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This is a compendium of indefinite and definite integrals of products of the Exponential Integral
with elementary or transcendcntal functions. A substantial portion of the results are new.
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1. Introduction

Integrals of the exponential integral occur in a wide variety of applications. Examples of
applications can be cited from diffusion theory [12],! transport problems [12], the study of the
radiative equilibrium of stellar atmospheres [9], and in the evaluation of exchange integrals
occurring in quantum mechanics [11]. This paper is an attempt to give an up-to-date exhaustive
tabulation of such integrals.

All formulas for indefinite integrals in section 4 were derived from integration by parts and
checked by differentiation of the resulting expressions. The formulas given in [1, 4, 5, 6, 7, 10,
14, and 15] have all been checked and included, with the omission of trivial duplications. Additional
formulas were obtained either from the various integral representations, from the hypergeometric
series for the exponential integrals, from multiple integrals involving elementary functions, from
the existing literature [2, 3, 12, and 13], or by specialization of parameters of integrals over con-
fluent hypergeometric functions [4] and [6].

Throughout this paper, we have adhered to the notations used in the NBS Handbook [8] and
we have also assumed the reader’s familiarity with the properties of the exponential integral. In
addition, the reader should also attend to the following conventions:

(i) The integration constants have been omitted for the indefinite integrals;

(i) the parameters a, b, and c are real and positive except where otherwise stated;

(iii) unless otherwise specified, the parameters n and k represent the integers 0, 1,2 . . .,

whereas the parameters p, ¢, and p and v may be nonintegral;

(iv) the integration symbol 4 denotes a Cauchy principal value;

(v) x, v, and t represent real variables.

2. Glossary of Functions and Notations

ber (x), bei (x) Thomson functions

T
Bx(p, q) Incomplete beta function f =11 —t)9-1dt

0
Ci(x) Cosine integral _f“’ cost g

x i
en(x) Truncated exponential 2" am
“~ m!

*An invited paper. This paper presents the results of one phase of research carried out at the Jet Propulsion Laboratory, California Institute of Technology, under
Contract No. NAS7-100 sponsored by the National Aeronautics and Space Administration.
**Present address: Jet Propulsion Laboratory, California Institute of Technology, Pasadena, Calif. 91103.
! Figures in brackets indicate the literature reterences at the end of this paper.
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Ei(x)
Ei(x)

erf (x)

erfc (x)
1F1(a; b; x)

oF(a, b; c; x)

vFq
H,,(x)

Ip(x)
Jp(x)
Kp(x)

li(x)
L,(x)

Ln(x)
Mp,q(x)

()

si(x)

sgn x
W}uq(x)
Yp(x)

v(a, x)

I'(a, x)

Exponential integral

Exponential integral

Error function

Error function

Confluent hypergeometric function

Hypergeometric function

Generalized hypergeometric function
Struve function

Bessel tunction |of imaginary argument
Bessel function

Bessel function of imaginary argument

Logarithmic integral
Euler’s dilogarithm

Laguerre polynomial
Whittaker function

Binomial coefhicient
Associated Legendre function of the first kind

Pochhammer’s symbol

Sine integral

Sign of the real number
Whittaker function
Neumann function
Euler’s constant

Incomplete gamma function

Incomplete gamma function

Gamma function

Riemann zeta function
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3. Definition, Special Values, and Integral Representations

3.1. Definition and Other Notations

we—t
.El(x)=f Cd x>0

.Ei(x)=——J[we—_tdt

—x t

x ot
= Tdt x> 0.

. Some authors use [—Ei(—x)] for E(x).

. Some authors use E*(x) or Ei(x) for Ei(x).
. Integrals involving [i(x) can be transformed into integrals over Ei(x) since

li(x)=][1;i—t=Ei(lnx) x>1.
0 nt

3.2. Special Values

. Ei (0.372507 . . .)=0.
. Ei(x)=E(x) at x=0.523823 . . ..
. Lim [xPE;(x)] =Li(r)n (xPEi(x)) =0 p>0.

x>0

. Lim [Inx+E;(x)]=—1.

x>0

5. L_lgl [xPE;(x) ] =Lim [In xE,(x)] =0.

.Ei(x)=e"

. Lim [e *Ei(x)]=0.

x—0

. Inflection point of Ei(x) at x=1.

3.3. Integral Representations

.Ei(x)=—y—1In )H—J”1r (l—e")%
o~

. El(x)z—'y—e‘l”lnx——jre*‘ln t dt
0

E.(x) =xfx e *tn t dt

1
1 1 dt
0 (x—ln [)

Y R S
- Ei(x)=e f] (x+1nt) ¢
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

2

23.

24.

>

25.

