
JOURNAL OF RESEARCH of the Nationa l Burea u of Standa rd s- B. Mathemati ca l Sc iences 

Vo l. 73 B, No.3, July- September 

Commutator Groups and Aigebras* 

L. Greenberg** 

(March 12, 1969) 

Let Hand K be connected, Lie subgroups of a Lie group C. The group [H , K] , generated by all 
commutators hkh- 1k - l(h€H, k€K) is arcwise connected. Therefore, by a theorem of Yamabe, LH, K] 
is a Lie subgroup. If ~, Sl' denote the Lie algebras of Hand K , respectively , then the Lie algebra of 
[H , K] is the s mallest algebra containing [~ , S\\ ], which is invariant underad~ andadSl'. An immediate 
consequ ence is that if Hand K are complex Lie subgroups, then [H , K] is also complex. 
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Let e be a real Lie group , and le t H and K be connected , Lie subgroups, with Lie algebras 
f) and f. The group [H , K] generated by co mmutators {hkh- 1k- 1IhEH , kEK} is arc·wise connec ted. 
This implies, by a theorem of Yam abe [1] , I that [H , K] is a Lie subgroup. The ques tion we rai se 
in thi s note is: What is the Lie algebra of [H , K] ? We shall pro ve th at thi s is the smalles t algebra 
which contains [f) , f] a nd is invariant under adf) and adl (i. e ., it is the smallest ideal in the algebra 
generated by l) and f whi ch co ntain s [l), f]. ) An im medi ate con seque nce is that if H and K are 
co mplex groups, then [H , K] is also co mplex. Of co urse, one obtains as a s pecial case the known 
fac t that if Hand K are normal, then [f), f] is the Lie algebra of [H, K]. More ge ne rally , th e Lie 
algebra of [H , K] is the smalles t algebra m containing [l), f] , if and onl y if m is invariant under 
ado and adl. 

We s hall first give a li st of nota tion a nd terminology. In the following, e is a real Lie group , 
with Lie algebra g. 

(1) If gEe and X is a tangent vec tor or vector fi eld on e, the n gX and Xg denote the left and 
right translation of X. (i. e., if lv , ry are the left and right translations of e, then gX = dly (X) and 
Xg= drq(X ). ) 

(2) We de note by ad and Ad the adj oint re presentations of g and e, respectively. Thus ad(X ) Y 
= [X, Y] and Ad(g) Y =gYg- l. (J( g ) denotes the inner automorphism x~ gxg- I. Note that 

Ad (exp X) = exp (adX) and (J( g ) expX = exp [Ad(g)X]. 

(3) If X is a tangent vector at some point of e, X denotes the correspondin g left·invariant 
vector field. Of course, g is the algebra of left-invariant vector fields on e. 

(4) If X is a vector field, gEe, then Xy is the value of X at g. If f) egis a subalgebrll, 
f)g= {Xv IXE f)}. 

(5) If f) and fare sub algebras of g, [f), f] denotes the linear span of the commutators 
{[X, Y] IXE f), YE f}. 

(6) If m is a subspace of g, d m denotes the subalgebra generated by m. 
(7) If m is a subspace, f) a subalgebra, with m C f), then ~(m, f)) denotes the smallest ideal 

in f) which contains m. Thus ~ (m, 1)) is the linear span of m and elements of the form 
(adXt)(adX2 ) • •• (adXr)Y, whereXiE f), YE m. We write ~[f), f] for ~([f), f] , . .>1 (f) + f)). 

(8) If g : I ~ e is a differentiable curve (where I is an interval), we write ddg I for the tangent 
t to 

vectordg lto(~J. We shall write O((t-tO)k) for a functionX(t) (with values in g) if there exis t 

numbers M > O, E> O so that IIX(t)11 < Mlt-tolk when It-tol < E. (Here I IX II is so me norm 
in g.) 

*An invited paper. This work has been s upport ed by Na tional Science Founda tio n C rant NSF G P- 5927. 

** Prese nt address: Uni ve rsit y of Maryland. De partme nt of Mathe matics, Co llege Park , Md. 20740. 
I H. Yamabe. O n an arcwise-co nnecled s ubgroup of a Lie group, Osa ka Math. J. 2 , 13- 14 (1950). 

247 



For example, if get) is a differentiable curve in G, with g(to) = 1 and ~; I to=X, then (for t 

near to) log [g(t)] = (t-to)X+0((t-tO)2), or equivalently,g(t)=exp[(t-to)X+O((t-to)2)]. 
The Campbell-Baker-Hausdorff formula implies. 

exp (tX) exp (tY) = exp (t (X + Y) + ~ [X , Y] + 0(t 3 ) ). , 

LEMMA 1: Let Hand K be connected Lie subgroups ofG, with Lie algebrasf) and t 
(a) If h E Hand Y E f, then (Ad(h)i - l)Y E ~ [f), f] . 
(b) If k E K and X E f) , then (Ad(k) - l)X E~ [f), f]. 
PROOF: We shall prove (a). Note that (Ad(h,h2) -1) Y = Ad(h , ) (Ad(h2) -1) Y + (Ad(h ,) -1)Y. 
Thus, if the statement is true for hI and h2, it is true for h lh2. Therefore it suffices to prove it 

for a se t of generators. We shall show that it is true for h = exp (X), X E f). 

while (adX) ny E ~ [f), f]. 

