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Ve rti ca l probes with temperature sensing e lements placed at fixed positions along their length 
are commonl y used for measurin g earth te mperature variations with time. Mainly for structural reaso ns, 
the probes are co m prised of materia ls whose thermal properties a re not the sa me as those of th e sur
rounding earth, so that the te mpe ratures as meas ured at a given time by the probe are not the same 
as th at. for the und isturbed earth. A mathe matical analys is for s teady period ic, two-dimensional hea t 
Row in a two body composite has been made to determ ine the probe co nduction errors in ground te m
perature measureme nts. Several examples a re given to show the relative magnitude of probe con
duction errors. 
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1. Introduction 

The d iurn al and annual variation of the te mpe ra
tures in earth or soil a t varying depths beneath the 
ground surface has a consid erable signifi cance in a 
wide variety of applications. These in c lude the de
termination of the rmal properties of undi s turbed soil s 
from te mperature meas ure me nts, the dep th at which 
water and sewer pipes have to be buried to prevent 
damage by freezing, th e effect of tem perature varia
tions on heat losses from buried utility pipes and the 
design of house foundati ons, and the need to know the 
temperature as a fun ction of time and dep th adjacent 
to unoccupied underground cavities in order to eval
uate heat transfer in the earth from time of occupancy. 

The accurate meas ure ment of temperature varia
tion s demands that so me attention be give n to the 
method of meas urement. Some of the cons iderations 
necessary for the method are that the earth be rela
tively undisturbed by the insertion of temperature 
sensing elements (usually th ermocouples, res istance 
thermometers or thermistors) , and that the depth of 
the element below the surface of the earth be known 
quite accurately . These cons iderations are us ually 
met by attaching thermocouples securely at fixed 
positions along the length of a rigid probe (p ipe or 
tube) before in serting the probe into the ea rth. The 
positions or de pths below th e surface of the th ermo
coupl es are then kn own quite acc urately. Other con
siderati ons for the accur<;lte measurement of 
temperature are the protection of the te mperature 
sens ing e le me nts from co rrosion and s tray electric 
fi e lds. 

Th e probe which is in se rted into the undisturbed 
earth mu s t be suffi c ie ntly s trong and rigid that it not 
be deformed or broke n upon in se rtion. This s tru ctural 
require me nt may not be co mpatible with the reo 
quire me nt th a t the th ermal properti es of the probe 
mate rial be s imilar to th e the rmal properties of the 
s urroundin g earth . Unde r the influe nce of te mpera ture 
variations at th e surface of the earth , app rec iable 
differences in thermal properties will lead to errors 
in the meas ured variation of te mpe rature . 

The purpose of thi s paper is to show th e effec t on 
te mperature variations at de pths below the surface 
by placing a vertical probe in the earth . 

2. Mathematical Analysis 

This analysis of steady, periodic, two·dime nsional 
heat flow assumes a simple model such as shown in 
fi gure 1, where a sine-wave te mperature variation is 
applied to the surface, z= 0 , and at a suffi cient depth, 
z = L, below the surface, the temperature is inva riant 
with tim e. Region 1 comprises the earth with a thermal 
conduc tivity AI and thermal diffusivit y 0' t . Region 2 
is co mprised of the probe material with a therm al 
co nductivity A2 and thermal diffu sivity 0'2, and is in 
perfe ct thermal con tact with regio n 1. Other more 
co mplex models and boundary co nditions can be as
sumed using a similar analysis. 

For a cylindrical geometry with th e axis of the sys
tem at the ce nter of region 2 (fi g. 1), th e partial dif
ferential equation for heat conduction in two regions is 
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FIGURE 1. Model for steady periodic heat flow in earth (region 1) 
shown with probe (region 2) of radius, r= a. 

At surface z = 0 temperature varies sinusoidally and at z = I the te mperature is invariant 
with time. 

(1) 

where v is the temperature potential measured from 
the temperature at z= I , 0: is the thermal diffusivity 
and subscript i denotes either region 1 or 2. There are 
several methods by which this problem may be 
solved and the author has found it convenient to use 
the Laplace transform method. The Laplace trans
form of (1) is 

(2) 

where q r = p/o: i and p is the parameter of the Laplace 
transform. 

