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Int egral s necessary for the de te rmination of trans ition mome nt ma tri x e le me nts from e xpe rim e nta l 
d ata have been e valuat ed nume ri cally by use of vibra tional wa ve fun c tio ns de rived fro m RK R pote nti als . 
A powe r se ries e xpan s ion for the e lec tronic trans ition mo me nt has been ' ass umed . The s ignifi ca nt 
quantities whic h can be re lat ed to an a rbitra ry cent e r of ex pa ns ion a re vibrati ona l ove rl a p int egra ls 
and quantit ies of the form JI/J,., r"I/Jd,dr. Expe rime nta l ba nd inte ns ities a nd re lative popula ti ons fo r 
vibra ti onal leve ls of th e initi a l e lec tro nic sta te a re needed to de term in e the cxpans ion coe ffi c ie nt s . 
Tra ns ition mome nt integral s ha ve been ca lc ul a ted for firs t ioni za ti o n from the ground e lec t ro nic s ta te 
of CO a nd for the A2rI i - X21 + trans itio n of C O + Compa ri son of th ese integra ls with prev io us ca lc ul a· 
ti ons based on Morse fun c tions has sho wn th e m to be rathe r se ns iti ve to the wa ve· fun c tion s [pote nt ia ls] 
u sed. Characte ri s ti cs ge ne raJl y attr ibute d to the r·centro id a nd re la ted int egra ls are e xamin ed , a nd so me 
limitations 0 " the use of the r-centroid a pproxim a tion are di scussed , fo llow ing a rev ie w of ass umptions 
made in the use of tha t a pproxima tion . 

Ke y Word s : E lec tronic trans ition mome nt integrals; Fran c k-Co ndon fac tors; Fra nc k-Condon 
princ ipl e; trans ition pro ba bi liti es; C O ; CO +. 

1. Introduction 

Quantitative determination of transition probabilities 
for diatomic molecules is generally based on the 
"dipole approxi mation", the bases and limitations of 
whic h have been stated by Bethe and Salpeter [1]. 
The le ngth form for the transition moment matrix 
ele me nt is commonly used for simplicity. Herzberg 
[2] has gi ve n th e basis for th e approxi mate se paration 
of nuclear and electronic multipole mome nts so that 
only the electronic contribution need be considered. 
The Born-Oppenheimer approximation is ass um ed 
valid , i. e., 

where r is the internuclear distance and x refers to 
the electronic coordinates. Vibration-rotation inter­
action and isotope effects are not considered here. 

IJitoLal( X, r) = t/J ~ (x , r)t/J,,(r) (1) 

*A p~e1 ilnin a? ve rsio n of. thc~e res ult s was p,"csent ed at the Molecular" S pec troscopy 
SymposlUlll . 01110 Sia le UnI ve rs It y. Columbus, Oh iu. 8 September 1966. Thi s research 
sponsored in parI bYlhe U.S. Arm y Research Office- Durham. 

Intensities of electronic-vibrational bands or radia­
tive lifetimes of vibrational ene rgy levels are most 
often used to provide the meas ures of tran s iti on 
probabilities. Thi s di scussion e mphas izes the use of 
inte nsities. 

The-integra ted inte nsity of an elec troni c-vibrational 
band (elec tri c dipole tran sition) is give n by [2] 

(2) 

for e mission , and by 

(3) 

for absorption. N v' and N v" are the populations oflevels 
v' and v", A v'v' is the transition probability for spon­
taneous emission, (T v'v" is the wave number of the 
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transitIOn , and RV'I)" is the multipole moment matrix 
element whose square is the band stre ngth, 5v'1I' . The 
transition probability is proportional to the square 
of the matrix element [2] which is give n by 

(4) 

where the electronic transition mome nt I S given by 

R e(r) = I tile' (x, r)M(x) I/Je" (X, r)dx. (5) 

I/J v' and I/J i" are the vibrational wave functions for 
levels v' and v", I/Je' and I/Je" are the corresponding 
electronic wave functions, and M (x) is the electric 
multi pole moment , a function only of electronic 
coordinates (e.g., electronic dipole moment is eIxi). 

For an electric quadrupole or magnetic multipole 
transition , the more complicated expressions analo­
gous to (5) still reduce to some function of internuclear 
dis tance, Re(r). 

There exis ts ambiguity about some quantities which 
appear in (2) and (3). A c haracteristic wave number 
for the band is not clearly defined. If absolute intensi-

' ties are considered the n the constants include stati s­
'tical weights of the upper and lower electronic states. 
Transition mome nt and band strength have been 
defined in the lite rature in several different ways. A 
critical discussion of these and related topics has 
recently been given by Tatum [3]. 

Re(r) usually cannot be calculated from fir st prin­
ciples because of insufficien t knowledge about elec­
tronic wave functions, so we assum e that Re can be 
approximated by 

where ro is some meaningful center of expan sion for 
the electronic transition. A p ossible choice for ro is 
(r~ + r~)/2 which will generally lie within a region where 
both I/J v' and I/J ,," are nonvanishing; however, thi s choice 
is arbitrary. An ro "charac teristic" of the 0-0 transi­
tion has been sugges ted in the literature , but this is 
not always a useful c hoice wh e n I r ~ -r';1 is large, since 
the 0-0 transition may not be easily observable. 

It is tempting to consider (6) a Taylor series and 
to relate the expansion coe fficients, R i, to derivatives 
of Re(r); howeve r , the use of generally imprecise data 
on inte nsities and vibrational populations, together 
with th e inclusion of only a few terms in the expansion , 
makes this procedure uncertain . The transition 
moment can be simply approximated as 

(6a) 

and the e mpirical coe ffi c ie nts R i obtained by using 
the observed values of 1, a, a nd N in (2) or (3), and 
e mploying the method ofl east squares. 