'" (adX) II 
Ad(expX) -1 = exp (adX) -1 = L " 

11 = 1 n. 

Q.E.D. 

LEMMA 2: Let Hand K be connected, Lie subgroups of G, with Lie algebras f) and f. Let h (t) 
(respectively k(t)) be a differentiable curve in H (respectively K) with h(O) = 1 (respectively k(O) = 1). 

Let g(t)= h(Vt)k(Vt)h(Vt) - 'k(Vt) - I. Then for each to"" 0 at which get) is defined, 

ddgl E~[f),f]g(to)· 
t to 

dg I " dh I dkl PROOF: For to=O'-d = [X, Y]" whereX=-d andY=-d. We must findoutwhathappens 
h t > O to to to w en 0 • 

Let u= Vi, uo=~, ho= h(uo) , ko= k(uo), 

X = dh(u) I ,Y= dk(u) I andZ= dg(t) I . 
du Uo du Uo dt to 

The translated curve gi)lg(i) has tangent vector golZ at 1. We shall use properties of exp to 
compute this tangent vector. 
Noting that 

ld (hO'h(u)) I =ho 1X, 
GU Uo 

and 
d .. d I 

- (hoh (u) - I ) I = - - (h (u) ho - I ) = - X hOI. 
du Uo du Uo 

We obtain 

(1) ho 1 h(u) =exp {(u-uo)X + 0( (u-¥o)2) } , 
(2) hoh(u) - l = exp { - (u - uo)Ad (ho)X + O( (u - uo)2)}. 

Similarly, 
(3) k(u) kr; 1= exp{ (u - uu)Ad(ko) Y + O( (u - uo)2)}, 
(4) k(u) - 'ko = exp{- (u - uo) Y + O( (u - uo)2)}. 

Next, we see that 

golg(t) = kohokolholh(u)k(u)h(u)-lk(u)-1 

= 8(ko) {[8(hoko1 ) (hOI h(u)k(u)ko' )] [hoh(u) - lk(u) - lkoJ}. 
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Now by using equations (1)- (4), 
(5) exp (s U + 0(S2) exp (sV + 0(S2» = exp{s( U + V) + 0(S2) } 

and 

(6) 8( g)exp( U) =exp[Ad( g )U], 

a straightforward com pulation shows that go ' g(t) = exp [W (t) ], where 

Wet) = (u - uo) {A d(koho) (A d(ko') -l)X + Ad(ko) (Ad(ho) -l)y} + O( (u- uo )2). 

It follows that the tangent vector go'Z is the value of the vector field 

dW/ 1 A A d = , r- {Ad(koh o) (Ad(k o') -l)X + Ad(ko)(Ad(ho) -1 )Y} 
t to V to 

at the unit element. Thus, by Lemma 1, go' Z E5:5 [(J, f], and Z E5:5 [q , f] Yo. 

LEMMA 3: [H, K] is normalized by Hand K. 
PROOF: Le t hand h, EH, kEK. Then 

h,(hkh- 'k - ')h i ' = (h,hkh - 'h i 'k - ') (kh,k - 'h -; '). 

This shows that [H , K] is normalized by H. Since [H , K] = [K , H] , the same is true for K. 

Q.E.D. 

Q.E.D. 
TH EOREM: Let G be a real Lie group , and let Hand K bp connected, Lie subgroups with Lie 

algebras fJ and f. Then [H, K] is a Lie subgroup with Lie algebra 5:5 [q, f]. 
PROOF. We have already re marked that Yamabe's theore m implies that [H, K] is a Lie 

subgroup. Let n1 denote its Lie algebra. We first show that 5:5 [f), f] C In. If XEf), Y Ef, then the curve 

ge t) = ex p cvtX) ex p CVtY) ex p (-vtX) exp (-\ltY) 

lies in [H , K]. Its tangent vector at 1 is [X , V],. This shows that [q, f] C n1. Lemma 3 implies 
that \l1 is invariant under ad(f) and ad(t). Therefore 5:5[q, f] C In. 

Now we show that In C 5:5 [q , f]. Equivale ntly , we show that [H , K] C L , where L is the con­
nected Lie subgroup whose Lie algebra is 5:5 [f), f]. Le t hEH , kEK , and let h(t) and k(t ) be dif­
ferentiable curves in Hand K , respectively, so that h (O) = 1 = k(O), h(1) = hand k (1) = k. 
Let 

Lemma 2 says that 

ddg l E5:5 [f),f]y(to) 
t to 

(O~ to ~ l). 

Therefore, the curve get) lies in the maximal connected integral manifold (through 1) of the dif­
ferential system 5:5 [q, f]. In other words, the curve g( t) li es in L. Thus , the commutators hkh - , k - 'EL, 
and consequently [H, K] C L. 

Q.E.D. 

COROLLARY 1: Let G be a complex Lie group, and let Hand K be connected (complex) Lie 
subgroups. Then [H , K] is a (complex) Lie subgroup. 

PROOF: Considering C with its real structure, we see that [H , K] is a real Lie subgroup whose 
Lie algebra is 5:5 [q, f] (where q and f are the Lie algebras of Hand K). Since f) and f are complex, 
so is 5:5[ q, f] and [H, K] . 

Q.E.D. 
COROLLARY 2: The Lie algebra of [H, K] is d [f), f], if and only if d [f), f] is invariant under 

ad(q) and ad(f). 
(paper 73B3-305) 
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