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It is proved tha t al ,(x)lav is negative a nd aK,(x)/av is pos itive whe n x > 0 and v > O. 
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1. Introduction 

The properti es of the modifi ed Bessel functions of the third kind have bee n in ves ti ga ted for 
man y years. In a private co mmuni cation , F. W . 1. Olver pointed out th a t aK"(x)/av > 0 whe n x > 0 
and v > O. Thi s foll ows immediate ly fro m th e integra l re prese ntat ion for IC(x) 

K"(x) = l '" e- X cosl1 / cos h (vt}dl. (1 ) 

It is the purpose of thi s paper to s how th at a similar fund ame ntal property hold s for I ,,(x), namely, 
al Jx) /av < 0 when x > 0 a nd v > O. 

The author wishes to ac knowledge hi s di scuss ions with F. Oberhettin ge r conce rnin g thi s result. 

2. Proof 

Consider th e following known integral 1 

_ 2 JX 'A sinh (7T'A) 'J 

'" (x)K,,(x)---;; 'J 'J K y).,(x)d'A Rev > O. 
7T- 0 'A- + v-

(2) 

Now differentiate the above formula with respect to v to obtain an expression for al.,(x)/a v, 

al ,, (x ) = __ 1 _ [I ( ) aK" (x) + 4v rx 'A sinh (7T'A) K f ( ) f'A]' 
av K"( x) ' " x av 7T2 Jo ( 'A2+V2)2'A X C 

(3) 

It is eas ily seen from (1) that Ki)o,(x ) is real whe n 'A is real and x> 0; hence for v > 0, the integral 
in (3) is nonnegative . The refore, sin ce K" (x) , l ,,(x), and aK,,(x)/av are positive for v> 0 and 
x > 0, it follow s imm edi ate ly th at 

*An inv ited paper. 

al "(x ) < 0 
av 

x > 0, v > O. 

··Prcsellt addres~: Bell Telephune Labora tories, Inc .. R- 133 Crawford Hill Lab. , Box 400. Holmdel. New Jersey 07733. 

(4) 

I This inl l'gral is givt' n in [I . p. 176. No. 8J for II a pus itive integer. but is has ut!cn shown [2J Iha l the ex press ion is va li d for Re I ' > o. Figures in bra(· ke ls indicate 

the lite rat ure references at the e nd of thi s pape r. 
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