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A complete quantita tive a nalysis is presented of changes in the s hape of the spec tral absorptance 
c urve of any Beer's·law pigme nt solution (o r other Bouguer's- Ia w material) as concentration of the 
pigment , or thic kness of the solution laye r, is varied. The relative absorptance curve, normalized to 
unit maximum, is taken as defining the shape of the absolute absorptance c urve, and the index of 
shape c hange is taken to be the differe nce between the normalized curves. All concentration changes 
from infinite decrease to infinite inc rease are covered , with some e xtreme cases requiring limit methods. 
Formulas and graphs are give n for determining, as a function of concentration change and pepk absolute 
absorptance of the original c urve, where along the curve the shape c hange is greatest, and how large 
th e maximum change is. Implica tions for color vi s ion theory are discussed and it is shown that the 
assumption of low peak absorptan ces « 10%) for the vi sua l photopigments accounts for the constancy 
of th e color-matching fun ctions [or moderate luminances, but not, in itse lf, for the breakdown of 
matches at high lumin ances; whil e the assumption of high peak absorp tances (= 80%), a lthough it 
contradicts recent micros pectrop hotometri c measure me nts, see ms to account for both phenomena. 

Key Words: Absorption; adap tation: Beer' s law: chromatic adap ta tion: color vi sion ; concentrat ion: 
cones; curve s hape: high luminance: metameric matc hes : pigme nt ; photopigment: 
vi sion. 

1. Introduction 

The theory that chromatic adaptation is explaina ble by changes in the concentrations of the 
visual photopigments has los t some adherents in recent years to the notion that adaptation is a 
ne ural or synapti c phenom enon [1 , 2 , 3]. J One of the objections which has been raised [3] to the 
pigment-concentration theory is that a c hange in the co ncentration of a pigment in solution neces
sarily changes the s hape of the absOfIjtance c urve of the pigmen t solution, because of the nonlinear 
(expo nen tial) charac ter of Beer 's Law. A sufficient change in shape of the absorptance curves of 
th e visual photopi gments would be behaviorally detectable, since the color-matching functions 
would be altered. On the other hand , the empirical evidence indicates that the color-matching 
fun ctions are independent of chromatic adaptation [4] over an unlimited range of chromaticities 
and a wide, but not unlimited [5 , 6] range of lumin ances, the implication be ing that the shapes of 
the absorptance curves of the photopigments do not vary significantly with nonextreme changes 
III the adaptive state. 

It appears to be ge nerally unde rstood [7] tha t the c hanges in s hape of the absorptance c urves 
are not signifi cant if the initial (dark-adapted) concentration s of the photopigments are s ufficiently 
low. Th e purpose of thi s paper is to specify quantitatively the nature and extent of the s hape 
c ha nges indu ced in the absorptance c urve of a layer of pigment by changes in the concentration 
of the pigme nt (or the thickness of the layer) . Although the final treatment will be completely 

>itA po rtion of thi s work (SI)ccificall y, the single limiting case of complete bleaching) was presented orally at the Spring 1965 meeting of the Oplical Society of 

Arn('l"i('a in Dallas. T(' xll s IJ . Op!. Soc. Am. 55, 604A (1965)1. 

I Fi gures in brackets indicate the literature references at the end of this paper. 
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general and will apply to any real pigment , there are two basic decisions to be made in advance 
that are determined by the primary purpose of the study, which is inves tigat ion of vi sual photo
pigments_ 

The first decision is what is to be meant by the "shape" of a c urve_ The defi nition to be devel
oped is based on the convention that multiplyi ng the ordinates of a c urve by a co nstant does not 
cha nge its "shape." As applied to visual photopigment absorptance c urves or the color-ma tc hing 
fun ctions of a colorime tri c sys te m, thi s conve ntion is th e appropriate one, because the facts of 
me tam eris m (that is, which spectral radiance di s tributions match in color) would be left unchanged 
if th e spec tral absorptance curve of any of the visual photo pigments were to be changed by mul
tipli cation by a constant factor ; and, corres pondingly, the predictions of metamers of a colorimetric 
sys tem are invariant under any scale-fac tor c hange in any of the color-matching functions. 

These same considerations determine the other basic decis ion as well: what specific measure 
of amount of light absorption by a pigment s hould be used. It is absorptance th at co unts di rectly 
III color vision, not any other measure, such as opti cal density, commonly used in other contexts. 