For region 1, the radial temperature gradient is 
assumed to approach zero for very large values of 
the radius, r. The boundary conditions and con
tinuity conditions at the interface of the two regions 
(fig. 1) with their respective Laplace transforms are 
as follows: 

Surface Condition Transform 

z = o O ~ r < oo VI = V2 = sin wt 
w 

VI=V2 = p4w2 (3) 

z = l O ~ r < oo VI =V2 = O VI = V2 (4) 

r =a O ~ z ~ l VI = 112 Vl=VZ (5) 

r =a O ~z~ l A dv, _ A dl12 
Idr - 2 dr 

A dVI _ A dV2 
I dr - 2 dr (6) 

where w = 2rr/T , and T is the period of a cycle. Solu
tions of (2) that satisfy (3) and (4) for the two regions are 

_ w sinhq,(l-z) 
VI= p2 + w 2 sinh qll 

+ ~ A"Ko ( yn r ) . nrrz 
L.J sm--
n=1 Ko(y"a) I 

(7) 

__ w sinhq2(/-z)+~B,Jo(j3"r). nrrz 
V2 - L.J sm - -

p2+W 2 sinhq2l "=,lo(f3,,a) I 
(8) 

where y~=q~+(nrr/l)2, f3~=q~+(nrr/I)2, 10 and Ko 
are zero order modified Bessel functions of the first 
and second kind respectively, and A" and B" are con
stants to be determined from (5) and (6). Substitution 
of (7) and (8) at r = a in (5), yields 

~ . nrrz w 
L.J (A" - Bn) sm -l-= 2 + 2 
,, =1 P w 

[ sinh q2 (l - z) 

sinh q2 l 
sinh ql (l-z)]. 

sinh qll 

Multiplying both sides by sm krrz (k = 1, 2 ... ) and 
l 

integrating from z = 0 to l, gives 

_ 2wnrr (q~-qn 
A II -BII - / 2(p2 + 2) 213 2 

w y" II 

(9) 

where d = l2/0:2n2rr2 and c = l2 /0:1 n2rr2. Differentiation of 
(7) and (8) with respect to r and substitution in (6) yields 

B =_ A"Aly"K1 (yn a )/o(!3"a) 
" A2!3I1Ko(y"a)/I(j3l1 a ) . 

(10) 

Substitution of (10) in (9) gives All, which when sub
stituted in (7) gives at the interface , r = a, 

(11) 

where 

W(P)=(I+ c)(1+ d){I + A, (I + PC)' /2[0(L)K,(})} 
P P AAI + pd)' /2/1 (L )Ko(}) 

L = nrra (1 + pd)I /2 
I 

J = n;a (1 + pC)IJ2. 

To obtain VI from ih , the Inversion Theore m for the 
Laplace transformation is used, where for determining 
the steady periodic portion only the simple poles at 
p = ± iw need be considered. The residues at the 
poles yield 

VI (a) = [(XR + YS) sin wt+ (XS - RY) cos wt]/ (X2f2) 
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+ 2wl2 [1 - ~] ~ (P cos wt + Q s in wt ) s in n1Tzl l (12) 
Q:2 ,(;:, n:l1T3(P2 + Q2) 

where tjJ = Y1TI(Q:,T/t2) 

X = sinh tjJ cos tjJ 

y = sin ~J cosh tjJ 

R = sinh l/J (I-zit) cos ~J (I - zit) 

5 = sin tjJ (1 - zi t) cos h tjJ (1- zi t) 

W (± iw) = P ± iQ 

The real and imaginary parts of Ware determined 
usin g co mplex arithmetic whe re the real and imaginary 
parts of the Bessel fun c tions of co m plex argument are 
given by 

III (pei<p) = M,,(p, cp)+iNI/(p, cp) 

K,,(pei<p) = G,,(p, cp) + iHI/(p , cpl. 

A computer subroutine has bee n programm ed to give 
values for M", NI/ ' GI/, and HI/ for /1, = 0 a nd 1. Numeri· 
cal values for the te mpt; rature potential at the inte rface 
between the probe and the earth have been calculated 
from (12) using a U nivac ll08 di gital computer. 

3 . Numerical Solutions 

If the thermal diffusivities of th e ea rth and th e probe 
material a re ~q ual , th e las t te rm on th e ri ght s ide of 
(12) goes to zero a nd te mpera ture variations with time 
and depth from the surface will be the sa me a t corre
sponding de pth s anywhere in the earth . 

For numeri cal solutions, the re are numerous pos
sible variations of the parame ters. For thi s reason, only 
the effects of variations in th e thermal properties of the 
probe materi al (region 2) will be s tudied while th e other 
param ete rs will be held constant. For a diurnal te m
perature variation , le t 

T = 24 hr (86400 s) 

l = 5 ft (1.521 m) 

A, 

a = 0.05 ft (0.01524 m) 

'\', = 0.21 BTU hr- ' ft - ' (deg F)- ' (0.3633 w m- I K - I) 

Because the probe may nol be co mpri sed of a homo
geneous material and in most cases will be a fill ed 
tube, its thermal properti e a re diffi c ult to s pecify. 
For this reason , four se ts of "effec tive" th e rmal prop
erties we re inves ti gated c haracte rizin g und is turbed 
earth and low , medium and hi gh th e rmal condu ctivity 
probe materials. The th e rmal properties [or case 2 may 
approximate those for wood or bakelite, for case 3, 
s tone or maso nry and for case 4 , s tainless s teel. 

