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The fun c tion g(n, m , h, k) , which enumerates the number of partitions of n into exactly k s um· 
mands each less than or equal to m and in which the number of different summands is exactly h, is 
here tabu lated and studied. 
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1. Introduction 

The problem is to find the number g( n, m , h, k) of partitions of n, into exactly k s ummands 
each ~ m, justh (and any h) of the natural numbe rs ~ m being used as summands, in any partition. 
Evidently, we must have h ~ k and also h ~ m . 

EXAMPLE: Let n = lO , m =3, h = 2, and k =4. The n, there are jus t two acceptable partitions , 
VIZ., 

1,3,3,3 and 2,2,3,3. 

For n = 11, there is only one acce ptable partition: 2,3,3,3. For n ~ 4 or n ~ 12, the re is no partition 
of the des ired type. 

In what follow s, we shall denote by g*( n , m , h , k) , Ihe number of those g-type partitions of 
n in whic h the greatest summand used is m, and by G(n, m , h, k) th e number of those in whi ch 
the number of s ummands is at most k ( ~ h). Thu s 

g*( n , m , h , k) =g(n, m, h, k)-g(n, m-l, h , k) ; (1.1) 

and 
k 

G(n, m , h, k) = L g( n, m , h , j). (1.2) 
j = ! 

2. Some Useful Relations 

Let 

* * 
* * 
* * 
* * * 
* * * 
* * * * * 

be the graph of a g-type partttlOn of n . (In the graph, we have n=17, h =3, k=6 and we la ke 
m = 7.) Place crosses in each row so that the total number of s tars and crosses in each row is 
(m + 1). Then the graph takes th e form: 
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**Present address: 402 Mumfordganj , Allahabad-2, India . 

329 
362-120 0 - 69 - 4 



* * * * * * 
* * 

x x x x x x 

* * * * * * * * 
x x x x x x 

* * * * * * * * x x x x x x 

* * * * * * * * x x x x x 

* * * * * * * * x x x x x 

* * * * * * * * x x x 

It will be readily see n that the crosses provide an acceptable partition of k{m+ 1) - n. The cor
respondence being one-one onto, we have: 

g(n, m, h, k) = g(k{m+ 1) - n, m, h, k)_ (2.1) 

(The two partitions may be spoken of as complementary.) 
Again , if m be the largest summand in a g -type partition of n, then in the conjugate partition 

(obtained by interchanging rows and columns in the graph) the largest summand is k and the number 
of summands exactly m. Hence 

g*(n, m, h, k) =g*(n, k, h, m)_ (2.2) 
Similar reasoning gives 

G(n, m, h, k) =G(n , k, h, my. (2.3) 

3. n :e Generating Function for g 

It is not difficult to see that g(n, m, h, k) is the coefficient of X"Zk in 

(3 .1) 

where Cj runs through each of the (~) sets of h distinct natural numbers ~ m. In other words, 

g(n, m, h, k) is the coefficient of X"Z/'th in 

(3.2) 

i.e., in 

111 l+xiz(t-1) IT 1- xiz l(t) II(O) , 
t = 1 

(3.3) 

where 

with 

[ m]=O-xm)O-xm- I)(I-x11l - 2) ... (l-xm - i + l ) i(; + I) / 2 

i (l-x)(l-X 2)(l_X3) . .. (l_Xi) X . 
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The coefficient of tit inf(t) is 

Breaking into partial fractions, we have 

m , m 

A,,(x, z) IT (l-xiz) - ' = L BI")(x) / (l-xiz), (3 .5) 
i = 1 i = l 

with 

for i ~ 2; 

and 

B\")(x)=A ,,(x,x - i )/(l-x)(l-X2 ) •. • (l-x m - '). 

The coefficient of Zk - h in (3 .5) is given by 

'" F(x, m, h , k) = L B\h )(X) Xi(f .. - II) . (3.6) 
;= 1 

He nce, g( n , m , h , k) is the coeffici ent of x" in F (x, m , h , k). 
In parti cular, it can be shown that 

He nce, 

g(lO, 3, 2, 4) = coeffi cient of X 'O in F(x , 3 , 2 , 4) = 2. 

It will be seen t hat the coe fficient of zkt in (3.2), is 

He nce, 
(3.7) 

r T F( h k) . l . l " .I" d l k h (h -1) " h " h HEOREM: x, m" ~s a po ynomw £II x OJ egree exact y m - 2 ,£II W ~c 

the coefficients of terms equidistant from the beginning and the end are equal. 

It will be readily seen that 

( h(h-1) 
g(n , m, h , k) = 0 for n < k+ 2 , and also 

h(h - 1) 
for n > mk- . 

