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Franck-Condon fac tors have bee n calculated for ve.rti cal trans itions of H20 and 0 20 involving 
both bond le ngth and angle changes. It is s hown that e ve n in th e harmoni c osc illa tor approxi mation 
diffe rent Franc k-Condon fac tors a re obtained for positive a nd negat ive angle changes. The res ults are 
used to obtain the geo metry of the ion grou nd s tate. Sati sfac to ry agree me nt is obtained for the isoto'pe 
e ffec t on the vibrationa l tra ns ition probabil iti es. The effec ts of a nharmonicity are di scussed semi· 
quant ita tively. 
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1. Introduction 

In recen t years there has bee n growi ng interes t in 
the qu a ntitative formulation and application of the 
Franck-Condon principle to a variety of vertical tran
sition processes in polyatomic molecules, including 
electronic absorption spectra, photoionization and 
photoelectron spectroscopy [1- 11].' One of the major 
objectives of these studies has been to determine 
the structure of excited and ionized molecules from 
experimentally determined vibrational tranSltlOn 
probabilities. In one case, the C(lB t ) Rydberg state 
of water, the res ults ob tained by thi s method were 
in rather good accord with the geometry obtained 
by rotational analysis [4]. All these s tudies have 
in common the assumption of constant electronic 
transition mome nt , thu s reducing the problem to 
an evaluation of vibrational overlap integrals, and a 
fu r ther simplification of using harmonic oscillator 
wave functions [12]. T tree di stin ct approaches to 
the problem have been employed. Firs t , consideration 

, of only one progression of a totally symmetric vibra
I tion [1 ] , second , consideration of all totally symmet-
7 ric vibrations combined with a simplified normal co-

ordinate tran sformation a nd an iterative procedure 
[2] and las t , use of th e method of generating func
tions [13] extended to n dime nsions with considera-

*Presenl uddress: C{'nt ft· d 'Eludes Nut"il'u ires. Saclay. France. 

I Figure s in brackets indicate the li te rature refe rences at the end of thi s paper. 

tion of all normal modes and including the possibili ty 
of symmetry as well as geometry differences between 
the initial and final states [9]. 

One application of the last method was an approxi
mate determination of the water molecule-ion geometry 
from experimental Franck-Condon factors (hereafter 
called FCF) obtained from the s taircase structure 
observed near thres hold in the photoionization yield 
c urve [ll , 14]. The calculations r e ported in that study 
were based on a simplified normal coordinate tran sfor
mation and , in addition, the extent and accuracy Gf 
the experimental da ta were limited to an unknown 
degree by interference from autoionization near 
threshold [ll, 15]. Recently the FCF for both H~O 
and D2 0 ions have been determined by Brundle a nd 
Turner [16] with much greater accuracy and co m
pleteness by means of photoelectron spectroscopy. 
We report here new and more complete calculations 
based on their work, along with some new results con
cerning sign ambiguiti es in geometry determination , 
rough considerations co ncerning an barmoni city 
effects , and a com pari son of tbe ion geometry with 
that of th e C(I B t ) Rydberg s tate. 

2. Method 

The generating function method has already been 
described in detail elsewhere [9- 10). The basic 
problem in the polyatomic case is the determin ation 
of the transformation relating the normal coordin ates 
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of the initial a nd final states. As first pointed out by 
Duschinsky [17] , this is in the most general case a 
linear matrix transformation relating initial and final 
sta te normal coordinate vectors Q and Q'. It has the 
form 

Q '=}Q + K 

where} is a ma~rix and K a vector. From symmetry 
considerations it follows that K has nonvanishing 
com poner1ts only for totally symme tric modes. As a 
result , only tota ll y sym me tric vibrations are strongly 
excited in th e vertical tran sition [18-19J. In the 
dia tomic case there is an analogous transformation 
in which} incorporates the effect of frequency changes 
and K the e ffect of bond length change. 

In the diatomic case, in the harmonic oscillator 
approximation , one obtains the same FCF for bond 
length changes of equal magnitude but opposite sign. 
This follows direc tly from the symmetry properties 
of the harmonic oscillator wave functions and the fact 
that the FCF is the square of the vibrational overlap 
integral. Consequently, one cannot directly determine 
the sign of the bond length change by working back
wards from observed vibrational intensities. This 
ambiguity, of co urse, disappears when anharmonicity 
is taken into acco unt. In the polyatomic case, on the 
other ha nd , this ambiguity disappears in the harmonic 
approximation if there is more than one totally sym
metric mode and if th e transformation relating the 
initial and fin al state totally symmetric modes involves 
a rotation in normal coordinate space, i.e., if the} 
matrix has off-diagonal elements. An illustration is 
given below. 