Ei(x)=e

Ei(x)=2e f: Kol

- e T
0 (1+t) d
.El(x)=£;—[l—f0 o]

A [ j (1—1n t)zd‘]
. Ey(x)=e~= f: In (1

El(x)=7lrfowsintln (1+ ) ;

+£> e ldt
x

dt

2 Vat)etdt

e [T it
E(x)=e fo (t—ix)e d

Ei(x) =Lw exp (—xe')dt

Ei(x)= j (x+ln t)

dt
gty (x—ln t) ®
Ei(x) = (1

Ei(x) =§[ f: (xxi_

07 dt+l]

t—l

Ei(x)=—e~"

(1 (x)]2=2¢~ f

Ei(ax)E,(bx) +E1[(a+b)x] In (ab) = e (atd)x

e *Ei(x) +e*E(x) =

e *Ei(x) +e*E(x)

e *Ei(x) —e"Ei(x) =—2

e *Ei(x) —e*E:(x)

Eix) = [ ‘mdm]

e—lt d
s (Ehin)

—xt
In ¢t dt-

e X
(1+1¢)

f (a+b+ (a+b+t)

f (t2+ E+a2) sin t dt

=2e%]ln x—

=2e*Iln x—

4 (= 54
S || e 1
Wfo 2+ 22) cos t In tdt
fx—t cos tdt
0 (t2+x2)

4 = t .
;L ) sin ¢ In tdt
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4. Integrals of the Exponential Integral With Other Functions

4.1. Combination of Exponential Integral With Powers

. fEl(ax)dx=xE1(ax)—%e”“
. ) 1
. sz(ax)dx=sz(ax)—E e
.wal(ax)dF
0

1
a
1 _
5 x?Ei(ax) —=— (1 + ax)e %

’ f xEi(ax)dx=

* 1
: fo xEl(ax)dx—2a2

nl 1
: fx"El(ax)dx n +1)E(ax) TES)) ey en(ax)e %x
n nl xn—m b m+1
. fx"El(ax+b)dx=E.(ax+b) m2=0 (— (n—m)‘ CESH <x+;)
— e-(az+b) 1 27§ (— —k)!(ax+b)*
¢ 2 (n—m) (m+1)! amt 2 g A
o __n 1
fo x El(ax)dx—(n+l) prs
f:x”El(ax-l-b)dx (n—1F1) an+1[(_1)"+lb"“E 2 (—1)mbm(n—m)!e?]

m=q0

: f: x"E(x—y)dx=e(a"V 2 (m) m+ ) e m(a—y)

—Ei(a—y) 2( ) ERE

m=0

.f: x"E(x—a)dx= io( )(mn-l{jl) Eat

f wEy=abar= 3 (7) gy 0 (=D

—e“”“’E( )(m+1)( 1) myn=men (y—a)

+Ei(y—a) mZ:)( ) Em}g;n) ymy—a)™t y>a

- f:anl(|y—x|)dx=éo<,';> (m"il) [14 (=1)m]yn—m

n+1

-y = n—m 'y
et 3 () gy D men() + gy 1)
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14.

15.

16.

17.

18.

19.

20.

21.

[t

22.

N

23.

2

=

25.

26.
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28.

29.

1 1
foEl(ax)dx (+1)E1(ax)+( +1)ap+17(p+1,ax) p>—1
» 1
J;xPEl(ax)x (+1) pﬂr(p-i—l) p>—1
fx PE 1 (x+b)dx=T(p+1)e 22%P2W _(,, 22, <(p+1)/2(b) p>—1
0

J'El(ax)dzx=j e~ar Inx%x+ln xE;(ax)

(=ab)"

nin?

“Ean) =3 [+ abr+ @]+ 3 S

b

: dx_1 0 o
fb Eie+ ) =1 (£,(1))

f E:(ax) dx=l[(1+ab)E1(ab)—e ab]

f E.(ax+b) i—:=% [ae ®E;(ax) —i (ax+b)E (ax+b)]

fEl(‘”‘) dx _ (n}rl)[ El(ax)+f -arxdnf_z]

= dx 1
f,, El(“")x_"+_2_(n+1)(n+1)!bn+1

[{(rn+1) !+ (=1)"(ab)"*'} E1(ab)

—e‘“"zn (n—m)! (—ab)™]

m=0

1

. JEl(ax—Fb)j%:—(n_H) {xn—lﬂ-i-(—l)"((—;)"H}El(ax-Fb)

(_l)n a\"t! B
+(n+1) (7)) en(b)eE;(ax)

_'_((n—j_)l") <¢_Z)n+l e—(az+b) mil:l;ll_‘( )mmEI(m k—1)! (- ax)*

k=0

fEl(ax xp_ (p—l) El(ax)+fe‘"%] p>1

- dx _ 1 1 ,_antr I'(p)
f,, Ev(ax) o=y g Er(ab) + CDr s R

PR 1 . 1 . e_ab
(n+p) b I'(n+p+1)

fo%l(axZ) dx= \/7—;—7
1 T['(p+1)

= 1
SD=2 e T ab/2 . S
fo xP(x+a) P 2E;(bx)dx 2 o @ 1)e W _p+12)0(ab) p>-—1

I'(1—p, ab)

E( ab)"T'(n—m+p) 0<p<l

m=0

f ” (x+a)‘2E1(bx)dx=£ ¢™E, (ab)
0
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2x