2 
Moreover , 

( h(h-l) ) 
g mk- 2 ' m, h, k = 1, 
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b h I . . f k h(h-1). ecause t e on y g-type partitIOn 0 m - 2 IS 

m-1, m-2, m-3, .. .. , m-(h-1), m, m, . .. , m. 

The rest of the theorem, follows immediately from (2 .1 ). 

4. Reduction Formulas 

We observe that g(n, m, h, k) is also the number of solutions of the equation: 

such that 

XI +X2+ . .. +x,,=k, 

a's and x's being positive integers. 
Since (4 .1 ) can be written in the form: 

we have for h > 1, 

k - l [(n - l) /k) 

g(n, m, h, k) = 2: 2: g (n - ka" m - a I, h - 1, k - X I) , 
Ul = 1 x, = l 

, [(n - l)/k) 

~1 G(n-kj, m-j, h-1, k-l). 

This provides a reduction formula for g(n, m, h, k). 
From (4.2), we readily obtain: 

g(n, m, h, k)=G(n-k, m-1, h-1, k-l)+g(n-k, m-l, h, k), 

which gives 

G(n-k , m-1, h-1, k-1)=g(n, m, h , k)-g(n-k, m-1, h , k). 

Since 

(4.1) 

(4.2) 

(4.2' ) 

G(n-k, m-1, h-1, k-l)=g(n-k, m-1, h-1, k-l)+G(n-k, m-1, h-1, k-2), 

we get 

g(n, m, h, k)=g(n-k, m-1, h, k)+g(n-k, m-1, h-1, k-1) 

+g(n-1, m, h, k-l)-g(n-k, m-1, h, k-1). (4.3) 

For h = 1, we have 

g(n, m, 1, k) = 1, when kin and n ~ km; 

= 0, otherwise. (4.4) 
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As an alte rnative proof of (4.2'), we offer the following: 
The number of g -type partitions of n in which 1 appears as a summand is give n by 

G(n -k, m-I, h-I , k-1), because reducing each summand by 1, we get a partition of (n-k) 
into at mos t (k-I) parts with each summand";;; (m-1) and using (h-I) dis tin c t natu'raJ numbe rs 
,,;;; (m-I) as s ummands. Th e numbe r of partitions in which 1 does not appear a a s ummand 
is give n by g( n - k, m-I , h, k) . For, diminishing each summand by 1, as before, we are thi s time 
left with a partition of (n - k) into exactly k summands each,,;;; (m -1) and utilizing jus t h natural 
numbers";;; (m - I) as s ummands. 

Hence the r esult. 
As an illu s tration of the use of (4.2), we evaluate g(l6, 6, 3, 5) at some length. We have 

g (l6, 6, 3, 5) =G(ll, 5, 2, 4) +G(6, 4, 2, 4) +G(I, 3, 2, 4). 

Now, 

G(lI, 5, 2, 4) = g(lI, 5, 2, 4) +G(ll, 5, 2, 3); 

g (ll, 5, 2, 4) = G(7 , 4, 1,3) +G(3, 3, 1,3), 

=0+g(3, 3, 1,1) +g(3 , 3,1,2) +g(3, 3,1,3), 

= 0+ 1 +0+ 1 = 2. 

G(lI, 5, 2, 3) =g(ll, 5, 2, 1) + g( ll , 5, 2, 2) +g(ll, 5, 2, 3), 

= 0 + 0+G(8 , 4 , 1, 2) +G(5, 3,1,2) +G(2, 2,1,2); 

G(8, 4 , 1, 2) =g(8, 4,1, I)+ g (8, 4 , 1, 2)=0+1=1; 

G(5 , 3,1, 2) =g(5, 3, 1, I)+g(5, 3, 1, 2) = 0+0 = 0; 

G(2, 2,1 , 2) =g(2 , 2, 1, I)+g(2, 2, 1, 2)=1+1=2. 

Again, 

G(6, 4, 2,4) =g(6, 4, 2, 1) +g(6, 4, 2, 2) +g(6, 4,2,3) + g(6 , 4 , 2, 4) 

=0+G(4, 3,1,1) +G(2, 2,1,1) +G(3, 3,1, 2)+G(2, 3,1,3), 

G(4 , 3, 1,1) =g(4, 3,1,1) =0, 

G(2 , 2, 1, 1) =g(2, 2, 1, 1) = 1, 

G(3, 3,1, 2)=g(3, 3,1, I)+g(3, 3,1,2)=1+0=1, 

G(2, 3,1,3) =g(2, 3,1,1) +g(2, 3,1,2) +g(2, 3,1,3) 

=1+1+0=2. 