Subs titution of (6a) into (4) gives the matrix eleme nt 
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the square of which is the band strength. In (7) integrals 
of the form I I/Jv,r"I/J1f,dr are indicated by (v', r"v"). 
In the r·centroid approximation [4], the square of (7) 
is approximated as 

(8) 

The band strength is writte n as the Franck-Condon 
fac tor [square of the vibration overlap integral] times 
the s quare of the transition moment as a function of 
r-centroid which is 

_ _ (v', ro") 
rv,v,,- (' "). 

v , v 
(9) 

Separability of the total wave functions in the Born­
Oppenheimer approximation does not necessarily 
imply the factorability of the band strength into an 
electronic part times a vibrational part. That factoriza­
tion is based on an assumed form [r-dependence] for 
the intermediate parameter, the transition moment. 

For constant Re (r), 5 1)'11' includes only a single term, 
R5Qv'v'" and the Franck-Condon factor contains all the 
relative band-to-band variation. For linear Re(r) , 
(7) becomes 

R u'1I,=Ro(v', v")+RI(v', ro") (7a) 

or 

(7b) 

and 5u'v" has the form of (8) [5, 4]. In the r-centroid ap­
proximation the assumption is made that the band 
stre ngth is also factorable as in (8) for [slowly varying] 
nonlinear Re(r). This is based on the assumed near 
equality of ratios [4] 

(v', ro") = (v', rv") = (v', r"v") 
(v', v") (v', ro") (v', r" - tv") 

(10) 

up to perhaps n = 10. A con sequence of thi s assump­
tion is [4] that , for any reasonable function,f(r), 

(v', f(r) v") = fere v" ) (v', v") (11) 

which, in particular, always implies (8) . Our numerical 
calculations on the ratios of (10) for the ionization 
transition (X2I +) CO+ - (XII+) CO and the A-X 
transition in CO+ sugges t that for nonlinear Re , the 
band strength may not always be factored according , 
to (8) [6]. 

An impli cit assumption made in this type of calcula­
tion is that Re must be a slowly varying function of 
r [2]. How slowly varying this should be is not cle ar. 
Nevertheless, in several cases [7] , significant variation 
has been deduced from use of experimental intensities 
and (2) and (8). It is, of course, poss ible for an appreci­
able apparent variation in Re over a small range of r to 
arise from inaccurate inten sity measure ments, inac­
c urate values of QL"V", or the possibly invalid approxima­
tion (8) . 



--- ------------------------------

Tyte [8] has cautioned agains t the cas ual use of 
experimental inte nsities in determining the form of 
the transition moment, for the relative intensity distri­
bution may depend on experimental conditions. There 
are also built-in complications in the use of intensities 
because of blended rotational structure and partial 
overlap of bands. 

The use of radiative lifetimes for determining Re(r) is 
even more complicated than use of intensities as can be 
seen from the following equation 

1 
T v' = . 

I Av'v" 
v" 

1 
const. ~ a3 IR v'v,, 12 

V" v' 1!' 

(12) 

2. Transition Moment Integrals for X 22 +(CO +) 
-- X 12 +(CO) and A 211i (CO+} -- X 22 +(CO+) 

Our original objective was the tabulation of Franck­
Condon factors and r-centroids for ionization transi­
tions of CO and electronic transitions of CO+. Our 
results for X(CO+) - X(CO) and A(CO+)-X(CO+) 
showed numerous instances where, within a give n v' 
or v" progression, the r-centroids did not vary mono­
tonically (tables 1-2). Later we became aware of a 
number of cases where this non monotonic behavior 
had occurred [9, 7b] for calculations based on both 
Morse and RKR potentials. Meanwhile, there had ap­
peared a theoretical deduction by Nicholls [10] 
that rv' v" must vary monotonically with respect to 
wavenumber within a progression. 

Nicholls used the Morse function with the Fraser­
Jarmain approximation of mean exponential coefficient 
[11]. His conclusion , however, does not depend on 
the potential used, but only on the assumption that 
(10) and (11) are valid. In this casef( r) is the potential 
function, and (11) leads to the graphical method for 
determining rv'd' [4,12] 

G(v') -G(v") =U'(rv'v") -U"(rv'v") (13) 

where G is the vibrational term value and U is the 
potential energy. Since (13) always gives monotonic 
values within a progression, it may be necessary to 
revise r-centroids and transition moments determined 
in this manner. 

The transition moment integrals in (7) were evaluated 
by use of vibrational wave functions based on RKR 
potentials [13]. These wave functions have been ob ­
tained by a method pre viously discussed by Benesch 
et al. [14a]. 

Since the raw wave function is generated as a co m­
bination of two unnormalized segments propagated 
toward each other from either end of the range of 
interest, an accommodation must be made at the 
meeting point. The possible methods of arranging 
for such an accommodation have been discussed else­
where at le ngth [14]. In the present work, special care 

----------_._---- ----------. ----_ ...... -------

TABLE 1. Transition moment integrals for the 

Entries have been arbitrarily terminated beyond v" = J O. Th e 
last two columns are in A. The values of q u'd' tabulated here are 10 
be compared with those based on Morse functions [M. Halmann 
and I. Laulic ht , J. Chem. Phys. 43, 1503-9 (1965)]. The integral s 
in (7) are obtained by multiplying the ratios of integrals listed and 
using (v', v") = qJj~". 

(v'. nl') (v', r'v") 
v' 

(v', ro") (v', r'v ') 
v' v" q •.. ,- v q, .. ,. 