1 I'(p+1)
a(p+1)

}El(x) deW (p+1)

30. J:] w(x+a)P {1 + e?W 13—y, —1(a) p>—1

S 2x L I(p+1
31. L P (x+a)? {l—l-;} Ei(x) dx=ar 12 Tp_}_l—)) e2W 12, —p-1(a) p>—1

32. fx w(x+a) P2 (x+a)dx=a 32T (p+1)e " 2W _(132),0(a) p>—1
0

4.2. Combination of Exponential Integral With Exponentials and Powers

e

. fe*‘”E'l(bx)dx=éll [E{(a+b)x} —e *"Ei(bx)]

2. f By (br)dx=—1 [E{(b—a)} —e=E,(br)]  b>a

3. f’c €9 E, (bx)dx = In (1+9)
0 a b

4. f <y (bx)de=—2 n (1—9) e
0 a b

5. fc e"IEl(ax)dx=-(1; [y+1In (ac) +e*E (ac)]
0

6. f e‘””El(bx)dx=—£ [El{(a—b)c}—e”CEl(bc)+ln <ib‘— 1)] e
0

7. J e*"’Ei(bx)dx=—% [E{(a—b)x} + e “Ei(bx) ] a>b

8. fx e"””Ei(bx)de—l In <g— l) a>b
0 a b

9. fc e*‘”Ei(ax)dx=% [y+1In (ac) —e *Ei(ac)]
0

10. j xe*‘”"El(bx)dx=515 [El{ (a+b)x}— (1+ax)e **E,(bx) +(aj—b> e“‘”b)’]

g _1 a__a
1. L xe~o=E, (bx) dx a2[ln<1+b> a+b]
12. JC xe"IEl(ax)dx=-3§ [ac—y—In (ac) — (1—ac)e®E;(ac) ]
0
1 1 1 g
13. fxe“’El(ax+b)dx=— (x——) ek (ax+b) — e—{(a=c)x+b}
G c cla—c
_+_L2 (a+ bc)efbc‘/aE1 {w} a>c
ac a

14. Jxe”IEl(ax-i-b)dx———al(x——i-) ea’El(ax+b)+al{x—é (1+5) In (ax+b)} e?

S __1 a_\__a
IS.Lxe Ei(bx)dx a2[ln<b l) a—b:l a>b
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!
16. fx"e‘”El(bx)dx=% B =

n+1

n! L _1{(a+b)x}
+an+l e—(atb)x 2 "'_T
=il m(l+—)
a

17 f x"e~%E, (bx)dx = z [ln (1+2>—il< = )m]
" Jo ! atl b m\a+b

18. fw x"e‘“’Ei(bx)dx=%
0

en(ax)e arF, (bx)

a>b

19. f x”e‘“’El(bx)dx=aI}+l v(p+1, ax)E:(bx) +% i

LI _L(p+1) 1 (
20.-’; xPe~%E; (bx)dx= pF1 PETAE o\ 1,p+1; p+2;
=1—‘(p+1)

a1 Bajarv(p+1, 0)

_Ip+1) & 1 ( a )"‘
(a+b)p1 & p+m+1\atb

I(p+1) 1
(p+1) o+

21.fwxpe“’E1(bx)dx= Z-FI(p+1 p+1;p+2; b)
0

R ___m I'p+1)
22.[ xPe®E; (ax)dx T
23. j xPe~%Ei(ax)dx=—1 cot (pm) F(ppi—ll)

24. fr a1e*E (x+a)dx=T(p)['(1—p)e2aP=D2W, 112, p2(a)
0

25.]_”l e Ei(e) —Ey(b)}dx=—y(a, b)

* —1/2,—ax — Z.T \/E \/a+b>
26.[0 x~12e~zF, (bx)dx 2\/;ln< b+ b
27. f x-V2eazE, (bx)du=2 \ﬁ e (\ﬁ’)

a b

28. fe“”El(bx) %Z—f e "7E, (ax) %—El(ax)El(bx)

y(p+m+1, bx) (:‘1)’"
= m!(p+m+1) b

251

p>—1

p>—1

b>a,p>—1

—1<p<0

—1<p<o0

0<p<l1

b<1

29. fx ek, (bx) %= [y+1n ac+E;(ac)]E:(bc) +—% [¢(2) + (y+1n bc)?]

—bc % em bC) <_g)m+l % (_bc)m
E (m+1)2\ b * m!m?

m=0 m=1

30. fe“””El(ax) %Z—% [Ey(ax)]?
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% alb
31. f (1—e2)E,(bx) %-:J‘ In (l+x)@
0 X 0 X

1.