2. Beer's Law 

Give n a layer of pigment in solution , Beer's Law [7a] permits us to calculate the spectral 
absorptance, O'A,2 of the layer. If c is the concentration of the pigment in the solve nt , x is the thic k
ness of the solution layer , and /3A is the spectral absorption coefficient of the pigment , the n the 
expression for O' A is: 

O'A = 1-exp (- /3A cx), (1) 

provided we neglect surface re fl ection s, scattering, and the absorptance of the solve nt; in other 
words , if we assume that all light not transmitted by the layer is absorbed by the pigment. In the 
case of the visual photo pigments, the solvent is presumably a clear gel and these simplifying 
ass umptions probably do not introduce too much of a distortion in the analysis . 

Now suppose that the action of a bleachin.g light reduces the concentration of the pigment 
(or, equivalently, the thickness of the pigmented layer) 3 to l/n times its original value. Then the 
new absorptance, O'~,), is given by: 

(2) 

.< 

In the case of the visual photopigments, it is possible that significantly absorbing breakdown prod-
uc ts are produced by bleaching, but this investigation will be confined to conside ration only of the l 
absorptance of the original pigment. 

If we isolate the exponential term in eq (1) and raise both sides to the power 1/ n, the result is: I 

(1 - O'A) 1/11 = [exp ( - /3A CX) ]I /11 == ex p ( - /3 ACX/ n) ; (3) 

and, from (2) and (3), we see that 

(4) 

2 1n c urre nt int erna tional prac tice. a subscript A denotes a s pec tral concentration: a dimensionless fun ction o f wave length like absorpl ance is properly denoted 

cr (A) . However. in order to avoid co mplicat ing th e many equations in thi s paper with another level of parentheses, the subscri pt notat ion will be used throughout. 

No am bigu it y can arise, since no qu antit y referred to in the paper is a spectral concentra tion . 

a This parenthe tical alte rnative should be unders tood im plicitl y wherever " concentration" is referred to in the remainder of thi s paper. Although thi s pape r is 

phrased in terms of a pigment so lution, it should a lso be unde rs tood that all results apply to any pigment sus pension, whe ther a true solution or not , as long as the 

sus pension follow s Beer's law: and a lso to any tran s mitting substa nc~ whatever that follow s Bougue r' s law . 
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Thus we conclude from (4) that 

(5) 

The transformation (5) from aA to a~') is order· preserving. That is, if for wavelengths J-t and v , 

(6) 

it is also true that 

(all n)." (7) 

The proof of this property is eq ui valen t to provin g th at Cl/~d is a monotonically inc reasing fun c ti on of 

aI. , for a ny n, and thi s is in turn equivale nt to s howing that the derivative of a~' ) with res pec t to a A 

is always positive. 

Differentiating (5), we find that 

~ - I 

(1- a,')11 

n 
(8) 

We see that the derivati ve (8) is indeed always positive, for any (positive) n and any a A < L (The 
fact that the derivative reaches zero at a A = 1, for n < 1, is irrelevant to the order·preserving prop· 
erty, since no aA can be greater th an unity.) 

The fact that the transformation preserves order implies in particular that at any wavelength 
at which aA has a maximum or a minimum , a~1) has a corres ponding maximum or minimum. Thu s 
we know that whatever distortions in the absorptance curve may be produced by a change of 
pigment concentration, there is no shifting of the wavelengths at whi ch the peaks and valleys 
occur-

3. Normalized Absorptance Curves 

The object of thi s analysis is to deal quantitatively with the "shapes" of fun ctions. 5 In discus· 
sions of vision, and in other contexts where functions are known only to within a scale factor (or 
where the absolute size of the ordinates is irrelevant to the purpose at hand) , it is commonly said 
that the shape of a fu nction -let us say of wavelength - is unchan ged if we multiply the function 
by a fixed constan t at every wavelength. This convention can be used as the basis for formulatin g a 
definition of "shape." If we want to find out whether two given functions have the same shape, it is 
clear that what we want to do is to divide each function by so me constant so that both se ts of values 
are reduced to the same scale. The original c urves have the.same shape if the adju sted c urves are 
identicaL 

A familiar way of redu cing curves to the same scale is to divide each c urve by its own maximum 
value. Another way of describing this procedure is to say that we are " normalizing" each curve so 
tha t it will have a maximum of unity. 