(v' , ro') (v', v") (v' , ro") (v', v") 

0 0 0.9644E- 00 1.1 26 1. 127 
1 0 .3566£- 01 1.304 1.28 1 1 6 0.192 I E- 05 0.666 0.572 
2 0 .9802E- 04 1.839 1.654 2 6 .7703E- 04 0.770 0.735 
8 0 .7982E- 06 1.1 77 1.1 76 3 6 . 1414E- 02 0.81 2 0.772 

4 6 . I 776E- 0 I 0.884 0.852 
0 1 .3383£- 01 0.950 0.9 18 5 6 . I 339E- 00 0.964 0.929 
1 1 .8967£- 00 1.1 35 1.1 38 6 6 .6424E- 00 1.184 1.198 
2 I .6923E- 0 1 1.312 1.290 7 6 :2038 ~=-OO 1.356 1.338 
3 I .2435E- 03 1.908 1.69 1 8 6 .6476E- 03 2.480 1.926 
4 I .2566E- 05 1.078 0.739 9 6 . I 555E- 03 1.299 1.149 
8 I . I 476E- 05 1.171 1.1 70 10 6 .8092E- 06 2.343 1.986 

10 I .6424E- 06 1.184 1. 184 11 6 . II I7E- 05 1.288 1.236 
11 I .125 1 £- 05 1.1 86 1. 186 12 6 . 1308E- 05 1.1 38 1.1 56 
12 I .5070E- 06 1.197 1.197 

2 7 .79 I 6E- 05 0. 728 0.689 
0 2 .1586£- 02 0.865 0.829 3 7 .1560E- 03 0.760 0.717 
1 2 .6286£- 01 0.954 0.922 4 7 .2254E- 02 0.8 13 0.772 
2 2 .834 1 E- OO 1.144 1.149 5 7 .23 19E- Ol 0.889 0.860 
3 2 .1006E- 00 1.320 1.299 6 7 .14 12E- 00 0.964 0.927 
4 2 .4286E- 03 1.958 1.718 7 7 .6098E- 00 1.195 1.2 11 
5 2 .6665E- 05 1.135 0.830 8 7 .2179E- 00 1.369 1.350 
6 2 .53 11 E- 06 1.456 1.471 9 7 .6308E- 03 2.643 1.979 

10 7 .2262E- 03 1.350 1.206 
0 3 .8571 E- 04 0.797 0.754 II 7 .1448E- 05 2.420 2.008 
1 3 .4451E- 02 0.869 0.834 13 7 .1 127E- 05 1.089 1.120 
2 3 .8769E- 01 0.958 0.926 
3 3 .7772 E- 00 1.153 1.160 I 8 .5427E- 06 1.066 1.101 
4 3 .1301 E- OO 1.329 1.308 3 8 . I 620E- 04 0.693 0.622 
5 3 .5757E- 03 2.042 1.758 4 8 .3081E- 03 0.781 0.751 
6 3 .2249E- 04 1.181 0.958 5 8 .3286E- 02 0.81 7 0.777 
7 3 .6232E- 06 1.600 1.591 6 8 .2738E- Ol 0.891 0.862 
8 3 .223 1 E- 05 1.166 1.172 7 8 . 1445E- 00 0.962 0.923 
9 3 .5205E- 06 1.159 1.161 8 8 .5837 £- 00 1.205 1.225 

11 3 .5928E- 06 1.216 1.212 9 8 .2392E- 00 1.379 1.361 
10 8 .4082E- 03 3. 138 2.095 

0 4 .5492E- 05 0.746 0.699 II 8 .5033 E- 03 1.350 1.242 
I 4 .3297E- 03 0.807 0.768 
2 4 .8268E- 02 0.874 0.840 3 9 .2779£- 05 0.741 0.734 
3 4 .1073E- 00 0.961 0.928 4 9 .3635£- 04 0.721 0.675 
4 4 .7262E- 00 1.163 1.1 73 5 9 .4595E- 03 0.764 0.720 
5 4 . 1570E- 00 1.337 1.318 6 9 .4433E- 02 0.817 0. 775 
6 4 .7474E- 03 2.103 1.788 7 9 .3314E- 01 0.898 0.872 
7 4 .4340E- 04 1.226 1.025 8 9 . 1505E-00 0.962 0.920 

10 4 .5835E- 06 1.146 1.1 52 9 9 .565IE- 00 1.218 1.239 
II 4 .999IE-06 1.146 1.147 10 9 .2468E- 00 1.392 1.374 

II 9 .2017E- 03 4.116 2.246 
0 5 .5930E-06 0.785 0.785 12 9 .5838E- 03 1.420 1.306 
I 5 .2570E- 04 0.752 0.707 13 9 .1432E-05 0.601 6.320 
2 5 .754IE- 03 0.806 0.764 
3 5 .1 30IE- OI 0.880 0.848 4 10 .6832E- 05 0.770 0.780 
4 5 .1228E-00 0.963 0.930 5 10 .6254E- 04 0.716 0.666 
5 5 .681IE- 00 1.173 1.185 6 10 .6689E- 03 0.761 0.7 14 
6 5 .1823E- 00 1.346 1.328 7 10 .5730E- 02 0.818 0.774 
7 5 .7760£- 03 2.235 1.842 8 10 .3944E- Ol 0.906 0.884 
8 5 .5198E- 04 1.304 1.086 9 10 . I 463E- 00 0.956 0.908 
9 5 .1 238E- 05 1.870 1.768 10 10 .5538E-00 1.229 1.253 

10 5 .5950E- 06 1.11 5 1.1 53 11 10 .2578 E- 00 1. '~06 1.388 
11 5 .1120E- 05 Ll81 1.1 92 13 10 .823 IE- OJ 1.466 1.359 

has bee n take n to insure that the location of the meet­
ing point be such as (a) to prevent either segment from 
slipping into instability and (b) to provide a relatively 
large value of the wave function ordinate as a basis 
for the rescaling of the separate segments prior to 
joining. Experience has shown that in order to cover 
all cases of mating, with slopes and ordinates large 
and small, it is helpful to introduce a monitoring rou­
tine for the immediate detection and rectification of 
pathological cases. 
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TABLE 2. Transition moment integrals for the N O, - X2~+ transition of CO+ 