_ _a/b)m+1
,,,20 (m+1)2 b=a
o e“’El(ax)_e‘”Ei(ax) TR
32.]()[ b PR ]d =7%e a>0
=0 a<0

33. f (a—x)PxPe*E (x)dx=a 2T (p)I'(1 —p) [ (1 = p)Wp-1/2,0(a) 0<p<l1
0

34. fx e e~ 0IE, (ax)dx= sgn b

__w
(b+ia)

35. fx e~ e~ rF (ax)dx sgnb

__—m

(b—1ia)

36. f a2, (ba2) dx—\[ In \[ ‘”

37f asf, (bxz)dx—\ﬁsin—l(\f—‘) b=a
a b

38. f ’ e‘”El<é>dx —2 Ky @Vab)
0 X a

39f —aﬁE< )dx—\/’-ZEl(zx/a})

40f “”2E f —Vab — 2\ amwE,(2V ab

© 2 .
4-1.f0 e~ Careb 2 f, (%)dx=— % [cos (2ab)Ci(2ab) + sin (2ab)si(2ab) |

x2

42-] e i ) (i )dx \/7_7 [cos (2ab)si(2ab) —sin (2ab)Ci(2ab)]
0

b>a

43. f cosh (ax)El(bx)dx— ln <b+a)

b

0 (a/b)2m+l

44. J; sinh (ax)E; (bx) 2m+l)2

4.3. Combination of Exponential Integral With Trigonometric Functions

L | E R i e
..L 1(ax) sin (bx) x——2bn( a2)

2. fx Ey(ax) cos (bx)afx=l tan—! (é)
0 b a,
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w

4.

2

=)}

-

S0

o

10.

11.

12.

13.

14.

115,

16.

sin (2nx) 2=l

1
JEl(ax) pr dx= 22 @m¥1D)

+1) tan—

<2m+ l)
a

(2n+1 _1 2
j Ei(a sin [51:111_ )x] + 2 tan— ( m)

2

f sin (a V) Er(x)dx="3 erf<

2 —
—) — =V el
a

0

El(ax) cosl< bx) ‘”dx———ln(l+ )

x[%ln{

1 1

o ((rP=r

x[%ln{

a?

2 2
(AP

)

(a+c)2+ b2

a?

}+btan‘1< L
a

4.4. Combination of Exponential Integral With Logarithms and Powers

1. flanl(bx)de%[(l —Inx)e »*— (1+bx—bxInx)E,(bx)]

Zs fw lanl(bx)de—%(l-f-y-i— Inb)
0

3. flani(bx)de%[(l —Inx)et™+ (1 —bx+bx Inx)Ei(bx)]
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F @

. f 22 cos (a V) Ex (x)dx:—iﬂ erf (g)

. f @112 sin (a Va) Ey(x)dv=a r((;r_+11))2F2 (1)+1, pH1is pt2: —{) p>-—1
J;x e El(x)de%gFg <p+1,p+l;%, L —a2/4) p>—1
J’: s = (szucz) [gln{(a+212+b2}—ctan“ (aic)]

f: E,(ax) sin (bx)e“*dx= (b2—lkc"’) [gln{(a_fl)22+b2}+c tan—! (aﬁcﬂ a=c
f:’ Ei(ax) sin (bx)e-c2dx= (bulr@) [—52’ In {(—C—#}ﬁ-ctan“ (Cfa)] e
f: E1(ax) cos (bx)e-crdx= (bz}m) [gln{W}w tan-1 (aic)]

f:El(ax) cos (bx)e”deTj_cz) [—g 1n{(“+)22+”2}+b tan-! (Cfaﬂ —
f: Ei(ax) cos (bx)e_mdx:ﬁ)?—j_T’) [——%ln {i:%ﬁ}—b tan~! (c—b-a)] c=a
f: NGNS (% bx)e‘”de%ln (1+%)—% ﬁ

=]

)}



4. fxlan(bx)dx Ll{l(l%-bx)—(l-%bx) lnx—l}e"”

2

—2%)2 (l +% b*x?—b*x* In x) E(bx)
23 1 1
5. J; x InxE(bx)dx= 2[)2<—§+y+1111)>
. _ n! | "em(bx) ] .
6. fx In xE, (bx)dx ——(n+l)b"+‘[e"(bx) (——+1 In ) ,ZO—(m—Fl)]e
_ n! (bx)m*t ]
TESN [1+(n+1)!{1 (n+1) Inx} | E,(bx)
7 fx " In xE; (bx)d =_7"![ Flb+——— 3 —1]
A (oaF I U e m2=lm
1
) —_— - D+ 1
8. Jx’ InxE, (bx)dx ([H-l)b”“{lnx (p+1)}[7(1)+1,bx)+(bx)’ Ei(bx)]
_xp+l 0 (_bx)m -
pERIF<=/Nmll(pEiFmEt) 2 Ze

= _—I(p+1) [ | ] B
9. ﬁ xP In xE; (bx)dx= p+1) el In b+—+1 Y(p+1) p>—1.

4.5. Combination of Exponential Integral With Logarithms, Exponentials, and Powers

1. Je"’f In xE, (bx)dx:—lj —bzf, (ax)d—r+ln—r[‘y+ln{(a+ b)x}+E{(a+b) x}]
{—=(atb)xjm

m!m?