4 Natu rall y. negative va lues of II a rc excluded as meaningless. Normally, it s hould be understood that n > O. bUI the limiting case II = 0 (an infinite increase in 

pigment concentra tion) w ill be cons idere d where appro pria te. II will prove helpful 10 kee p in mind that" is the factor b y which the originaJ concentra tion is divided
not multip li ed -so that redu ctions of concentration (" bl eaching") a rc imp lied by the range I < n ~ 00 and increases of concentration by the range O :S;: 'I < I. This choice 

of meani ng for TI was dic tated by the relati ve ly grea ter interest in bleaching th an in concenlration increase in the fi eld of vis ual pigments. 
5 Tec hnica ll y s peak ing. it is th e c urves representing the fun c tions that have s hapes. but it is convenient to speak inte rchangeabl y of the shape of the curve or 

the fu nc tion. 
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If we let M be the (or a) wavelength at which O't.. has its maximum value, 0'.\/, then we have shown 
pre viously that the maximum value of O'~,) is, for all n , the value of O'~') at that same wavelength M. 
In short , taking note of (5), we may write: 

(9) 

Now let us define a normalized function , at.. , as the fun ction 0'" divided by its maximum value: 

0'.11 '" o. (10) 

Similarly, we define a normalized function, a~'l, by: 

0'.11 '" o. (11) 

The case 0'.11 = 0 represents a pigment that does not absorb at all (0' " == 0). There is little to be gained 
by defining the normalized functions in this degenerate situation (one can argue for choosing either 
a constant value of unity or of zero), and it will be assumed tacitly from here on that 0'.\/ > O. For 
the sake of completeness, however, we will consider later the limiting behavior of certain functions 
as 0'.\/ approaches zero. 

The normalized functions a" and a~') are equal to unity (and conseque ntly to each other) at all 

wavelengths at which 0'" takes on its maximum value. Moreover, the functions are also equal (to 
zero) at all wavelengths at which 0'1. = O. The question we are interested in pursuing is how different ~ 

are ax and a~1) at other wavelengths? I 
Before developing an answer to this question, let us fi r st investigate a few important properti es 

of the normalized absorptance curve a~1) defined by (11) . 

In Appendix A it is proved that 

for p > q (12) 

[except for wavelengths for which the absorptance, 0'1., is 0 or the maximal value, 0',11, in which cases 
an equality sign replaces the less-than sign in (12)J. In other words, as n increases (concentration 
decreases), the values of a~1) become smaller and smaller: the sequence of curves a~') is monoton

ically decreasing. Since all the curves of the sequence a~') have a common maximum of unity at 

the same wavelength(s), a simple statement of the situation is that the normalized absorptance 
curve (or the shape of the absorptance curve) "narrows" as pigment concentration decreases; or, 
more precisely, the half-peak widt h of the primary absorption band covers a smaller wavele ngth 
range. 

No matter how much the concentratio n is reduced, the normalized absorptance curve con 
tinues to narrow, but the decreases in the values of 0.(11) become smaller and smaller as n grows 
larger. I n fact, the sequence of curves o.~') approaches a limiting curve, a~x), as n becomes indefi 
nitely larger (concentration approaches zero). If we try to evaluate this limit by le tting n approach 
infi ni ty in the expression (11) for a~'), we are initially frus trated by the fac t that both the numerator 
and denominator approach zero , the res ult being indeterminate . T he limit can be evaluated , how
ever, by an ap plication of L'Hos pital' s rule, which says that in such an instance, the limit is un
a ffected by differe ntiation of both numerator a nd denominator. Thus: 

(13) 

or 

0'.\1, 0'1. '" 1. (14) 
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If any a mount of pigment is present , the normalized absorptance c urve is broader and greater 
tha n the limiting c urve defined in (14). For suffi c iently low concentrations, however, the c urves 
beco me insignificantly differe nt from the a~x ) curve. It should be s tressed that thi s conclusion 
applies to any absorptance curve whate ve r. 