The last three columns a re in A. Th e integral s in (7) a re obtained by multiplying the ratios of inte~ral s listed and using (v', v") = q'j.-;". 
The only dele tion in this Des lan dres array is 0- 13 (q < 0.5 X 10-6 ). 

v' v" q,",. (v', rv") (v', r'v") (v', rid') 
(v', v") (v', rv") (v'. r'v") v' v " {f"'I" 

(v', rv") (v'. r'v") (v', r'v") 

(v', v") (v', ro") (v',r'v') 

0 0 0.4237E- 01 1.1 78 I.J7Y I.I ~ I 0 7 .9 1571':- 02 1.370 1.368 1.366 
1 0 . J 131E- 00 1.1 6 1 l.l62 1.163 I 7 . IOOI E- OO 1.347 1.346 1.345 
2 0 . 1666E- 00 1.1 45 1.1 % 1.1 46 2 7 . I 736E- 00 1.325 1.326 1.327 
3 0 . I 797E- 00 1.1 30 l.l 30 1.130 3 7 .8726E- 03 1.347 1.373 1.395 
4 0 . I 585E-00 1.11 5 1.115 1.11 5 4 7 .9872E- Ol 1.283 1.283 L284 
5 0 .122IE- 00 1.101 l.l01 l.l01 5 7 .6614E- 02 1.250 1.240 1.229 
6 0 .8519E- 01 1.088 1.087 1.087 6 7 .4152E- OI 1.249 1.252 1.255 
7 0 .5496E-0 1 1.075 1.074 1.073 7 7 .56981':- 01 1.227 1.226 1.225 
8 0 .3358E-0I 1.063 1.062 1.061 8 7 .52681':-02 1.200 1.190 1.l79 
9 0 .1959E-0I 1.051 1.050 1.048 9 7 .1402E-01 1.203 1.209 1.215 

10 0 .111 4E- OI 1.040 1.038 1.036 10 7 .4586E- OI 1.184 1.185 1.186 
II 0 .6158E- 02 1.029 1.027 1.025 11 7 .3641E-O I 1.166 1.165 l.l63 

0 I .1518E-00 1.202 1.203 1.204 0 8 .2012E- 02 1.402 1.400 1.398 
I I .1926E- 00 l.l 84 l.l84 1.184 I 8 .38851':- 01 1.378 1.377 1.375 
2 J .9885E-O I l.l67 1.166 1.165 2 8 .1628E-00 1.355 1.354 1.354 
3 I .1422E- OI l.l47 1.1 43 l.l39 3 8 .9119E- OI 1.336 1.338 1.340 
4 I .4447E-02 l.l% 1.153 l.l61 4 8 .30931':-01 1.304 1.300 1.296 
5 1 .4119E- 0I l.l25 1.1 27 1.129 5 8 .52191':-0 1 1.294 1.297 1.300 
6 I .7890E-01 l.l1O 1.111 1.112 6 8 .5274E- OI 1.268 1.266 1.265 
7 I .9512E-O I 1.096 1.097 1.097 7 8 .1508E- 02 1.283 1.304 1.323 
8 I .9066E-OI 1.084 1.083 1.083 8 8 .503 IE- OI 1.238 1.240 1.241 
9 I .7431E- OI 1.071 1.071 1.070 9 8 .384 IE-01 1.218 1.215 1.213 

lO I .5541E- OI 1.059 1.059 1.058 10 8 .13011':- 02 1.182 1.159 1.1 33 
11 1 .3833E- 0I 1.048 1.047 1.046 11 8 .155IE- OI 1.196 1.202 1.207 

0 2 .2505E- 00 1. 227 1.228 1.228 0 9 .3258E- 03 1.443 1.439 1.436 
I 2 .811 7E-O I 1.207 1.206 1.204 I 9 .11041':-01 1.4 ll 1.409 1.407 
2 2 .2743E-02 1.205 1.216 1. 227 2 9 .8872E- OI 1.387 1.385 1.384 
3 2 .7248E-O I 1.177 l.l 78 1.1 79 
4 2 .9599E-O I l.l 59 l.l59 1.159 

3 9 .1743£- 00 1.363 1.364 1.364 
4 9 .15981':- 0 1 1.352 1.359 1.365 

5 2 .4992E-OI l.l 43 !.l41 1.1 39 
6 2 .6767E-02 1.123 1.116 l.l09 
7 2 .3288E-02 1.127 1.136 1.1% 
8 2 .2723E- OI 1.107 l.l09 1.112 
9 2 .5362E- 0I 1.093 1.094 1.095 

10 2 .6855E- 01 LOBO 1.080 1.081 
II 2 .6956E- 0I 1.068 1.068 1.068 

S 9 .83101':- 01 1.316 1.315 1.314 
6 9 .4099E- 02 1.319 1.333 1.3% 
7 9 .6895E- OI 1.279 1.2BO 1.280 
8 9 .1547£- 01 1.252 1.2% 1.240 
9 9 .1258E-0I 1.253 1.260 1.267 

10 9 .4873E-Ol 1.229 1.229 1.230 
II 9 .2553E-O I 1.209 1.206 1.203 

0 3 .2522E- 00 1.253 1.253 1.253 
I 3 .5236E-03 1.270 1.296 1.318 
2 3 .1074E-00 1.217 1.218 1.219 
3 3 .7054E-Ol 1.197 l.l96 l.l94 
4 3 .1025E- 02 1.158 1.137 1.11 3 
5 3 .3040E-OI 1.170 l.l73 l.l76 
6 3 .7028E-OI 1.153 l.l53 1.154 
7 3 .5856E-Ol l.l 37 l.l36 !.l35 
8 3 .2218E-0I 1.1 21 I.ll8 l.l1 4 
9 3 .1022E- 02 1.093 1.074 1.054 

lO 3 .5758E-02 1.106 l.l1 3 1.120 
II 3 .2496E-OI 1.090 1.093 1.095 

0 10 .3799E- 04 1.497 1.489 1.483 
I 10 .2314E- 02 1.445 1.442 1.440 
2 iO .3206E- 01 1.421 1.419 1.417 
3 10 .14IOE-00 1.395 1.394 1.394 
4 10 . I 289E- 00 1.373 1.375 1.376 
5 10 .3217E-02 1.317 1.299 1.280 
6 10 .8506E-OI 1.327 1.328 1.329 
7 10 .1063E-OI 1.292 1.284 1.275 
8 iO .3627E- OI 1.291 1.295 1.298 
9 10 .4829E- Ol 1.267 1.265 1.264 