—*[ln xe -+ FE, (ax)]E (bx)——ln2r+ 2

lﬂl

N

.Lxe*”’ln xE, (bx)dx———[ln<1+ ){'y+ln(a+b)}+<—;_—b>(b<a+b 2, 1)]

3. fxe"” In xE,(ax)dx=— i [2(2) + (y+1In a) In 4+ In22]
0

” —axr :__l il _._a_ —
4. J; xe~% In xE;(bx) dx a"z[{ln<l+b) a+b}(y+ln((z+b) 1)

a2 a
+<a+b> q)<a+b' e 2)]

e __n! a_$1(_a )" vl
58 L x"e =" In x E, (bx) dx a"“{ln<1+b> ,,,Ezlm(a‘f‘b) }['y+ln(a+b) Elm]
n! a
_(a+b)"*‘¢<a+b’2’n+l>
boi (p+1)
6. J:) xPe= In x Ky (bx) dx —W[{‘V([+l)—ln(a+b }¢<_+—b 1, [)+1>

_q)< +b’ )]
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4.6. Combination of Two Exponential Integrals

1. fEl(ax)El(bx)dx=xE1(ax)E1(bx) +<711+%>E1{(a+b)x}

—le—“IEl(bx)—%e‘”El(ax)

a

ﬁé VE; (bx)d —(1+1)1 e = ]
.Ol(axlxx—abna L pina

. f Ei(ax)E;i(bx) dx=xE(ax) E;(bx) +<—11)— %l\)El{(a— b)x}

—ie‘”Ei(bx)—% eP?F (ax) a>b

@ ioa = [(5)m (52)-()m ()] o>

. fE1(ax)Ei(ax)dx=xE1(ax)Ei(ax)—% [e-**Ei(ax) + e**E(ax)]

. L%l(ax)Ei(ax)dFo

. f xEl(ax)El(bx)dx=%2 Ey(ax) E: (bx) +% (al+i) E{(a+b)x}

—~Lel(ax)e arF, (bx) — e1(bx)e 22E;(ax)

2a? 2b2
+L e-(atdb)x
2ab
[[eB1(ax) By (b2 dx = (254 5) In (a+8) =55 Tn b= In a =5
n+1 1 1
L fan,(ax)El(bx) dx= (x+1) Ei(ax)E(bx) + —/—~ 0 +1) (a"+1+W> E{(a+b)x}
a’:'il (n-1+-l) en(ax)e 2*E, (bx)
i 1 e
“paei v (n+1) en(bx)e *E,(ax)
e R R
(n+l)e( ! mz=1 m(a+b)m [an+1+bn‘+1]
z n _ n! 1 b n l a m
’ J:) x"E(ax) E1(bx) dx= n+1) [an+1{1n <a+b>+m2:1 — (a+b> }
1 1 b m
e | 0 (552w (G5a) )
z —op I(p+1) (1j2z)m
' pr[El (@) ret=are (p+1) E(m+p+l)
I'(p+1)

=2-r

@( 1 p+l) p>—1
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fE, (x)Ei(a—x)dx=2(y+Ina)e®+2(1—ay—aln a)E,(a)
( a)m

m!m?

—a{l(2) + (y+1n a)2} — 2ai

13. fxE' (x)Ei(x—a)dx=e *{ln 2 —e22FE,( 2a)}+ a{[y+In a]2—2¢(2)}
—a(y+Ina)Ei(a)—aln 2{E,(a) +Ei(a)}

+Ei(a)+a SQ: bm<—g—m—)

m!

where +2E (2n 0
1 m+1
and b2m+1—(2m+1) 2 (2n_1)

14.

S

L "”E1<.)E,(“b)dx 4V [(1+5) Ev(b) —e?]

15.

[92]

[[A () semanFrrono -

* ex gy T a__\_ b
16. cL Ei(ax) Ey (bx) =7 dx=" L2<a+b+c> Lz(a+b+c> +lnalnb
atb+c

a+b+c>
b

+In(a+c) 1n( ) +ln(b+c)1n<

—In?(a+b+c)

17. f e *k; (x)El(x)dx————2Lz< )+2 In 2 In 3—In23
0

3
=1.228558 . . .

®© 77-2
18. f e’El(x)El(x)dx=F
0

® 77-2
19. f e?*F,(x) Ei(x) dx=—
0 12

20. afme‘“”El(x)El{(a+1)x}dx——+—ln2 2= L2<
0

1+a
513 )+ln 2 ln(———)

2 2

2
12 ln (1+a)

SR

@ T & (—1)'"(1—:1)”‘
2ax = —
21. aJ; e2E {(a+1)x}E{(a+1)x}dx 12+ m2=] w2 \1Ta

7T2
22. f ek (x)Ei(x)dx=——=
0 12
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2%,

24.

25.

26.

27.

28.

2

Ne)

30.

31.

32.