Whe n any a" = 1, it follows that also a .1I = 1, s ince no absorptance can be greater than unity. 
In that case, it is clear from (11) that 

fo r a" = 1 (all n); (15) 

so that also the limit 

for a" = 1. (16) 

Finally, whe n a .1I = 1: 

fo r a .1I = 1; (17) 

and 

fo r a .ll = 1, a" 7'= 1. (18) 

Equations (16) and (18) toge ther indicate tD at if the re is a ny wavelength at whic h absorptance 
is co mple te - if a .1I = 1- th e n the limi ting norm ali zed a bsorpta nce curve, a~ox», takes on a di scon
tinuous line or recta ngul a r [o rl11 whi ch is unit y' where th e ori gina l absorpt ance curve, a x, is unit y, 
and is ze ro ever yw he re e lse. Thi s is th e ultim a te in narrowin g, a nd is not seen unless there is a 
wave le ngth a t whi c h a bsorpt a nce .i s to ta l. 

It .i s also of interes t to consider what happe ns when the co nce ntration of the pigme nt beco mes 
mu c h greater th an the initi al valu e. Ph ysicall y, th e inc rease in concentra tion is limited by the 
solubility of the pi gme nt in the so lve nt , bu t for theore ti c al purposes, we can co nside r the con
seque nces of le tting n ap proac h o. (If we co nside r th e phys ical dimension be ing varied to be th e 
thic kness of the solution layer , ra ther than the concentra tion of th e pi gme nt in the so lve nt , the 
case of infinites imal n beco mes opera tionall y mea ningful. ) We see from (11) that 

When a" = 0, we have : 

o 
1= 0, 

for a" 7'= O. 

for a,, = 0. 

(19) 

(20) 

Thu s, as the pi gme nt concentration is greatly increased , the norm a li zed a bsorptance c urve (in 
other words , the shape of the absorptance c urve) ap proaches a rectangul ar , di sco ntinuous fun ction 
whi ch is zero wh erever a x = 0, a nd is unit y whereve r a" > 0. This is t.h e ulti mate in broade ning, and 
is assoc ia ted with infinite ly dense laye rs of a ny pigment wh atever. 

Mos t of the relationships di sc ussed above are illus trated in fi gure la, which re presents the 
vari a tion of the normalized s pec tral absorpta nce of mac ular pigme nt with concentration or thick
ness. Similar families of curves ha ve been published previous ly for other vi sually significant 
pigme nts, s uc h as vi s ual purple, by Dartnall [8] ; a nd the hypotheti cal cone pigments based on the 
Judd [9] primaries, by Tersti ege [10]. 

The c urve ta ken as the original a x [that is, a~I ) ] for the cons truction of fi gure la is the equiv

ale nt of the macular pigment density c urve given by W yszecki and Stiles [11], with an arbitrary 
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extrapolation by the present author down to 340 nm , based on Wald's [12] indication that the ab
sorptance of the mac ular pigme nt is essentially zero by 350 nm. Figure la confirms that as co ncen
tration increases, the absorptance c urve broadens , progress ively obscuring the fin e s tructure, and 
approac hes a rectangular form coveri ng the entire wavelength range over whi ch the pigment 
absorbs at all. 

On the other hand, the most conspicuou s aspect in fi gure l a of the changes occurring with 
decreasing conce ntration is the quite limited extent of these changes. The c urve for infinite de
crease of co ncentration is indeed the narrowest and lowest of all , but it is not much narrower or 
lower than the original c urve . The curve representing a mere halving of the concentration is already 
about half way from the c urve for the original concentration toward the c urve for an infinite de
crease in concentration. Concentration decrease will be seen to cause some sharpening of the fine 
structure. Because the peak absorptance of the original absolute c urve is only 0.684 (dens ity = 0.5) , 
the limi tin g curve for infinite concentration decrease does not even approach the line spectrum 
required by eqs (16) and (18) when the absorptance is 1.0 at one or more isolated wavelengths (or 
the rectangular curve resulting when th e original absorptance is 1.0 over a continuou s range of 
wavelengths). 

Fi gure Ib illus trates the approach to a line spectrum for a fi c titiou s pigme nt having as its 
absolute spectral absorptance c urve the normalized curve for one layer of the macular pigment on 
which fi gure la is based. In other words , the new absorptance c urve is simply the absolute curve 
for one layer of macular pigment di vided by the constant 0.684 (actually , 1- 10- 0 .5) so as to have a 
peak absorptance of 1 instead of 0.684. 