10 iO . 1165E-02 1.218 1.191 1.160 
II 10 .2329E- OI 1.241 1.245 1.249 

0 4 .1736E- 00 1.280 1.280 1. 280 
I 4 .9207E-O I 1.263 1.265 1.266 
2 4 .8573E-O I 1.240 1.239 1.237 
3 4 .3553E- 02 1.239 1.250 1. 261 
4 4 .7630E-OI 1.207 1.208 1.209 
5 4 .5820E-OI 1.188 l.l87 l.l85 
6 4 .400IE- 02 1.162 l.l 51 !.l39 
7 4 . I 388E- 0I l.l66 l.l71 !.l76 
8 4 .4927E-OI l.l47 l.l48 1.150 
9 4 .5485E-O I l.l32 1.131 1.131 

iO 4 .3186E- OI l.l17 1.115 I.ll 3 
11 4 .7620E-02 1.101 1.095 1.088 

0 II .2098E- 05 1.650 1.609 1.581 
I II .3642E- 03 1.479 1.477 1.475 
2 II .8085E- 02 1.457 1.454 1.452 
3 II .6676E-OI 1.429 1.428 1.426 
4 II . 1717E-00 1.404 1.404 1.404 
5 II .5958E-O I 1.385 1.389 1.392 
6 II .4027E-O I 1.348 1.344 1.341 
7 II .4330E-O I 1.339 1.343 1.346 
8 II .4729E-OI 1.310 1.307 1.305 
9 II .3530E- 02 1.318 1.333 1.347 

10 II .5099E- 0I 1.278 1.279 1.280 
11 II .2368E- OI 1.255 1.250 1.246 

0 5 .8628E- OI 1.309 1.308 1.307 
I 5 .1917E-00 1.289 1.289 1.290 
2 5 .435I E- 03 1.218 l.l79 1.133 
3 5 .9682E- OI 1.250 1.251 1.252 
4 5 .3713E-O I 1.227 1.224 1. 221 
5 5 .7790E-02 1.224 1.232 1. 240 
6 5 .6208E- OI 1.199 1.200 1.201 
7 5 .4859E- OI 1.180 1.l79 1.1 77 
8 5 .5927E- 02 1.1 57 1.148 1.1 39 
9 5 .6402E-02 1.163 !.l 71 1.179 

10 5 .3430E- 0I 1.142 1.144 !.l46 
II 5 .4762E- 0I 1.1 28 1.128 1.128 

0 12 .9359E-06 1.398 1.421 1.441 
I 12 .2899E-04 1.575 1.560 1.548 
2 12 .1464E- 02 1.494 1.491 1.488 
3 12 .2066E-OI 1.466 1.463 1.% 1 
4 12 .1093E- 00 1.438 1.437 1.436 
5 12 .165IE- 00 1.413 1.414 1.415 
6 12 . 1034E- 0 I 1.40l\ 1.418 1.428 
7 12 .787IE- OI U60 1.359 

I 

1.358 
8 i2 .5876E-02 1.364 1.376 1.388 
9 12 .6%7E-O I 1.321 1.321 1.321 

10 12 I .6190E-02 1.284 1.272 1.260 
II 12 .2388E-O I 1.291 1.296 1.300 

0 6 .3206E- OI 1.339 1.337 1.336 
I 6 .1766E- OO 1.317 1.317 1.316 
2 6 .718I E- OI 1.299 1.301 1.304 
3 6 .6324E-0I 1.273 1.271 1.269 
4 6 .1862E- 0I 1.264 1.269 1.274 
5 6 . 7878E- 0I 1.238 1.238 1.238 
6 6 .152 IE- 0I 1.214 1.209 1.203 
7 6 . 11 57E- 0I 1.212 1.219 1.225 
8 6 .5276E- OI 1.191 1.192 1.l93 
9 6 .4151E- 0I 1.1 73 1.1 71 1.1 70 

10 6 .7227E- 02 1.151 1.144 1.135 
II 6 . 2664E- 02 l.l 63 l.l 76 1.188 

0 13 ............. 
I 13 .1413E- 05 1.721 1.675 1.643 
2 13 .1713E-03 1.5% 1.541 1.536 
3 13 .4279E- 02 1..\06 1.503 1.500 
4 13 .4 1%E-OI 1.476 1.474 1.472 
5 13 . I 489 E-OO 1.447 1.447 1.446 
6 13 .1264E-00 1.424 1.426 1.428 
7 13 .1659E-02 1.332 1.300 1.263 
8 13 .840IE- OI 1.371 1.372 1.373 
9 13 .3539E-02 l.318 1.300 1.279 

10 13 .%99E-OI 1.332 1.335 1.337 
II 13 .3228E-O I 1.305 1.301 1.298 
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A number of other checking and diagnostic pro· 
cedures we re in s tituted in order to seek out computing 
artifacts and to determine the level of reliability of th e 
results. The e ffec ts of changes in integration grid size 
were examined. Tables were generated for the point· 

t by·point co mparison of the function (d2tP/dr~)N with 
(U - E) as a measure of compliance with the Schroe· 
dinger equation, while a macroscopic test consisted 
of co mputing self·overlap integrals and overlaps for 
wave functions of differin~ vibrational quantum number 
within the same electronic state. In other words, 
tables of J tPc,tPv',dr have been computed for all the 