The detailed form of the normal coordinate trans
formation given above is conveniently found starting 
with internal symmetry coordinates 5 and 5' for the 
two states. With the choice of a force field, such as a 
simple valence force field, the normal coordinates are 
obtained b y solving the vibrational eigenvalue problem 
from which one obtains matrices Land L' relating 
the res pective normal coordinates to the internal 
symmetry coordinates 

S = LQ and S' = L 'Q'. 

The most general transformation relating the internal 
symmetry coordinates of the two states is again of the 
form 

S' = ZS + R 

from which it follows that 

} = L '-1ZL and K = L '- 1R 

Using co nve ntional st retching and bending internal 
symmetry coordin ates, the relation be tween these 
coordinates for two states of bond angles 2f3 and 2f3' 
and bond length rand r', respectively, is readily 
written down. (It is often convenient to work thi s out 
via cartesian displacement coordinates.) 

5; = cos (f3 - f3') .5 1 _ _ r_ 
V2 

sin (f3 - f3 ') .52 + v'2 (r cos (f3 - f3') - r') 

5 ' V2 . ( ') 5 ;-2 = -, sm f3 - f3 . I +""7 
r r 

cos (f3 - f3' ) . S2 + 2:-sin (f3 - f3') 
r 

5' - sin f3 ' .5 
3 - sin f3 :3 

where the subscripts 1, 2, and 3 refer (throughout) 
to the symmetric stretching, symmetric bending and 
antisymmetric stretching coordinate. It is seen from 
this transformation that the off-diagonal ele ments of 
the Z matrix will have different sign depending on the 
sign of the bond angle change. Further, inspection of 
the L I matrix elements also shows an unsymmetric -: 
behavior with respect to positive or negative bond 
angle differences compared to the other state. Con
sequently, a bond angle difference between the initial 
and final state will lead to somewhat different FCF 
depending on the sign of the difference. The Land 
L I matrices depend, of course, on the normal co- J 
ordinates which , in turn depend on the assumed force '" 
field. However , these remarks are qualitatively correct. 

A second effect of the mixing to stretching and bend
ing normal modes in the transformation is that the 
FCF of the stretching mode is somewhat dependent 
on the angle change and, conversely, the FCF of 
the bending mode is dependent also on the bond 
length change. 

3. Results and Discussion 

3. 1. Ambiguity of Sign 

In order to illustrate the unsymmetri c behavior with 
respect to geometry changes as discussed above, 
calculations were carried out for an idealized case. 
FCF were calculated for a transition of the water mole- <' 

cule in which the upper state had geometry but not 
frequency changes with respect to the lower state. 
For the initial state parameters, the geometry and the 
totally symmetric mode frequencies of the ground state 
water molecul e were used. A simple valence force 
field was used to determine the antisymmetric stretch
ing frequency and the normal modes. In table 1 are 
shown the FCF calculated at various geometries 
corresponding to all co mbinations of up to two incre
ments of ± 0.0400 A and ± 5.00 deg geo metry change 
with respect to the initial state. The s um of the FCF 
for any given geo metry may not equal unity because 
of contribution s from higher overtone and combination 
transitions w!1ich are not tabulated. It is seen that when 
there is only a bond length change the sign ambiguity 
is still present , i. e., one obtains exactly the same 
transition probabilities. However , when angle changes 
occur one obtai ns numerically different values depe nd
ing on th e sign of both the angle and bond length 
change. Further , the de pendence of stretching excita-
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TABLE 1. Franck-Condon Factors for Positive and 
Negative Geometry Changes in H20 a 

2f3 
94.52° 99.52° 104.52° 109.52° 114.52° 

r 

P (000-000) 

0.8772,,\ 0.37639 0.47072 0.51071 0.48097 0.39331 
.9172 .62016 .78023 ·.84537 .78929 .63530 
.9572 .73212 .92512 1.00000 .92530 .73326 
.9972 .61925 .78468 0 .84537 .77494 .60477 

1.0372 .37529 .47610 .51071 .46364 .35643 

P (100-000) 

0.8772 0 .23236 0. 30657 0.34243 0.32415 0.26006 
.9172 .08916 .12400 .14170 .13347 .10363 
.9572 .00055 .00009 .00000 .00000 .00002 
.9972 .1l662 .13713 .14170 .12914 .10398 