Such an absorptance curve would be difficult to find in any real pigment. For one thing, an 
absorptance actu ally equal to 1 (infinite density) at any given concentration requires an absorptance 
of 1 at all co ncentrations, but all real pigment layers become quite transparent at all wavelengths 
if the concentration or thick ness is made sufficiently small. Seco ndly, even if the peak absorptance 
is only near 1 (say 0.99999) instead of equal to 1, the absorptance would no t drop off from the peak 
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FIGU RE l a. Variat ion in th e shape of the spectral ahsorptance curve of macular pigment (normalized to unit maximum) 
as th e pigment concentration changes. 

The eUfVt:' labeled "1" is the ori/;!.inal ('urv(' (pt'ak absolute ah!)orplance 0.6&1)."x 2" denutes a doubling of cOllcentration (or Ihicknt'!)s), and "/'1." 
denotes a halving uf ('\lll{'('ntratinn. The rig ht side!:' uf the x :lO() and X son ('lIfVt'S art' (lillilted for clarity. 
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as ra pidly as in our fi c titiou s example. A real pi gme nt laye r with such a high absorptance anywhe re 
within th e interior of its absorption s pec trum would have to either be very thick (compared to a 
layer tha t transmits substantially at all wavele ngth s) or contain an extre mely high concentration of 
pigment. Therefore its absorptance c urve would be of the flat , near-rectangular form characte ristic 
of hi gh concentration multiples . The c urve for suc h a layer does not com e close to reachin g the 
"spike" form, no matte r how muc h th e co nce ntrati on is redu ced. In fact , the " x 10" c urve in fi gure 
la, corresponding to a layer of mac ula r pi gme nt 10 times thi cker or more concentrated than the 
standard layer , does re present a pea k abso lute absor ptance of 0.99999. Obviously the bleaching of 
such a layer would foll ow the co urse re prese nted by the curves below it in fi gure l a, and the limiting 
c urve fo r infinite bleaching is th e ve ry a me curve as th e "/00" c ur ve in th at graph. While th e "/00" 
curve is considerably more s pik y th a n the" X 10" c urve, it is ve ry far indeed fro m being a line 
spectrum. 

Exce pt for the limiting top (11, = 0) and bottom (n = (0) c urves in fi gures l a a nd Ib , the other 
curves were generated by use of eq (11) in a computer program. In order to obtain a rough pi cture 
of how mu ch the sha pe of a ny a bsorpta nce curve changes for any specified c hange in concentration 
of th e pigment , it is s uffi c ie nt to ma ke use of fi gure 2, whic h is based on eq (5) and gives the rela tion
ship between the a bsolute absorpta nces a~1) and a" for various values of n. When the absolute ab

sorptance c ur ve has bee n s ketc hed out through the use of fi gure 2, it is easy e nough to divide by 
the maximum valu e to obtain the normalized c urve. 

T he parameter numbe rs on the c urves in fi gure 2 do not re present 11 , the co ncentra ti on redu c
tion factor, but ins tead re prese nt P, the percentage bleach. The relations hip be tween these quan
titi es is given by the equ ations 
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FI GU RE lb. Same type of plot as figure la, but here the " / " curve (identical to that in fig. Ja ) corresponds to aJictit ious 
macular· like pigment with a peak absolute absorptance of 1. 

The ri,ght sides of the x 100 and X 500 curves are omitted for clarity. 
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FIGURE 2. Varil!tion of (absolute) absorptance with pigment concentration (o r thickness). This graph applies to any pig
ment solution layer that follows Beer's law, or to any material that follows Bouguer's law. 

Nega tiv e values of the parameter refer to percentage concentration increases. All the curves converge on and reach the point 0,1): despite appea rances, 
none of the curves for P #- - 00 reaches a~")= 1 until erA = 1. Also all the curves converge on and reach the point (0.0), although this is not ev iden t because the 

grap h is a log. log plot. 