- values of V i and v" of interest within a single elec· 
troni c state. The self overlap integrals [squared] were 
found to be good to 5 X 10- 6 and the overlap integrals 
[squared] of orthogonal functions were no larger than 

I I o 

v' = I v'= 2 
o 

o 

o 

o 

o 

00 o 
o o 

o 

o 
o 

o 

o 

I I 

0.5 X 10- 6• Finally, it was determined that calc ulated 
Bv values (i.e. , const. (v, l/r~ v)) agreed with the cor· 
responding input data values to within 0.0007 to 0.0028 
cm- I . Accordingly, we rounded the calculated table 
entries to four digits, deleting those for transitions 
having q v'v" < 0.5 X 10- 6 • 

The significant features of tables 1 and 2 are these: 
(a) For numerous vibrational transitions the ratios of 
integrals in (10) are not equaL (b) Within a number of 
Vi or v" progressions the "v'v" do not vary monotoni· 
cally. In other progressions the rv,v" are monotonic, 
but are noticeably not a smooth function of Vi (or v"). 
(c) The onset of nonsmooth be havi or correlates with 
mllllma III the q,,'v", whe the r or not q is small in an 
absolute sense. (Fig. 1, table 3.) 
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j I I .1 
5 10 15 o 5 10 15 0 5 10 15 o 5 

v" v" v" v" 

fi GU RE 1. rV ".'" and log qv"" Jor A2TI, - X'~ +, CO+, v' = 1, 2, 3, 4 progressions. 
Calculat ed val ues for v" = 14, ]5 a re based on ex trapolation of the potential fun ction for the X state and are not considered reliable. 

499 

I 

y'=4 

o 
o o 

o 

o 
o 

.1 
10 15 



o 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Fraser [4] has stated conditions for the assumed 
validity of the r-centroid approximation: 

(a) J-tAWe = 104 ; J-tA is the reduced mass of the mole-
cule in atomic we ight units, w,' is in e m- I; 

(b) 0.01 A < Ire' - r ,." I < 0.25 A; 
(c)nmax is = lOin (lO); 
(d) q,,' d' is not small (though s mall is not specified). 
Condition (b) is fulfill ed for the CO+ transition but 

not for th e ionization transition, so that in the latter 
case, the r- ce ntroid approximation must be assumed 
to fail unde r Fraser 's criteria. Qualitatively, the non­
smooth features are more prominent for th e ionization 
transition . 

It has been suggested [15] that the functional form 
of the electronic transitIOn moment is more important 
than the choice of wave function in evaluating (4). 

o 3 4 6 

However. the choice of wave function (or, more prop­
e rly, the potential function from which the wave func­
tion is generated) can also be significant. RKR-based 
q t"r" and "fr'"'' are compared in table 4 with previous 
values based on Morse fun ctions [16]. This comparison 
does not con fi rm a state me nt by Nicholls [17] that the '\ 
parameters (integral s) are insensitive to the exact 
pote ntial used. Flinn [18] and Spindler [19] have also 
shown large di ffe rences between RKR and Morse 
integrals, even fo r small quantum numbers. From all 
the se results we conclude that wave functions based 
on RKR potentials should be used where possible so 
that attention can be centered on the form of the transi­
tion moment. 

Hale vi [20] has assumed, as have others before him, 
that most of the contribution to the integrals in (7) 

7 8 9 10 11 12 13 

TABLE 3. Franck-Condon Jactors Jor the Nfl; - X'l + system oj CO + 

Nonmonotonic r-ce ntroids were found, generally , whe re the q' s of neighboring bands in a progression differed by a factor of some 10". 
The transition with the s malle r q, then, may have an r-centroid which breaks the monotonic series, while the band itself, falling in a hole 
bet~een Condon loci, will be extre mely weak or unobserved. Bands which have been observed are underlined. For .a compendium of ex. 
perImental data see P . H. Krupe nie, " The Band Spectrum of Carbon Monoxide," National Standard Reference Data Series, National Bureau 
of Standards NSRDS- NBS No. 5 (1966). 
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TABLE 4. q,,'V' and f, ·". for the A' rIj -X'z +, CO + system comes from a narrow region around I'v' v'" This need not 
b e so . Jl/l v,tjJd,rdr is evaluated num e ri cally as 

Eac h entry fo r q,.,,_ inc ludes the power of 10 (e.g., -3= 10- ") by 
whic h it is multiplied. Most differences between RKR a nd Morse 
data taken from ref. 16 a re s mall. Only the values s howing la rge 
diffe re nces are co mpared. 

LtjJi', tjJ d,rLlr. Plots of such cumulative sums as a fun c· 
I' 

ti on of r (fig. 2) may show regions having large slope 
which indicate large contribution to the integral in 
that r interval. Three general effects occur. Figure 
2(a) describes an integral where there is no contribu­
tion except very near the average value of r. If the wave 
fun c tions were delta functions then such sums would 
be s tep functions, and only at a single value of r would 
there be a contribution to the integral. In such in­
s tan ces th e ratios of integral s in (10) would be equal. 
For fun ctions whose product tjJv'I/l L" is sharply peaked, 
whether for small or large ove rlap integral, a plot 
closely similar to fi gure 2(a) would be expected . 
Figure 2(b) shows smaller oscillation s with th e mos t 
s ignificant co ntributi on to the integral co min g at large 
r. Figure 2(c)-(g) shows several regions with s ignificant 
slope; the s um s show large oscillations about the final 
value of (Vi, rv"). 

v' -y 

RKR 

4--1 4.447- 3 
2- 2 2.743-3 
&-2 6.767-3 
7- 2 3.288-3 
1- 3 5.236-4 
4--3 1.025-3 
5-3 3.040-2 
9-3 1.022- 3 

to-3 5.75&-3 
3-4 3.553- 3 
6-4 4.001-3 
2-5 4.35 t-4 
9-5 6.402- 3 

10-6 7.227- 3 
3-7 8.72&-3 
&-7 5.268- 3 
7- 8 1.508-3 

10-8 1.30t-3 
5- 10 3.2 t7-3 

10- 10 1.165-3 
1- 12 2.899-5 
7- 13 1.659-3 

a 

o 
0_ 

1100 1166 1231 1. 297 

rCA) 