1.0372 .26512 .32515 .34243 .31019 .24196 

P (010-000) 

0.8772 0.14774 0.05205 0.00075 0.03155 0.1l911 
.9172 .21706 .07276 .00031 .05627 .1941 7 
.9572 .22690 .07161 .00000 .07146 .22618 
.9972 .16861 .04947 .00031 .06463 .18826 

1.0372 .08897 .02387 .00075 .04163 .11197 

P (110- 000) 

0.8772 0.07781 0.02928 0.00050 0.01758 0.06590 
.9172 .02162 .00824 .00005 .00649 . 02177 
.9572 .00204 .00043 .00000 .00032 .00124 
.9972 .04317 .01205 .00005 .01454 .04392 

1.0372 .07493 .01982 .00050 .03237 .08909 

II Ground st ale r= O.9572A 2{3 = 104.52°, C. He rzbe rg, Electronic Spectra of Polyatomic 
Molec ules (D. Van Nos trand, New York, L966). 

vI -Symmetric stretchi ng mode. 
v2-Symmetric bending mode. 
v3-Antisymmetric stre tching mode. 

tion on an gle chan ge an d vice versa is clearly 
demonstrated by inspecting rows and columns. The 
results of including frequency differences as well 
as geometry differences are not very mu ch different. 
For upper state frequen cies corresponding to the 

> Rydberg s tate of the ion (see table 3) there is a slight 
dis tortion of the FCF surfaces. 

From a practical standpoint, thi s asymmetry effect 
is too s mall to be of use in this range of geometry 
variation. Howe ver, for s till larger angle changes the 
effect will be quite:; pron ounced. An extreme case of 
this type is the pyramidal planar-transition of NH3 [20]. 

3.2. Franck-Condon Factors for Ionization 

In table 2a are shown the experimental FCF for 
H20 and D2 0 de termined by Brundle and Turne r [16] 
by photoelectron spectroscopy. In table 2b are listed 
the FCF relative to the zero·zero transition computed 

TABLE 2a. Experimental Franck-Condon Factors for 
the ionization of H20 and D20 from photoelectron 
spectroscopy a 

Tra ns ition 

000-000 
100-000 
200-000 
300-000 
010-000 
110-000 
210-000 

<I Turne r and BrundJe, ref. [16]. 
b De tec tion limit ; not ubserved. 

H20 

0.757 ± c 0.005 
. 143± .005 
.018 ± .002 

b < .008 
.069 ± .005 
.013 ± .002 

> .002 

D2 0 

0.702 ± 0.005 
.148 ± .005 
.025 ± .002 

.087± 0.005 

.034 ± .002 

.004 ± .002 

C Throughout thi s paper indicated numerical error li mits re present s ubjective est imates. 
by the authors ci ted or by the present writers. of probab le limit s of e rror. 

from the photoele'ctron spectroscopy data along with 
other ratios obtained from photoionization experiments 
by Dibeler [11] and Brehm [15] and, for compari son, 
the results for the Rydberg C and D states de termined 
spectroscopically by Bell [4]. It is seen that the photo· 
ionization data are in only moderate agreement with 
the photoelectron results. Both photoionization experi· 
ments show clear indication of autoionization struc· 
ture just above the (100-000) step, and it is probable 
that there is interference from autoionization near 
threshold as well. In table 3 are listed the frequencies 
for the ground state, ion state, and the C and D Ryd· 
berg s tates determined by various workers. There is 
a very close correspondence between the ion fre· 
quencies a nd those of the Rydberg C state for both 
isotopic species. This, of course, leads to the expecta· 
tion of very similar geometries for both states . 

The FCF were calculated for bo th molecules as a 
function of both bond dis tance and angle, using the 
Rydberg C state freq uencies for the upper state . 
Calculations were carried out for both a simple valence 
force field and for one with a potential interaction 
constant between the stretching and bending coordi
nate. The two gave essentially identical results. The 
ground state geometry is given in table 4. In figures 1 
and 2 are shown the results in the region of interest cor· 
responding to an increase in both angle and length. 
The curves may be visualized as cuts through the 
Franck-Condon surfaces at three different values 
of the bond length, and the tenfold difference in oJ'
dinate scale for both 000 and 100 ·should be kept in 
mind. Also shown are the experimental points for all 
transitions measured by Brundle and Turner [16]. 
The measure of agreement is whether all poi nts li e 
on the same vertical line. It is clear that the agree
ment is only moderately good, with some deviation 
for 110 and 210. Noteworthy is the fact that the results 
for both ions li e at almos t exactly th e same geometry, 
that the significant deviations from ideal are in the 
same direction for the same transitions and, most 
important , that there is a major discrepancy in both 
cases for the 200-000 transition, with the experi
mental values several times as large as the calculated 
values. Also, inspection of the cuts at 0.99 and 
1.01 A shows that the disagreement cannot be resolved 
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TABLE 2b. Ratio of experimental Franck-Condon factors by different methods relative to the 000-000 
transition 