[N

33.

afxe"””El (x) Ei{ (a—1) x} dx=—

) 2
f e~22Ei(x) Ei(x) dx="2
0

4

6

Z
E——lﬂ(a—l) +In(a+1) In(a—1)

o s

m=1

aHbEC at+b+c

0 2]
c2f xE;(ax) E(bx) e‘”dx=7T——L2 (L)—Lz (——b—)-i- Inalnb
0

f * xe~*Ey (x) E1(x) dx

—In?(a+b+c) +[ln(a+c) — aic:l 1n<“+2’+c)

[

702 1

(b+e)— 5 }m(”iﬂ)

>+2 In2In3—In23—1n3

=0.129%46 . . .

Cn+1

% 2b2
f —1/2er/(126112b2/(4.1c)E1 ( ) (
-0

© ) ) a2b
) J- e.tz/(lze(l2b2/(4.1'2)El< )El ( >dx—a7'r3/2 bEl(b)
0

fo E(x)dx fx Ei(y) e-alr—yld_v—
0 0

+

- np E b —cx —ZZ_L _a_ —L —b_
n! L B0 el Gl 76 2<¢l-i-b+c) 2<a+b—|-c)

Inalnb—In* (a+b+c)

+{ Ik, —mj; % (a—i—c)} In (”z”)
+{ In (b+c)—m'2; %(Efﬁ)} ke (——”Z“)

+

_+_

1

242 wn ()

m=2

() Y o)
<)

dx=2am32e’E,(b)

—In 2—-—-—— In? (a+1)

6 2

2 oc 1)m+1 l_a m
+E 2 T m <l+a>

=1

Lx In x [E1(x)]2dx=— [£(2) +2(y+1) In 2+ 12 2]

f: x In 2B (o) B (x)dx:—% [g(z) SN 2—y—%+z(y—1) i z]

r x In xE (x) E (x)dx=—
0

n!
(n+1)

[g(z) +In22-2y 3 g +2(y+4) In 2—23]

m=1
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where

n 1 1
2 E( 2m>’

n ] ] 1 nl
BIEW[N 2 3

m=1

% l(p+l) 1 1
34. , x? In xE,(x)E;(x)dx= ﬁ [{W(/)+l)———+l In 2} 2 i mt pr1)

m=0

1
Z2'"m-|—p-i—1)] ZEa

m=0

%)

35. fx E\(x)dx f E:(0)E\(]x—y|)dy=4 In 2—%
0

2

36. | Ei(x)dx Jﬂ E,(y)El(x—y)dy=f Bl d fx Ey(y)Es(y—x)dy=2 In 2— T

0

4.7. Combination of Exponential Integral With Bessel Functions

a

* 2 2)1/2
1. f Bu(a)a(bx)dx =1 n [M]
0

2. J'x xE, (ax),]o(bx)dx:%z— [l =@(a24F (8=
0

= 0 _L é P 24/%1&2/)) (l . :_I.)j>
3. ] x'E,((tx),],,_l(bx)dx~ab <2> (@21 b2) 2T T(p+1) X oF 9 g jpar1lg pe
_1(by y I'(2p) ( b? )
b (2) @+ P rorn <\ Pt ] p>0

b/2)" I'(2q+2) o 1
(1,2(”2 I'(p+1) (g+1)

4.f 2012 (ax) Jp(bx) dx=
0

2

—b
P 9, @ ==

3
X 3F, (Q+ls wjar g GFrEs

5.[” El(a/x)Jl(bx)dxz—iKg(\/2ab)j0(\/2ab)

en

f: Ei(a/x) Yl(bx)dng Ko (V2ab) Y (V2ab)

-

= 1
. f E, (x)Io(bx)deZ (g—cos—1 b) 0<b<1
0

8. f Ei(alx) Ki(bx)dx=7 Ko (el V2ab) Ko (e~* \/2ab)
0

o

fx}cEl (ax)Io(bx)dx=— bz [1—a(a®—b?)-12] a>b

0
=2 4

10. f Ei(ax)Jo(b \/;) dx———ﬁ [1—e*0a)]
0
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0 = b2
II.J; x1/2E1(ax),]1(b\/x) dx=% [1_<1+E> e"’z/(““)]
= 2 \p+2 b2
12.] X2E; (ax) Jo(b V) dx=<z) 'y(p+1,4—> p>—1
0 a
2
b

13. f " x 12, (ax) ]y (b V) dx= [VHH (z;bz)”f (fz)]

- I(g+1 1
1 J; A PE (@) Jp(b V) dx= (2>p FEZ:I)) XD

X oF, <q+1, q+1;p+1,q+2;—E> p,q>—1

15.

