 .5466463632 - 11 .1891529381-11 
13 .2378498905 -12 .7904581458 -13 .2632527573 -13 

n a=O a = + 1/4 a = + 1/2 

0 0.9999018826+00 0.9999006439 + ()() 0.9998968665 + 00 
1 .9960616432 +00 .9959753979 + 00 .9957367356+00 
2 .9401733901+00 .9363969465 + 00 .9290353072 + 00 
3 .6467919491 + 00 .5993323516 + 00 .5374082010 + 00 
4 .2073492168 + 00 .1474458621 + 00 .1005292486 + 00 
5 .2738716624 - 01 .1530259540 - 01 .8498117614 - 02 
6 .1955000733 - 02 .9617772918 - 03 .4747110329-03 
7 .9484876556 - 04 .4292801980 - 04 .1948802000 - 04 
8 .3436783286 - 05 .1454316917-05 .6167231119-06 
9 .9732115988 - 07 .3886092897 - 07 .1554061496 - 07 

10 .2218980545 - 08 .8416064934 - 09 .3195449004 - 09 
11 .4166226283 - 10 .1508525403 -10 .5466463632 - 11 
12 .6557478591-12 .2276034041 - 12 .7904581458-13 
13 .8780377122 -14 .2931302844 -14 .9790506399 - 15 

n a=+3/4 a = +1 a=+5/4 

0 0.9998902878 + 00 0 .9998804332 + 00 0.9998665602+00 
1 .9953272353 + 00 .9947106203 + 00 .9938277694 + 00 
2 .9175535778 + 00 .9009322432 + 00 .8776555430 + 00 
3 .4640663909 + 00 .3839718982 + 00 .3032540474+00 
4 .6605749034 - 01 .4205022091- 01 .2605099768-01 
5 .4681647613 - 02 .2555876781 - 02 .1381915965 - 02 
6 .2342324766-03 .1152638318 - 03 .5647610537 - 04 
7 .8852297954 - 05 .4016362284 - 05 .1817713005 - 05 
8 .2616675768 - 06 .1109412441 - 06 .4695584821-07 
9 .6217024284 - 08 .2485740919-08 .9925660313-09 

10 .1213549245 - 09 .4606583810 - 10 .1746778699-10 
11 .1981169523 - 11 .7177204946 -12 .2597757239 -12 
12 .2745434078-13 .9531862327 -14 .3306789087 -14 
13 .3270100000 - 15 .1091853480 -15 .3643090846 - 16 
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