(},"' ," ~, .. " (AI 

Morse RKR Morse 

5.79&-3 1.1 4Q 1. t36 
3.22&-3 1.205 1.1 91 
4.973-3 1.1 23 1.1 30 
5.155-3 1.1 27 1.11 6 
5.677-4 1. 270 1.234 
5.787-4 1.1 58 1.1 82 
3.33&-2 1.1 70 1.166 
2.345-4 1.093 1.110 
8.830-3 1.106 1.098 
4.]8&-3 1. 239 1. 223 
2.730-3 1.1 62 1.1 74 
3.505-4 1. 2 18 1.268 
9.005-3 1.1 63 1. t53 
4.869-3 1.1 5 1 1.1 61 
1.054--3 1.347 1.303 
3.702-3 1.200 1.2 12 
2.289-3 1.283 1.253 
4.98&-4 1.182 1.205 
2.97&-3 1.317 1.347 
5.73&-4 1.218 1.252 
4.08&-5 1.575 1.539 
3.04&-3 1.332 1.393 

0",0 

L,: 
1.059 1.125 "',"',9-::-' ~1:-::,';;:59~-C, -f;.'26;O-'-~1 3'93 

r (A) 

o 0--= 

Figure 2(c)-(g) describes what is likely true of many 
integrals, even for q as large as 0.1 (no integral for 
large r q has been checked, except 0-0, X-X). In 

o 
o 

00000"0 

1.075 1.147 1.219 

I (A) 

1.292 1.364 

o 0 
00 

o 0 

00 

00 
o 0 

o 00 

!.O72 1.145 1.219 

I(A) 

g 

000 

1.293 1.367 

1.038 1.1 05 1172 1.239 1.306 1373 1.087 1157 1.226 1.246 1.366 1.125 1.192 1.259 1.326 1.393 

I (AI I (AI r(AI 

FIGURE 2. L IjJv,ljJv. rt!. I' for A - X, CO+ transitions. 
r 

(a ) I-Q, (b) 2--6 . (c) 6-2 , (d) 7-2, (e) 2-2, (I) 4--3, (g) 2- 5. The ordinate is 0 rur sma llest r; the ordinate is (v'. rv") ror largest r. q,'!'" decreases from (a) = 0.1 to (g) =. 0.0004. 
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table 2 and the ratios (10) are not closely the same for 
q ~ 2 X 10-2 • In table 1 the results are erratic. Only 
a detailed examination of all integrals would reveal 
whether the wave functions show delta·function like 
behavior as in figure 2(a). 

Nicholls and Jarmain [12] state: "Comparison 
between the calculated values of r,.,1''' of a band system 
and the ranges of r between the classical turning 
points for each o[ the levels Vi and v" has shown that 
r,."." lies within, or close to the region which is common 
to both ranges." This is generally true, but James [21] 
has already pointed out examT)les where ':""'" lie out· 
side the range of turning points and do not represent 
a meaningful average r. Since products of the wave 
functions do not become insignificantly small till 
0.06 A beyond the turning points, it is not surprising 
if an r-centroid lies beyond the turning points, pro· 
viding tails of both wave functions are involved. Table 
5 shows some of the extreme examples we have ob· 
tained. The A-X, 0-0 and 1-0 transitions illustrate the 
influence of wave function tails. For 0-0 the turning 
points do not overlap by 0.026 A; [or 1-0 they overlap 

. . - G~ax + r:nIB 
slIghtly. In both mstances, 1'''',.'' = 2 

Since the ground states of CO and CO+ have nearly 
the same r" and nearly the same potential shapes, 
almost all the ionization transition probability gets 
dumped into a single transition for low v. The 0-0 
transition has q = 0.964. Large values of q are found 
for other members of the Llv = 0 sequence, where, for 
example, the 7-7 entry is still above 0.6. 

TABLE 5. Fv'v" lying olitside turning points/or some A-X, CO+ 
transitions 

Turning points are taken from ref. 13. r",,~ and turning points are 
in A. Each entry for qt"" includes the power of 10 (e.g., - 3 = 10- ") 
by which it is multiplied. 

Nil, X'~' 
l l ' - V r' -'I" q,',-

rml n r ma )( rmLn rmax 

(}-Q 1.178 1.191 1.304 1.07t 1.165 4.237- 2 
t1-{) 1.029 1.046 1.634 1.071 U65 6.158-3 
(H) 1.339 

r 
1.304 } 

0.977 1.330 3.206--2 
(}-7 1.370 0.968 1.350 9.157-3 
(}-8 1.402 lU91 0.961 1.370 2.012- 3 
(}-9 1.443 0.954 1.390 3.258-4 

- - ~ ---

Halevi [20] has expanded the transition moment in 
a Taylor series centered about the r·centroid and has 
obtained a correction term to R;U,.",,)q,.'d' which de· 
pends on the second derivative of R,,(r"'L")' This cor· 
rection term may have little quantitative significance 
when (10) is not valid. 

3. Conclusions 

We have drawn several conclusions regarding the 
determination of electronic·vibrational transition 
probabilities from a study of two electronic transitions: 

(1) The r·centroid approximation for obtaining 
electronic transition moments and band strengths 
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may prove to be not continuously valid along the sig· 
nificant portion of a vibrational progression. The band 
strength may not always be factored as R;:(r,."")q,·,,·,, for 
nonlinear Re. 

(2) Interpretation of the r·centroid as an average r 
is not always meaningful. 

(3) The transition moment integrals are sensitive to 
the potential used; they should be calculated from RKR 
potentials where possible. 