Finally, 

GO, 3, 2, 4) =0. 

Hence 

g( 16, 6, 3, 5) =9. 

Tracing bac kward , each one of the nine paths of reduction , thi s me thod e nables us to write 
down the corres pondin g partitions a s well. 
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Thus, one path of reduction is: 

g(2, 2,1, 1) ~ g(ll, 5, 2, 3) ~ g(16, 6, 3, 5). 

This gives in (4.1), 

which leads to the partition: 1, 1,4,4,6 of 16. The other partitions viz., 

1, 1,2,6,6; 1,1,4,5,5; 1,3,3,3, 6; 1,3,4,4,4; 

2, 3, 3, 4, 4; 2, 3, 3, 3, 5; 2 , 2, 3, 3, 6; 2, 2, 2, 4, 6; 

ca n be similarly obtained. 
As another reduction formula , we have the following: 

[(11 - 1)/ 111] 

g(n, m, h, k)=g(n, m-1, h, k)+ L g(n-jm, m-1, h-1, k-j), (4.5) 
j = 1 

because g(n, m-1, h , k) is th e number of those partitions of n in which m does not at all occur 
as a part, while the sigma provides the rest. 

From (4.5), we can easily dedu ce that 

g(n, m , h, k)=g(n, m-1 , h , k)+g(n-m, m-1 , h-1 , k-1)+g(n-m, m, h, k-1) 

-g(n-m, m-1, h, k-1). (4.6) 

Whe n m =F k, (2.2) gives the simpler result: 

g(n, m, h, k) =g(n, m-1, h, k) +g*(n, m , h, k), 

=g(n, m-1, h, k)+g *(n, k, h, m), 

=g(n , m-1 , h, k)+g(n, k, h, m)-g(n, k-1, h, m). (4.7) 

In computing the tables that are appended , we have made use of (4.6). The other formulas 
have served as checks. In view of (2.1), the tables give values of g(n, m, h, k) for 

h(h-l) 
k+ 2 ~ n ~ [k(m+1)/2]; m, h, k ~ 10. 

The plan of the tables is easy to follow. For even values of h, the values of g(n, m, h, k) appear 
in the right·hand triangles and those for odd values of h in the left·hand ones. 

For fixed n, h, k, the values of g( n, m, h, k) are nondecreasing for increasing m. This is what 
could be expected. But, for fixed m, h , k and increasing n, the function g(n, m, h, k) behaves 
quite irregularly. This is rather unus ual. 

A close study of the tables, has led to the 
THEOREM: For any fixed m , hand k, 

'" (m-1) (k-1) ,f;/*(n,m,h,k)= h-1 h-1· 
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W e offer a co mbinatorial proof. 
Le t 

y 

R" k 0 o P" 

0 0 

0 0 

R j 0 0 0 o P j 

0 0 0 o 

R3 3 0 0 0 o 0 P a 

Rz 2 0 0 0 o o o o Pz 

RI 0 0 0 o o o 0 o PI 

1 2 .1 m 
0 X 

Q" Qj Q:I Q2 QI 

be the graph of a g* -partition for so me n. Th e graph dete rmin es uniquely and is uniqu e ly de te r
mined by its co rne r points: PI , P2 , P:l , ••• , P", Th ese, in turn , are uniqu ely de te rmined by 
and uniquely de te rmine, two se ts of h points each viz., Q = {QI, Q2, ... , Q,,}, a nd R = {R" 
R z , _ .. , R,,} ob tai ned fro m th e proj ec ti on of the points PI , P t , ... , p" on the axes of X a nd Y. 
Th e points Q2, Q3, ... , Q" li e s tri c tl y be tween 0 a nd m (=Q I) on th e X axis . Th e point R " 
R2 , • •• , R,, _, lie s tri c tl y be twee n 0 a nd k (= R,, ) on th e Y ax is. Th e total number of ways in whi c h 

th e (h-l) points Q2, Q3, .. . , Q" ca n be placed be twee n 0 a nd In , is (: := ~). S imilarly, the 

(h - 1) po ints R I , Rz , . . . , R,, _, can be loca ted be twee n 0 a nd k on th e Y axis in (~:= ~ ) ways. 

Hence th e total number of g*- partition s mu s t be ( : := D ( ~:= D and the theorem follow s. 

Proceeding on the sam e lin es, one can prove tha t 

x (k-l)(m) 1~1 g( n , m , h , k) = h -1 h ' (4.9) 

and 

~ G(n, m, h, k) = (~) (~) - (4.10) 

Res ult (4.9) can be derived induc tive ly from (4.6). The results (4.9) and (4_10) can both b e derived 
also from the theorem itself. 