Thus , halving the concentration (n = 2) produces a 50 percent bleach (P= 50), while leaving the 
concentration unchanged (n= 1) results in a 0 percent bleach (P=O). Concentration increases 
(n < 1) correspond to negative percentage bleaches (P < 0). The limiting values are n = 0, P = - 00 ; 

and n = 00, P = 100. In some contexts, P is a more natural measure than n, while in other frames of 

l 

reference the reverse is true. The reason for preferring P in the present work will e merge later. \ 

In figure 2, an at least approximate symmetry around the diagonal (P = 0) is evident. It is 
easy to prove that the curve for n = k is ac tually symmetric to the curve for n = 1/ k. For any func tion 
y= f(x), the curve symmetric to f(x) with respect to the 45° line y= x has the equation x = f(y). 
If we define 

y = ji..(x) == 1- (I-X)I /" (23) 

[the function of eq (5)], then the equation of the symmetric curve is representable as 

x=fdy) == l-(l- y) l/k. (24) 

Solving eq (24) for y yields: 

y=l - (I- x) ", (25) 

and this is precisely j(l /" ) (x) , as was to be proved. 
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----------------------------------

Since the curves for nand n ' in figure 2 are symmetrical when 

1 
n=" n 

we know from (22) that the curves for P and P' are symmetrical when 

or 

100 100- P' 
100- P 100 

P' = -lOOP. 
100-P 

(26) 

(27) 

(28) 

The c urves in figure 2 were selected to have simple values of P, and the pairs of approxi
mately symmetric c urves are related according to (28) closely but , in most cases, not precisely. 

~ The symmetry is therefore not exact, although a perfectly symmetrical set of curves could be 
produced if desired. 

4. Changes in Shape 

We are now ready to deal with our basic problem: the ex tent of the differe nce between the 
I shapes of 0'1.. and O'~'). Definition of a quantitative index of shape difference is the first requirement , 
r and since we identify the shapes of absolute absorptance curves with the corresponding normalized 

absorptance curves, it is te mptin g to defi ne th e index simply as: 

(29) 

This measure is not an overall index of shape difference be twee n two c urves, but rather a definition 
of shape difference at each wavelength. 

> In (29) the index is defined specifically for the case of interest here: namely, two different 
concentrations of a single pigment; but the differe nce between the normalized curves is meant to 
be a measure of shape difference applying generally to any two absorptance curves. Brief con
sideration reveals that this index behaves with intuitive reasonableness at the extremes. If two 
normalized c urves are equal at a given wavelength, then the c urves have the same shape there ; 
that is, there is a 0 percent shape discrepancy. The most extreme possible shape difference at any 
particular wavelength exists when one absorptance curve has its maximum at that point and the 
'other is zero. In terms of the normalized curves, this is a difference between 1 and 0, or a shape 
change of 1 (100%). It should be emphasized that if we are comparing two absorptance c urves at a 
wavelength where one curve is 2 percent of its peak value and the other is 1 pe rcent of its peak 
value, the shape difference according to the index we have defined is 1 percent and not 50 percent; 
it is the difference and not the ratio that counts. Clearly, the amount of s hape difference in this case 
is intuitively more comparable in significance to the shape difference where one curve is 80 percent 
of its peak and the other 79 percent of its peak, than it is to the shape difference where one c urve 
is 80 percent of its peak and the other 40 percent. The point of view here is of cou rse directed 
toward the relevance of absorptance-curve shape changes to detectable chan ges in color- matc hing 
behavior, and the difference in the relative rates of light absorption by a receptor sys tem with two 
different absorptance functions depends on the arithmetic difference in the normalized absorptance 

7 curves at each wavelength. 
By subs tituting into (29) the expressions for G-A and a~') given by (10) and (11), we obtain the 

formula: 

(30) 
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Various measures of overall shape differe nce between the c urves 0'1. and O'~I) can be defined in 

terms of the index for shape diffe rence at individual wavelengths specified in (29) or (30). If K and 
L are the lower and upper limits, res pec tively, of the wavelength range of interest, we might for 
different purposes be inte res ted in anyone of a number of measures suc h as the following: 

max I O~'l 
" 

(31) 

Si nce our inte rest here is primarily in determining upper limits of change, le t us c hoose the 
s imple measure li s ted last in (31). Let 

5(11) = max l o~l) l= max la~I)-O'AI 

" 
(A = K to L). (32) . 