(4) The Fraser criteria are not sufficient to insure the 
validity of the r·centroid approximation. 

(5) The series expansion for the transition moment 
may be used when the r·centroid approximation fails. 

We thank Roger Main for bringing to our attention 
the work by Tatum prior to its publication. The com· 
puter time for this project was supported by National 
Aeronautics and Space Administration Grant NsG-398 
to the Computer Science Center of the University of 
Maryland. 

4. References 

[IJ Bethe, H. A., and Salpeter, E. E., Quantum Mechanics of One· 
Two·Electron Atoms, pp. 248-52, 278-84 (Springer·Verlag,. 
Berlin, 1957). 

[21 Herzberg, G., Spectra of Diatomic Molecules, Second Edition, 
Seventh Printing (D. Van Nostrand Co., Inc., New York, 
1961); pp. 199-204. See the references cited by Herzberg. 

[3J Tatum, J. B., The interpretation of intensities in diatomic 
molecular spectra, Astrophys. J. Suppl. 14, No. 124,21-56 
(1967). 

[4J Fraser, P. A., Can. J. Phys. 32,515-21 (1954). 
[5) Poots, G., Proc. Phys. Soc. (London). A66, 1181-4 (1953). 
[6J Bates, D. R., Monthly Notices Roy. Astron. Soc. 112, 614-36 

(1952). Bates coined the expression Franck·Condon factor to 
represent (v', V")2 which is a factor of the band strength when 
a series or polynomial approximation is assumed for the 
transition moment. 

[7J (a) Tyte, D. c., Proc. Phys. Soc. (London) A80, 1354-63 (1962). 
(b) Wallace, L. V., and Nicholls, R. W., J. Atm. Terrestrial Phys. 

7,101-5 (1955); 24, 749 (1962). 
(c) Turner, R. G., and Nicholls, R. W., Can. J. Phys. 32,475-9 

(1954). 
(d) Carleton, N. P., and Papaliolios, C., J. Quant. Spectry. 

Radiativc Transfer 2, 241-4 (1962). 
[8J Tyte, D. c., J. Quanl. Spec try. Radiative Transfer 5, 545-7 

(1965). 
[9J (a) Felenbok, P., Proc. Phys. Soc. (London) A86, 676-7 (1965). 

(b) Jain, D. c., Proc. Phys. Soc. (London) A81, 171-4 (1963). 
(c) Tawde, N. R., and Korwar, V. M., Proc. Phys. Soc. (London) 

A80, 794-5 (1962). 
(d) Gilmore, F. R., private communication (RKR). 
(e) Zare, R. N., private communication (RKR). 
(f) Schmeltekopf, A., private communication (RKR). 
(g) Wentink, T., Jr., Isaacson, L., and Spindler, R. J., Research 

on the Opacity of Low Temperature Air: Oscillator Strengths 
and Transition Moments of Band Systems of N" 0" and 
NO, Tech. Rept. No. AFWL-TR-65-139, Dec. 1965, Air 
Force Weapons Laboratory, Research and Technology 
Division , Air Force Systems Command, Kirtland Air Force 
Base, New Mexico. 

(h) Jain , D. c., J. Quant. Spectry. Radiative Transfer 4, 427-40 
(1964). 

(i) Murthy, N. S., and Nagaraj, S., Proc. Phys. Soc. (London) 
A84, 827-8 (1964). 



(j) Ge ige r, J ., and Topschowsky, M. , Z. Naturforsch. 21a, No. 
5, 626-34 (1966). 

(k) Prasad , . S., Proc. Phys. Soc. (London) A82, 419-21 
(1963). 

[lOJ Nicholl s , R. W. , Proc. Phys. Soc. (London) A85, 159- 62 (1965). 
[11] Frase r, P. A. , and Jarmain, W. R., Proc. Phys. Soc. (London) 

A66, 1145-52 (1953). 
[12J Nic holls, R. W. , and Jarmain , W. R. , Proc. Phys. Soc. (London) 

A69, 253-64 (1956). 
[13J Krupe nie, P. H., and Weissman , S. , J. Chem. Phys. 43,1529-34 

(1965). 
[14J (a) Be nesc h, W., Vanderslice, J. T., Tilford, S. G., and Wilkin · 

son, P. G. , Astrophys. J .. 143, 236-52 (1966). 
(b) Benesch, W. , Vanderslice, J. T. , Tilford , S. G. , and Wilkin · 

son, P . G. , Astrophys. ]. 144, 408- 18 (1966). 

503 

312- 248 0 - 68-5 

[15] (a) Shuler, K., Proc. Phys. Soc. (London) A65, 70 (1952). 
(b) Cashion , J. K. , J. Chem. Phys. 41,3988- 94 {I 964). 

[16] Nicholls , R. W., Can . J. Ph ys. 40, 1772-83 (1962). 
[l7J Nicholls, R. W. , J . Res. NBS 69A (phys. and Che rn. ) No.4, 

36<f-73 (1965). 
[18J Flinn , D. J. , Spindler, R. J., Fifer, S. , and Kelly, M. , ]. Quant. 

Spectry. Radiative Tran sfer 4, 271-82 (1964). 
[19] S pindle r, R. ]. , J . Quant. Spectry. Radialive Transfer 5, 165--204 

(1965); see especially p. 194. Spindler infers from Morse·RKR 
comparison on the calculated integrals that 1% error in 
turning points causes = 10% error in q. 

[20] Halevi, P ., Proc. Phys. Soc. 86, 1051-4 (1965). 
[21] J ames, T. c., J. Mol. Spectry. 20,77- 87 (1966). 

(Paper 72A5-517) 


	jresv72An5p_495
	jresv72An5p_496
	jresv72An5p_497
	jresv72An5p_498
	jresv72An5p_499
	jresv72An5p_500
	jresv72An5p_501
	jresv72An5p_502
	jresv72An5p_503
	jresv72An5p_504