? The points of sets Q and R determine uniquely another set of h points T= {T" T 2 , • • _, T,, }; 
wh ere Tj is the point of which Qh - j+ 1 is the proj ection on the X axis and Rj the proj ection on the 
Yaxi s. 

The broken line OT, T2 . .. T" corresponds to an ordered partition of the vector (m, k) 
into exac tly h nondegenerate parts. I He nce the s um in (4.8) can be inte rpre te d as the number 
of such partitions of th e bipartite number (m, k). 

I Gupta, 1-1 .. Graphic Representation of a Partiti on of a j-Parlile Nu mber. Hesearch Bulletin (N.S.), Panjab Uni versity, I O ~ 189-196 (1959). 
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TABLE~ 
h =2 

*** ** ** ** ** ** ** ** ** ** ** *** 
2 3 4 5 6 7 8 9 10 m n k 

3 2 

38 
37 
36 

35 
34 
33 
32 
31 
30 

29 

28 
27 
26 
25 
24 
23 
22 

21 
20 

19 
18 
17 
16 
15 

14 
13 
12 
11 
10 

47 
54 
51 

54 
49 
47 
45 
47 
44 
45 

47 
39 
34 

38 
34 

33 
26 

32 
24 

21 
20 

18 
14 
12 

11 
6 
5 

2 

50 
38 
40 
35 
38 
38 
40 

39 
35 
28 
35 
29 
31 
23 

30 

21 
19 
18 
17 
14 
12 

11 
6 
5 
2 

2 
1 
2 

2 
o 

28 
30 

31 

37 
26 
24 

28 
25 
27 
21 

27 

19 
16 
16 
15 
13 
12 

11 
6 
5 
2 

2 

1 
2 
2 
2 

3 
o 

2 
3 
2 

31 
21 
18 
23 
18 
22 
16 

26 
16 
14 
13 
13 
11 
11 

11 
6 
5 
2 

2 
2 

2 
2 
3 
1 
3 
o 

3 
3 
3 
2 
4 

3 
o 

16 
14 
11 

20 

14 
12 
11 
10 

9 
9 

10 
6 
5 
2 

2 
2 
3 

2 
2 
3 
2 

3 
o 

3 
3 
4 
3 
4 
3 
o 

5 
4 
3 

14 
8 
9 
8 
9 
6 
7 

8 
5 
5 
2 

2 
2 
3 
3 

2 
2 

3 
2 
4 
o 

3 
3 
4 
3 
6 
3 
o 

5 
4 
4 
5 
4 
5 
o 

5 
4 
5 

6 
3 
4 
2 

1 

2 
2 
3 
3 
4 

2 
2 
3 
2 
4 
1 

3 
3 
4 
3 
6 
4 
1 

5 
4 
4 
5 
6 
5 

5 
4 
6 

3 
2 
2 
1 
1 

1 

2 
2 
3 
3 
4 
4 

2 
2 
3 
2 
4 

4 

3 
4 
3 
6 
4 
2 

5 
5 
4 
5 
6 
6 
2 

5 
4 
7 
6 
6 
5 
2 

2 
2 
3 
3 
4 
4 

4 
5 
6 
7 
8 
9 

10 
5 11 

2 
2 
3 
2 
4 

4 

4 

4 
3 
6 
4 

2 

6 
5 
4 
6 
6 
6 
3 

5 
5 
7 
6 
6 
7 
3 

5 
6 
7 

8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 
20 

21 

22 
23 
24 

25 
26 
27 

28 

29 
30 
31 
32 
33 
34 
35 

36 
37 
38 

***~------------------------------------------------~----4 

n m 10 9 8 7 6 5 4 3 

***** *************************************************************** ****** 

h= 3 
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*** 

]6 

15 
14 
13 

12 
11 
10 

9 
8 
7 

6 

33 
32 
31 

30 
29 
28 
27 
26 
25 

24 
23 
22 
21 
20 
19 

18 
17 

16 
15 
14 
13 

12 
11 
10 
9 

n m 

** 

10 

10 
9 
8 

7 
5 
4 

3 
2 

32 
44 
42 

38 
40 
41 
32 
38 

36 

31 
34 
29 
24 
26 
26 

19 
21 
16 
13 
10 
10 

6 
5 
2 

10 

** 
2 

8 
8 
7 

7 

5 
4 

3 
2 

30 
33 
35 
24 
32 
33 

27 
29 
26 
20 
25 
23 

17 
19 
15 
13 
10 
10 

6 
5 
2 

9 

** 
3 

2 
o 

6 

6 
5 
4 

3 
2 

2 

2 

18 
25 
27 

23 
24 
22 
17 
21 
22 

14 
17 

13 
12 
10 
10 

6 
5 
2 

8 

** 
4 

1 
2 

2 

5 
4 

4 

3 
2 

2 
2 
2 

2 

3 
2 

]8 
20 
16 
12 
19 
18 

13 
14 
11 
10 
9 

10 

6 
5 
2 
1 

7 

** 
5 

2 

3 
2 
2 

3 

3 
2 

] 