K

2 2
ﬁ Ei(ax)Yo(b Vx) dx= e [’y+ln (zi’_a)_e_bz/ua)Ei (:_aﬂ
16. Lw Ei(ax)Io(b \/g—c) dx=% [ev¥40) — 1]

£ n+2 2
17. f x"2E, (ax) 1, (b \/;) dx= (—1)"t1p! (g) [l—en (—b—) eb*l(4a)
0 b da

” 2 [2 bt I(g+1)I'(g+1
18. L x0-P+D2E, (ax)H, (b Vx) dng\[;(4a)qx (Q3 g+ 1)

r(p+§) I(g—p+2)
3 3 — b2
X 3F3 (l qg+1, g+1; 2,p+2,q+2, 1a )

q>—l,p>—§

2
- 2T+ e b2 1
19. J:) xP2e92E | (ax) J,(b Vx) dx=3 i VB _ 1)z, pj2 <E) —1<p< >
20. L " xw0i2ex, (x) Y, (b V) dx= % r (p+%) V18 X W _(pszysa. pia(b2/4)
3,1
DR
= . —3Vn 5
21. fo K0312eE () Yy (b V) de=—2 ”r( p+§>e"2/8>< W oy 2 (B214)
S .3
DY

22. fxe‘”El(ax)Ho(b\/;)dx=-Ze”2/("“) erfc (2
0

>

% 1/2
23.f x~12ex(1-al2K, (l ax) Ei(x)dx= (f) oF ( ;11— 1)
0 2 a b

a

\fln[(a+b)+\/m]

24.]0 e 72]o(bx/2) Er(ax)dx=— (1+V2)
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2
2sf +bx/2] ( ) H(ax)dx=——— = a > b for upper sign
’ NV ah) e
1/2 1 1 1
26.j xPe*2], (‘)F (x)dx— F(1+2]))F(——p) == S =
0 \ 1 2 2 2
pts3

» F(l+2p)[‘<%—p>

1
pt3

% —1/2
27. f Xl (x) By (ax) dx =" (3)
0

a?

1 3 2 1 1
2F1<p+2,2p+1 p+2, 1-;) @z = -2—<p<2

exp{—b(a+Va+c)}
(et Vet )Vare

28. f” xEi[a{b+ (b2+ x2) 2} 1Jo(cx) dx =

) 2 2
29.f Ey (ax)Jo (bVx) In xdx=bi2 e~b*4a) {Ei (Z—a>+ln a—In <—ll—) }
0

da
2 2
e {E (b >+ln a+ln (b—>}+% (In a—3vy)
30. | xE (e Ve ~ (a/2)T (p+A+1)
L B () s (& Vi) a0V D)= e e e o T
X4F4(}\+—;.)\+1.)\+1)+1,

Ap+1L; A—v+1, \+v+1,

2N+ 1, A+p+2;—a?) A+p+1>0

31.fxE|(x/a) ber (2\/;)dx=sin a

32. J: E,(x/a) bei (2Vx)dx= (1—cos a)

4.8. Combination of Exponential Integral With Other Special Functions

= 1 I'(p+1 *
l.f El(ax)'y(p-i—l,bx)dx‘—‘——(L-—)—%f e*’t“’*”E1<%t> dt p>—1
0

0 a (_l p+1
(1+%)

See 4.2.20 for Evaluation of this integral.
%0 1 a —p—1
2. f Ei(ax)T'(p+1, bx) dx=a [(p+1) [l—<l+—5) ]
0
+% Fe-’tl'“E,(at/b)dz p>—1
0

See 4.2.20 for Evaluation of this integral.
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w

I

&

8.

Ne)

1

=]

1

=

12.

13.

14.

15.

I

: fx xP=1e®-0x,F (a; p; x)E,(bx)dx=
0

. f”xp—l/ze»ar/wk_u(ax)El(bx)dx:
0

. , l o 1 b m+p+2
, L Ei(ax)y(p+1, bx)e dx—-g I'(p+1) mz=o (m+p+2) (5)

Lo (Y @ (21, p+2 l.a>b

n| —b n—1 1 b m
f El(ax)y(n+1 bx)ebxdx_ b []n (ab _>—+— 2 - ((_1) J a>b

m=1

I'(p)I'(p)I'(1—a)
bI'(p+1—a)

X oF, (p—a,p;p—a+1;l—%> p>0,a<1

fx.xP1F1(21)+l—(1; 2p+1;x)]2,,(2\/i);)E1(x)dx

0
_M —aph — _.l_ =
=T P~ (a—2p, b)y(a,b) p> 2,a> 1

a*t 12 '(p+u+1)
br+P+l (p+u+1)

3Fz< AR (RAF U [0 (AR g D p.+l;2,u+l,p+,u,+2;—%> ptu>—1

fwe*(l’*”fL,,(px)El(x)dX‘—‘ o1 (1, n+15n+2;1—-p) 0<p<2
0

_1
(n+1)

] fox L,z(x)El(ax)dx:ﬁ [1_ (1 _;]l_>n+1:|

®© 2
; J si(bx)El(ax)de—ltan*I(a>~‘iln (l+b—2)
0 a a

b

. fx Ci(ax)Ey(ax)ds=—— (7+21n2)
0 da

fox i (\/_)E.(ax)dx——<1+b> 1 (&;:&;)

fx e ( e )El(azx)dx—i (1—ab)e-+ b2E, (ab)
8%

f erfc (ax)E, (b—> d——L (1—2ab)e22+2a2E,(2ab)
) B 2p2

fx erfe (ax)E, <i > =[¢(2) + (y+1In2ab)?] +2 2 2—(::2)"1

m=1

4.9. Miscellaneous Integrals

—Ebml <1+-) —1=sbh<1
pm:l m
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0 a