Numerical solution s of v , against tim e (12) for th e 
four cases are shown in fi gure 2. C urves are s hown for 
th e 2 in (0.0508 m) , 6 in (0.1524 m) and 12 in (0. 3048 m) 
de pths and for only a 12 hr portion of the 24 hr cycle. 
S ince the amplitude of th e te mperature pote ntia l was 
assumed to be unity (3), th e actual tempe ra ture 
8(a, z, / ) at th e rad ius r= a as a fun c tion of time and 
pos ition may be found from th e ra tio 

( ) _ 8(a ,z, t) - 8, 
v , a , z, t - 8 

2 

wh ere 8, is the te mperature at z = land 82 is the ampli
tude of the te mpe rature variati on at z= o. 

In case 1, the probe mate ri al has th e same proper
ti es as th e s urroundin g earth and th e refore the te mper
ature variation is the sa me as that for undi sturbed 
earth under th e boundary co nditions cited. Te mpe ra· 
ture variations for cases 2 and 3 give negli gib ly s mall 
deviation [rom the undi s turbed earth te mpe rature at 
the 12 in dep th . Case 4 representing a hi ghly conduc· 
tive probe s hows large deviations from th e undi s turbed 
earth te mpe ralure at th ese dep ths. With thi s probe 
there is a co nside rabl e phase a ngle dev iation which 
increases with inc rease in de pth be low the s urface. 

Figures 3a, 3b , and 3c s how th e te mpera ture diffe r
ences betwee n the te mperature potential at r= a and 
that for the undi s turbe d earlh for case 2 , 3, and 4 as a 
function of time and pos ition below the s urface z = O. 
Le tting ~ be the temperature diffe re nce as described 
above, then the actual temperature difference betwee n 
th e te m perature of the probe at r= a and that for the 
undis turbed earth is 

"" 

BTU hr-1ft- 1 (deg F)- ' wm- IK- I ft'hr- I m2s- 1 

Case 1 0.21 0.3633 0.01 2.58 X 10- 7 

(U ndis turbed earth) 
Case 2 0.08 .1384 .0044 l.J35 X 10- 7 

("Low" co nductivity) 
Case 3 0.8 1.384 .03 7.742 X 10- 7 

("Medium" conductivity) 
Case 4 10. 17.3 .4 1.032 X 10- 5 

(" High" co nduc tivity) 
__ L . 
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Ass uming a 10 of amplitude for the diurnal variation, 
t he n for case 4 at t = 6 hr the actual temperature 
difference is 2.26 of for the 2 in depth , 3.06 of for the 
4 in depth, 2.66 of for the 6 in depth and 0.45 of for 
12 in depth. 

4. Discussion 

The mathematical development given III a previous 
section considers a pure sine-wave temperature 
variation at the surface of the earth , whereas in nature 
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FI GU RE 2. Temperature variation with time and depth below the 
surface at the radius r = a (fig . 1)for the four cases, assumin8 unit 
ampLitude in the temperature variation at the depth z = o. 

the actual surface temperature variation for a weather 
c ycle is given by the trigonometric series 
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FIGURE 3. Temperature difference between temperature at r = a 
and that for undisturbed earth for (a) case 2, (b) case 3 and (c) case 4 
as a function of time and position below the surface z = o. 
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whe re K can be co nside red to be a finite numbe r. This 
relation ship can also be sati s fi ed in the mathematical 
developme nt by its s ub tituti on for (3). This was not 
cons idered necessary for th e purpose of thi s paper, 
which is to present a n ana lyti ca l me thod and to show 
by numerical res ults the re lative magnitude of probe 
condu cti on errors on a diurnal basis. If an a nnual c ycle 
is to be co nside red, the de pth l , at which the te mpera· 
ture is ass um ed to be in variant with tim e should be 
mu ch greater than the 5 ft used for the diurnal cycle . 

A stud y of the transie nt case was made by Brown. ' 
He performed tes ts whi ch produ ced a monoto ni call y 
in creas ing temperature change with time at th e variou s 
de pths be low the s urface. For the usual periodi c 

I W . C. Bruwn . Therma l model lesls for probe con duction errors in grou nd tem j}erature 
meas ure me nt (Hes. Paper 194, Di vis ion of Buildin g Researc h, Nat ional Research Council , 
Canada. Sept. 1963). 
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weather cycle (diurnal and annual), the present 
analysis perm its es timation of the magnitude of the 
harmoni cally varyin g probe condu ction errors repre· 
sented by the differe nces in te mperature when employ
ing probes of differe nt the rmal properties (cases 2, 3, 
and 4) compared to that of undi sturbed earth (case 1). 

The impetus for thi s paper is the determ in ati on of 
the thermal properties of undi s turbed soils or ea rth 
from ground te mperature meas ureme nts. Th is work is 
currently sponsored by th e Offi ce of C i vi I Defe nse, 
Department of the Army, and co nsis ts of thi s analys is, 
laboratory tes ts of probe co nfi gurati ons unde r time
varying temperature conditi ons, and ac tual fi eld 
meas urements now underway. 

(Paper nC4- 281) 
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