2 
2 
3 

2 

4 

3 
3 

4 

6 
13 
15 

10 
13 

8 
8 
7 
9 

6 
5 
2 

6 

** 
6 

2 
1 

3 
3 
2 

3 

2 
2 

2 
2 
3 
2 
2 

4 

3 
5 

4 

4 

5 

6 
9 
8 
5 
5 
7 

5 
5 
2 

5 

** 
7 

2 

3 
3 
3 

3 
4 
2 

2 
2 

3 
2 
3 

4 

3 
5 
2 
5 

4 

5 
6 
1 
5 

4 

3 
5 

3 
4 
2 
1 

4 

** 
8 

2 

3 
3 
3 

4 
4 

3 

4 

2 
2 
3 
2 
3 

2 

4 
3 
5 
2 
6 

1 
5 
5 
6 
2 
6 

1 

6 
6 

2 
2 

1 

3 

** 
9 

I 
2 

3 
3 
3 

4 
5 
3 

5 
4 
4 

2 
2 
3 
2 
3 

2 
5 
3 
5 
2 
6 

2 
5 
5 

7 
2 
7 

1 

7 
6 

6 
2 
8 

h = 2 
** 
10 

1 

2 

3 
3 
3 

4 
5 
4 

5 
5 
4 

5 

2 

2 
3 
2 
3 

2 
5 
4 

5 
2 
6 

2 
6 
5 
7 

2 
8 

2 
7 
6 
7 
2 
9 

2 
7 
7 

*** 
In n 

4 

5 
6 

7 

8 
9 

10 
11 
12 

13 
14 
15 

16 

7 
8 
9 

10 
11 

12 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
32 
33 

****************************************************************************** 

h =3 
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22 
21 

20 
19 
18 
17 

16 
15 
14 
13 

12 
11 
10 
9 

8 
7 

27 
26 

25 
24 
23 
22 
21 

20 
19 
18 
17 
16 

15 
14 
13 
12 
11 

10 
9 
8 

n m 

• * 

16 
22 

18 
20 
16 
19 

14 
16 
11 
11 

8 
7 
3 
4 

2 

31 
28 

31 
29 
28 
25 
25 

26 
23 
20 
18 
17 

18 
11 
9 
8 
5 

5 
2 

10 

•• 
2 

14 
17 
13 
16 

13 
14 
10 
11 

8 
7 
3 
4 

2 

26 
22 
25 
21 
22 

21 
21 
18 
16 
15 

17 
11 
9 
8 
5 

5 
2 

9 

• * 
3 

2 

10 
13 

10 
13 
8 

10 

8 
7 
3 
4 

2 

1 

2 

2 
o 

17 
19 

18 
16 
16 
14 
13 

15 
10 

9 
8 
5 

5 
2 

8 

* • 
4 

2 
2 

4 

7 

10 
7 
8 

7 
7 

3 
4 

2 

1 

2 
2 
2 
o 

3 
2 

14 
14 
11 
12 
11 

13 
8 
8 
8 
5 

5 
2 

7 

.* 
5 

2 
2 
2 

4 
2 
2 

4 
7 

5 
6 
3 
4 

2 

2 
2 
3 
o 

3 
2 
4 
3 
o 

8 
9 

11 
6 
6 
7 
5 

5 
2 

6 

** 
6 

2 
2 
2 

2 
4 
2 
3 

2 
5 

4 
4 
2 

4 

2 

2 
2 
3 
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159 
143 
136 
129 
116 
103 

98 
76 
64 

56 
43 
33 
22 

17 
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2 
1 

10 

*** 
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3 
3 

104 
102 
92 

94 
85 
87 
76 

75 

59 
52 
47 
38 
31 
21 

17 
9 

5 
2 

9 

*** 
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2 

4 
7 
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10 
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50 
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51 

53 
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29 
26 
19 

16 
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3 
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II 
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16 
13 
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35 
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17 
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*** 
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*** 
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26 
31 
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53 
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67 
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2 
2 
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*** 
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6 
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9 
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11 
12 
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5 
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14 
22 
28 
36 
36 