Photo· Photoionization a 

e lectron R ydbe rg Rydberg 
s pectros' C S tate [4] o State [41 
copy [16] ref. 11 ref. 15 

H2O 100-000 0.189 0.20 ± 0.03 
H2O 010- 000 .091 0.18 ± 0.03 .14 ± .03 
020 100- 000 .222 .18 ± .03 0.6 ± 0. 2 0.60 ± 0.IS 
020 010- 000 .124 .14 ± .03 .2 ± .1 .4S± .15 

11 The val ues /!. iv('n a re esti mate d from the publis he d c urves. Bvth sets of photoionizatio n values a re s ubject to e rror due to aUloioniz ation. 

<l Thi s wor k. 

TABLE 3. Frequencies for various states of H20 and D20, in em - \ 

Ground C Rydberg State o Rydberg Ion Ground State 
State State 

(a) ref. 4 
ref. 4 ref. 22 P. 1. re f. 15 P.E.S. ref. 16 

H2 Oll1 3652 3179 3170 3268 3190 ± 50 
H2 Oll2 1595 1407 b (1422) 1636 1420 ± SO 
H2 OIl:J 3756 (3238) (3224) 
0 20 V I 2666 2338 (2290) 2381 2280±SO 
020 V 2 1179 1041 1038 1223 10S0 ± SO 
020 V 3 2784 (2427) (2365) (2483) 

" C. He rzberg. Infrared and Rama n S pectra , Ne w York (1945). 
In the Fe F calcula tio ns a value of V I = 3699 was used. This has no effect on the res ult s. 
h All quantities in bracket s have be en ca lcul ate d from s imple va le nce force fields. 

3200±SO 
1380 ± SO 

2310±SO 
980±SO 

TABLE 4. Geometry of various water states 

Ground C State C State o State Jon 
state [19] rotational FCF [4] FCF [4] FCF " 

ana lysis [22] 

r 0.9S12A 1.013 1.022±0.0l 1.024 ± 0.01 0.99S± 0.00S 
2f3 104.52° 106.7 109.7 ± 1.8 113.0 ± 1.8 b < 109 

Jon SCF 
calc. [23] 

119 

h The va lu e 1 J00 is obt ained for a h ar moni c oscillator c alculation. The cons ideration of a nh armoni cil y would decrease Ihi s va lue by perhaps seve ral degrees,., see text. 
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FIGURE 1. Franck Condon factors for H20 as a function of bond 
angle at three bond distances for the ion state. 

Experimental points with error bars are the photoelectron spectroscopy results of Brundle 
and Turner (16). 

by a slight geometry change. Thus, at first sight 
one has establi shed a geometry es timate of 1.00 A 
and no deg. with astoundingly good precision. The 
large deviations are due to anharmonicity, and the 
precision is a little deceptive. 

3.3. Anharmonicity Effects 

Before considering anharmonicity, one other factor 
has to be considered. In the H20 and D2 0 molecules 
and ions the frequencies of the antisymmetric stretch· 
ing mode are quite close to the symmetric stretching 
frequenci es. For the ions this is based purely on simple 
valence force fi eld calculations which, as seen from 
table 3 give reasonably good results for the C Rydberg 
state. Comparing the values with those of the molecule 
ground state one has a decrease of about 500 and 300 
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FIGURE 2 . Franck·Condon factors for D20 as a function of bond 
angle at three bond distances for the ion state. 

an~Xt~;~~:[:6t points wilh error bars are the photoelectron spectroscopy results of Brundle 

em-I for the H20 and D20 ions, respectively. This 
is sufficient to produce a small excitation of the even 
overtones of the antisymmetric stretching modes, 
and it is very probable that the results of Brundle 
and Turner for the 200-000 transition include contribu
tions from 002-000 as well. The calculated transition 
probability is about 0.001 for both H20 and D20. 
Another possible interference is the (120-100) transi
tion which would lie only several hundred wave num
bers away from the (200-000) transition. The FCF 
for this transition depends on the geometry but, in 
this range has a value of about 0.003 to 0.004 for H2 0 
and 0.001 for D20. Thus the difference between the 
calculated and measured FCF is quite real, although 
the experimental value might be somewhat lower 
than stated. 