\V]

f (14 berr) 'Ey(ax)d 2 (;ml <1+%)) b>1

m=1

oo

- (=) ( 2m+1)
f() sech xE; (ax)dx=2 2 ————(2 ) In 1+—"

m=0

B

fxtanth,((zx)(1x=l+ i (el In <1+ﬂ)
0 a a

m=1 m

5. fx In (cosh x)El(ux)(le%z;% Ini2= ,,,Ei (—mlz) In (1 +2"})
0 =
= dx
In 6-8, let F(p, q) = Kq(x) —
2vab xP

6. fxx”“e"’/IEl(ax)dx=4(2b)I)F(p+l,p)
0

~

- I'(p, b/x)E,(ax)dx=b2*PF(3—p,p)

0

®

fxEl(b/x)El(ax)dx=16bF(3,())

In 9-12, let G(p, @) =f°°er1<,,(x) &
ab

= o (2b2) ( ) 1
9. x+2b) P~ 2E, (ax)dx= I'(p+=)G(p+1,p) ) > —=
[ (x h) ] 1(ax) \/; I I B

0

2 (marw)

0 Vier2o)
W[ OVAF 24 V= (VAT 35—V B () dv= p 266 (2.p) >0

% 5 § 1
. fo [x(x+ 21))]‘”’*’,{’(1 +%) El(ax)dx=\/f:_rb‘ ‘”(;(%—1),5 + q)

5. References

10. (ax)dx=bG(1,1)

1

(3]

1] Bierens de Haan, D., Nouvelles Tables d’Intégrales Définies, Amsterdam, 1867.

2] Bock, P., Composito Math. 7, 123 (1939).

3] Busbridge, I. W., Quarterly Journal of Mathematics, Oxford Series (2), Vol. 1, 1950.

4] Erdélyi, A., W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher Transcendental Functions, Vols. I, II (McGraw-
Hill Book Co., New York, 1953-55; Tables of Integral Transforms, Vols. I, II, McGraw-Hill Book Co., New York,
1954).

[5] Geller, M., A Table of Integrals Involving Powers, Exponentials, Logarithms, and the Exponential Integral, JPL Tech.
Rep. 32-469 (Aug. 1963).

6] Gradshteyn, I. S., and I. M. Ryzhik, Table of Integrals, Series and Products (Academic Press, New York, 1965).

7] Grobner, W., and N. Hofreiter, Integraltafel, Wien (Springer-Verlag, 1961).

8] Handbook of Mathematical Functions, edited by M. Abramowitz and I. A. Stegun, National Bureau of Standards,
AMS 55, Washington, D.C. (1964).

[9] Hopf, E., Mathematical Problems of Radiative Equilibrium, Cambridge Tracts in Math. and Math. Physics, No. 37
(Cambridge University Press, Cambridge, England, 1934).

[10] Jahnke, E., and F. Emde, Tables of Functions (Dover Publishers, New York, 1945).

[11] Kotani, M., A. Amemiya, E. Ishiguro, and T. Kimura, Table of Molecular Integrals (Maruzen Co., Ltd., Tokyo, Japan,
1955).

[12] Kourganoff, V., Ann. d’Astrophys. 10, 282, 329 (1947); 11, 163 (1948); Comp. Rend. Acad. Sci., Paris 225, 451 (1947);

Basic Methods in Transfer Problems (Oxford University Press, London, England, 1952).

209




[13] LeCaine, J., A Table of Integrals Involving the Functions Ex(x), Chalk River, Ontario, Nat. Res. Council #1553 (1948).

[14] McLachlan, N. W., P. Humbert, and L. Poli, Mem. des Sciences Math. L.’Acad. des Sciences de Paris, Fasc. 100
(1947), Fasc. 113 (1950).

[15] Nielsen, N., Handbuch der Theorie der Gamma Function, Theorie des Integrallogarithmus and Verwandten Trans-
cendenten, B. G. Teubner, Leipzig, 1906.

(Paper 73B3-299)

210



	jresv73Bn3p_191
	jresv73Bn3p_192
	jresv73Bn3p_193
	jresv73Bn3p_194
	jresv73Bn3p_195
	jresv73Bn3p_196
	jresv73Bn3p_197
	jresv73Bn3p_198
	jresv73Bn3p_199
	jresv73Bn3p_200
	jresv73Bn3p_201
	jresv73Bn3p_202
	jresv73Bn3p_203
	jresv73Bn3p_204
	jresv73Bn3p_205
	jresv73Bn3p_206
	jresv73Bn3p_207
	jresv73Bn3p_208
	jresv73Bn3p_209
	jresv73Bn3p_210