51 
51 
62 
64 

79 
81 
80 

88 
92 

100 
103 
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103 
94 
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5 
6 
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10 
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14 
16 

11 
12 

13 
14 
15 
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17 
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19 
20 

16 21 
18 22 
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5 
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14 
22 
29 
38 
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94 
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17 
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16 
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68 
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50 
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39 
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27 
22 
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2 
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*** 
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32 
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12 
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2 
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16 
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37 
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26 
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17 
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29 
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40 
47 
50 
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64 
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7 
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13 
17 
22 
25 
29 

34 
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40 
43 
44 

47 
46 

2 
5 
9 

12 
17 
24 

29 
34 
48 
48 
56 
61 

70 
68 
85 
76 
89 
86 

93 
85 

104 

*** 
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11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 

k 
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13 
14 
15 
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17 
18 
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20 
21 
22 
23 
24 

25 
26 
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29 
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31 
32 
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44 
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42 
41 

40 
39 
38 
37 
36 
35 
34 
33 

32 
31 
30 
29 
28 
27 
26 
25 

24 
23 
22 
21 
20 
19 
18 
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*** 

324 
337 
339 
340 

321 
311 
297 
279 
255 
256 
237 
204 

194 
162 
152 
127 
108 
89 
77 
56 

43 
27 
19 
10 
5 
2 

10 

*** 
4 

2 

3 
4 
4 
5 

200 
196 
194 
181 
164 
183 
170 
151 

142 
126 
116 
99 
86 
75 
67 
51 

41 
26 
19 
10 

5 
2 

9 

*** 
5 

2 
4 

7 
7 

11 
12 
12 
12 
14 
11 

78 
106 
107 
92 

96 
83 
85 
68 
60 
54 
53 
41 

36 
24 
18 
10 
5 
2 

8 

*** 
6 

1 
2 
5 

9 
12 
16 
20 
20 
20 
28 
24 

30 
26 
33 
33 

47 
43 
48 
46 
34 
33 
34 
28 

26 
19 
16 
9 
5 
2 

7 

*** 
7 

2 
5 

10 
14 
21 
26 
30 
29 
38 
36 

46 
44 
56 
60 
53 
50 
64 
55 

16 
15 
18 
14 

15 
10 
11 
7 
4 
2 

6 

*** 
8 

2 
5 

10 
15 
23 
31 
36 
40 
49 
47 

60 
59 
75 
82 
89 
75 
96 
85 

103 
86 
97 

118 

5 
4 
4 
3 
2 

5 

*** 
9 

1 
2 
5 

10 

15 
24 
33 
41 
46 
60 
59 

73 
74 
92 

100 
113 
108 
127 
122 

140 
127 
139 
160 
161 
143 
158 
144 
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*** 

10 

2 
5 

10 
15 
24 
34 
43 
51 
66 
70 

85 
88 

109 
118 
133 
131 
162 
151 

181 
166 
187 
203 
215 
200 
223 
212 

221 
212 
239 
236 

*** 

1m Il 

14 
15 
16 

17 
18 
19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 
31 
32 

33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
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*** 