There is no direct indication of the magnitude of 
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the anharmonicity in the water ions. Again, the results 
of Bell on the Rydberg C state are suggestive since 
they show first differences in both the stretching and 
bending progression [4]. However, they are far too 
fragmentary for a determination of anharmonicity. 
In view of this we have carried out only the very sim
plest one dimensional perturbed harmonic oscillator 
calculation corresponding to a cubic term in the po
tential for both the symmetric stretching and bending 
mode. For this model perturbation theory yields for 
the wave function 

+9(n+l)3/2tJ!0 +[(n+3)(n+2)(n+l)]1 /2tJ!0 } 
n+ 1 11+3 

where X p is the anharmonicity constant and n is the 
vibrational quantum number. In the absence of better 
information we note the remark of Bates [21] that in 
many diatomic molecules Xe has values of the order of 
magnitude 10- 2 • Using the perturbed wave functions 
for the stretching normal mode it is a straightforward 
matter to recalculate the FCF using the overlap inte
grals previously calculated for that geometry. The 
results are shown in figure 3. The dashed lines show 
the anharmonic FCF as a function of X~/2. They are 
shown for a geometry of 1.00 A and 110 deg. The 
000-000 transition probability decreases somewhat 
and both the 100-000 and 200-000 transition proba
bilities increase. The great slope difference between 
the latter two is again due to the tenfold difference in 
ordinate scale. It is interesting to note that a reason
able value of the anharmonicity parameter accounts 
for the intensity discrepancy in 200-000. At a slightly 
lower value of r= 0.995 A one can bring all three 
transitions into accord with a value of Xe of about 
0.008-0.009. The dependence of the FCF on the 
anharmonicity coefficient at that geometry is very 
similar to that shown for 1.00 A. Further, with this 
value of ,anharmonicity one can calculate the effect 
on 300-000 as well, although at this transition the 
first order perturbed wave function is of doubtful 
utility. In any even the FCF calculated with the per· 
turbed wave function did not exceed the upperbound 
determined experimentally. 

It is evident that a similar situation holds for the 
bending vibration as well. A similar parametrized 
calculation indicates that for an anharmonicity of 0.01 
the same FCF is obtained at 109 deg instead of 110, 
and for an anharmonicity of 0.04 at 108 deg. There is 
little question that the bending mode is anharmonic, 
and these results indicate that the accuracy as well 
as the precision of the bending angle estimate is some
what lower than appears from the FCF curves and the 
small probable error of the experimental FCF. 

3.4. Geometry of Water States 

In table 4 are given the geometries of the various 
states determined spectroscopically [22] and by spec-
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FIGURE 3. Dependence of Franck-Condon factors for H2 0 on the 
anharmonicity parameter x~/2.for an upper state geometry of 1.00 A 
and J J00. 
Left-hand and right -hand ~raph s give the de pende nce on geometry for comparison. 

troscopic FC and photoelectron spectroscopic FC 
methods and the results of a SCF calculation by 
Krauss [23]. On the basis of the crude discussion of 
anharmonicity effects, one can suggest that at least 
part of the angle discrepancy between the FCF results 
of Bell and the rotational analysis of Johns is due to 
anharmonicity. In the harmonic approximation we 
obtained the same results as Bell. Further, in com
paring the bond length of the C state and the ion state 
we note that the bond length of the ion is smaller. 
In addition, the ambiguity of geometry change deter
mination which is still effectively present in the 
harmonic approximation is in fact removed by the 
anharmonicity assumptions required to account for 
the abnormally high 200-000 FCF. The analogous 
anharmonicity calculations for a decrease of bond 
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7 

le ngth of equivalent magnitude below the ne utral 
molecule value would have led to an opposite e ffect 
on the "corrected" transition probability. Lastly, the 
bond angle estimate for the ion is of only moderate 
valu e. It may in fact be equal to, or even lower than 
that of the C state. The answer to that ques tion will 
depe nd on improved knowledge of anharmonicity. 

W e thank D. W. Turner and C. R. Brundle for 
sending their results prior to publication and for helpful 
correspondence. 
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