49 
48 
47 
46 

45 
44 
43 
42 
41 
40 
39 
38 
37 

36 
35 
34 
33 
32 
31 
30 
29 
28 

27 
26 
25 
24 
23 
22 
21 
20 
19 

m 

*** 

581 
580 
573 
577 

590 
520 
507 
508 
471 
460 
419 
407 
366 

354 
305 
272 
240 
216 
189 
163 
138 
112 

91 
66 
48 
29 
20 
10 
5 
2 

1 

10 

*** 
4 

I 
2 
3 

4 
5 
6 
6 

378 
326 
314 
334 
308 
316 
278 
285 
260 

270 
227 
211 
179 
170 
148 
130 
IJ 4 
97 

81 
61 
46 
28 
20 
10 
5 
2 

9 

*** 
5 

2 
4 
7 

7 
12 
14 
16 
14 
20 
16 
19 
16 

177 
172 
165 
152 

174 
154 
141 
127 
11 9 
107 
94 
83 
74 

66 
51 
41 
26 
19 
10 
5 
2 

8 

*** 
6 

2 
5 
9 

12 
17 
22 
25 
24 
35 
30 
35 
36 

38 
41 
47 
41 

88 
77 
78 
68 
73 
64 
63 
52 
48 

45 
37 
31 
21 
J7 
9 
5 
2 

7 

*** 
7 

2 
5 

10 

14 
22 
28 
35 
34 
47 
43 
53 
52 

65 
67 
72 
72 
75 
85 
82 
79 
74 

29 
26 
27 
26 

24 
21 
19 
12 
12 

7 

4 
2 

6 

*** 
8 

2 
5 

10 

15 
24 
33 
41 
45 
59 
56 
68 
69 

83 
91 

105 
103 
11 2 

122 
123 
121 
]1 6 

143 
J39 
140 
134 

8 
7 

7 
5 
5 
3 
2 

5 

*** 
9 

1 
2 
5 

10 

15 
25 
35 
46 
51 
70 
69 
83 
85 

102 
108 
132 
131 
147 
165 
165 
168 
164 

187 
192 
215 
197 
2Jl 
210 
222 
223 
184 

h =4 
*** 
10 

1 

2 
5 

10 

15 
25 
36 
48 
56 
76 
80 
96 

101 

120 
128 
151 
157 
178 
196 
210 
213 
216 

240 
245 
270 
266 
285 
287 
304 
3J6 
280 

306 
3J7 
323 
321 

\ 

*** 
Tn It 

15 
16 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 

28 
29 
30 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
4J 
42 
43 
44 
45 

46 
47 
48 
49 

************************************************************************** 
h =5 

345 

362-120 0 - 69 - 5 

k 
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l 

*** 

55 
54 
53 
52 
51 

50 
49 
48 
47 
46 
45 
44 
43 
42 
41 

40 
39 
38 
37 
36 
35 
34 
33 
32 
31 

30 
29 
28 
27 
26 
25 
24 
23 
22 
21 

20 

n m 

*** 

864 

940 
955 
895 
915 

855 
897 
825 
833 
771 
714 
692 
700 
632 
603 

558 
512 
462 
424 
375 
324 
302 
257 
230 
195 

162 
126 
101 

71 
50 
30 
20 
10 
5 
2 

10 

*** 
4 

2 
3 
4 

5 
7 
7 
8 
8 

514 
541 
511 
540 
523 
468 
466 
474 
439 
431 

393 
380 
345 
329 
287 
253 
231 
206 
184 
160 

137 
111 
91 
66 
48 
29 
20 
10 
5 
2 

9 

*** 
5 

2 
4 
7 

7 

12 
15 
18 
18 
22 
22 
24 
22 
25 
22 

256 
272 
281 
265 
268 

249 
239 
223 
223 
203 
175 

170 
145 
138 
119 

104 
87 
76 
56 
43 
27 
19 
10 
5 
2 

8 

*** 
6 

1 
2 
5 
9 

12 

17 
23 
27 
29 
39 
37 
41 
42 
50 
46 

54 
51 
60 
54 
62 

128 
124 
120 
125 
112 
102 
103 
92 
86 
83 

68 
59 
54 
42 
33 
22 
17 

9 
5 
2 

7 

*** 
7 

2 
5 

10 
14 

22 
29 
37 
39 
52 
52 
60 
60 
75 
76 

79 
85 
98 
92 

112 
101 
101 
106 
112 
100 

42 
46 
41 
44 

39 

39 
32 
31 
25 
21 
13 
12 
7 
4 
2 

6 

*** 
8 

2 
5 

10 
15 

24 
34 
43 
50 
64 

66 
77 
78 
95 
99 

114 
114 
139 
131 
160 
144 
155 
163 
177 
168 

175 
175 

179 
177 
212 

12 
11 
11 
9 
8 
6 
5 
3 
2 

5 

*** 
9 

2 
5 

10 
15 

25 
36 
48 
56 
75 
79 
93 
96 

115 
118 

140 
145 
170 
176 
205 
196 
208 
216 
232 
237 

249 
252 
261 
270 
308 
260 
274 
288 
285 
292 

h = 4 
*** 

10 

2 
5 

10 
15 

25 
37 
50 
61 
81 
90 

106 
113 
135 
139 

161 
170 
204 
204 
250 
242 
266 
272 
298 
288 

326 
326 
332 
361 
411 
367 
384 
393 
386 
418 

419 
414 
416 
404 
476 

*** 
m . n k 

16 10 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 

************************************************************************** 
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11 = 6 
*** *** *** *** *** *** *** *** 

6 7 8 9 10 m n k 

2] 6 
1 22 

2 2 2 23 
2 3 3 24 

3 4 5 25 
3 5 6 26 
4 7 9 27 

7 10 28 
8 13 29 
8 ]4 30 

16 31 
16 32 
18 33 

24 9 
2 2 2 2 25 

2 4 5 5 5 26 
3 7 9 10 10 27 

4 11 16 ]8 19 28 
5 16 25 30 32 29 
6 16 32 42 47 30 
6 22 41 59 69 31 

22 48 72 91 32 
49 171 28 57 93 i19 33 
48 170 26 62 103 144 34 
47 167 29 67 121 172 35 
46 165 24 66 122 189 36 

45 164 84 89 ]54 230 37 
44 131 56 88 ]65 253 38 
43 123 56 88 ]89 293 39 
42 116 57 88 190 315 40 
41 ]01 52 210 353 41 
40 90 49 ]8 209 372 42 
39 74 42 17 231 413 43 
38 63 38 15 233 441 44 
37 48 32 12 186 416 45 

36 39 30 16 4 450 46 
35 25 20 12 3 473 47 
34 16 14 9 3 482 48 
33 9 8 6 2 489 49 
32 5 5 4 2 
31 2 2 2 
30 

n m 10 9 8 7 
************************************************************************** 

11 = 7 
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h=6 
*** *** *** *** *** *** *** *** 

6 7 8 9 10 m n k 

22 7 
2 2 2 2 23 
3 4 4 4 24 
4 6 7 7 25 

38 10 5 9 11 12 26 
37 10 6 12 16 18 27 
36 9 0 9 16 20 28 

35 8 4 12 23 30 29 
34 7 4 14 24 36 30 
33 5 3 15 31 43 31 
32 4 3 31 51 32 
31 3 2 36 59 33 
30 2 2 33 61 34 
29 34 67 35 

28 71 36 
72 37 
76 38 

23 8 
2 2 2 2 24 

2 4 5 5 5 25 
2 6 8 9 9 26 
3 9 14 16 17 27 
3 12 20 25 27 28 

44 48 9 23 32 37 29 
43 54 11 25 41 50 30 
42 50 13 30 49 66 31 
41 52 13 32 58 79 32 

40 44 20 36 65 96 33 
39 43 20 35 71 109 34 
38 34 18 35 73 120 35 
37 32 16 56 98 151 36 
36 23 12 0 95 156 37 
35 23 16 7 97 176 38 
34 16 12 6 96 179 39 
33 11 9 5 98 197 40 

32 7 6 4 193 41 
31 4 4 3 211 42 
30 2 2 2 210 43 
29 228 44 

n m 10 9 8 7 

****** ******************************************************************** 
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11. = 6 
••• ** • .*. *** ..* *.* *** *.* 

6 7 8 9 10 m n k 

25 10 
2 2 2 2 26 

2 4 5 5 5 27 
3 7 9 10 10 28 
5 12 17 19 20 29 
6 18 27 32 34 30 

8 20 37 47 52 31 
9 29 50 69 79 32 

11 34 65 91 111 33 
11 39 77 118 146 34 
12 45 92 143 189 35 

55 388 49 102 169 230 36 
54 458 47 108 184 265 37 
53 454 54 133 221 319 38 
52 420 53 136 240 356 39 
51 418 54 153 278 41 3 40 

50 385 154 150 293 451 41 
49 380 159 168 33] 520 42 
48 342 152 162 344 549 43 
47 326 156 179 387 639 44 
46 281 150 182 412 690 45 
45 248 122 42 396 733 46 
44 221 116 41 404 740 47 
43 206 112 45 441 814 48 
42 170 98 39 429 8ll 49 
41 148 89 40 452 893 50 

40 115 73 32 8 880 51 
39 93 63 31 8 938 52 
38 66 48 23 7 900 53 
37 49 39 23 7 930 54 
36 30 25 16 5 ]020 55 
35 18 16 11 4 
34 10 9 7 3 
33 5 5 4 2 
32 2 2 2 
31 

n m 10 9 8 7 

************************************************************************** 
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h=8 
••• •• ** ** •• .** 

8 9 10 m n k 

36 8 
37 

2 38 
2 39 
3 40 

3 41 
4 42 
4 43 
5 44 

37 9 
2 2 38 
3 4 39 
4 6 40 
5 9 41 

49 6 12 42 
48 7 16 43 
47 8 20 44 
46 0 16 45 

45 20 46 
23 47 
25 48 
26 49 

1 1 38 10 h= lo l=k 
1 2 2 39 

~ 2 4 5 40 

2 6 8 41 I 55 
3 9 14 42 ****************** 

3 12 20 43 
4 16 30 44 
4 20 40 45 

55 0 16 46 46 
54 9 19 51 47 
53 8 22 60 48 
52 7 23 66 49 
51 6 24 75 50 

50 5 79 51 
49 4 85 52 
48 3 84 53 
47 2 84 54 
46 120 55 

n m 10 9 

****************************************** 
h=9 
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