.In the remainder of the paper, any indication of a maximum over A refer;; to the wavelength range 
A = K to L. 

s. Location of the Maximum Discrepancy 

Since o~1) "" 0 for n ~ 1 and o~1) ~ 0 for n "" 1, we can write the first e quality in (32) as: 

(33) 

the plus s ign applying when n ~ 1 and the minus s ign when n "" 1. Since , In general, for any 

fun c tion / , 

an equivale nt of (33) is: 

max 

" 
[ - j (A)] = - min/rAj , 

" 

5(11)= - min o~l), 

" 

11 ~ 1; 

11 "" 1. 

(34) 

(35a) 

(35b) 

For any n , the n, the maximum absolute di sc re pancy , 5(111, between the normalized curves, 
occ urs at a criti cal point of the function o~l) , and hence in all cases we can find the value of a A 
yielding the greatest di sc re pancy by setting the derivative of o~1) with respect to a A equal to zero. 

We have from (18) th at 

.1. - I 

(1 -aA) " 1 (36) 

a .\1 

Setting the derivative equal to zero to obtain the cri ti cal point and so lving for 0'1., we conclude 

that 

II 

1 a .\1 { } 

II - I 

0',, = - 11[1 - (1 - 0'\1)1 /11] (37) 

for maximum di sc re pa ncy betwee n a~1) and a A. 
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To co nvert th e absolute absorptan ce in (3 7) to a normalized absorptan ce, we need only divid e 
through by 0' .\1 , the res ult be in g;: 

(38) 

Equation (38) tells us that at the wavelength(s ) wh ere the ori ginal absolute absorptance curve, 
~A ' -has dropped to that fraction, A(II)(O'M), of its maximum valu e, O'M, s pecified by the right side 
of (38), the greatest discrepanc y in shape between 0'" and O'~tl exi sts; that is, the magnitude of the 

diffe ren ce between the c urves (h and a~' ) is great est. This res ult a pplies to any absorptance curve 
wha te ver, the normalized form of whi ch contains th e c riti ca l a" va lue, A( II ) ( 0' .\1 ) , d efin ed by (38). 
For the treatment of exceptions-aA c urves that fail to co nta in the va lu e A( II )(O'.\I ) ove r th e wa ve· 
le ngth range of inte rest-see appendix B. The actu a l wave length whe re the maximum l o~tll occ urs 
de pends, of course, on th e s hape of the parti c ular a bso rptance curve be ing con sidered. 

Th e expression (38) is not defin ed for four s pec ia l cases: 0'.\1 = 0 , 11 = 0, 11 = 1, and n = x . Th ese 
cases, and the ir variou s combinations, have all bee n worked out by defining the value of (38) as the 
va lue of the limit of (38) as the s pecial values a re approac hed. In e valuating the limits for the three 
~ pec i a l n values, it e me rges that 0'.\1 = 1 is also a special case in combination with these n values 
onl y. To avoid c irc umlocution, furthe r refe rence to the "s pecia l" or "limiting" va lues will include 
thi s fifth case of 0'.\1 = l. 

Th e e valuation of the va riou s limits is di scussed in appendix C. T abl e 1 gives a comple te sum· 
mary of th e formulas for all cases. A graphi cal re presentation of a ll th e res ult s is give n in fi gure 3 , 
whi ch plots A ( II ) (0'.\1) , th e (x l. for maximum I O~I)I, as a fun c ti on of th e peak a bso lute absorptance , 

0'.\1 , of the original c urve, with perce nt ble ach, P, as the pa ram ete r. 
A number of signifi cant features can be observed in the famil y of curves of figure 3. To begin 

with , a bleach of - 100 percent - that is, a doublin g of co ncentration - plays·a uniqu e role (although 

the case 11 = ~ is not "special" in the sense of re quirin g the use of limit methods). The gra ph s hows 

th a t if the con ce ntration of a n y pi gme nt is doubled , the maximum s hape cha nge occ urs whe re the 
original absorptan ce c urve has exac tly half its maximum value , regardless of wh at that maximum 
absolute absorpta nce may be . F or no othe r co nce ntration c hange is th e location of th e point of 
maximum s hape c han ge inde pe ndent of the peak abso lut e absorpt a nce of the origin a l c urve. 

TABLE 1. Formulas Jar calculating A (n)(a ,,), the normalized absorptance (a.) (or which the greatest amount oj shape change, I s~n) l . occurs when 
th e pigment concentrat ion is reduced by a Jactor oJn 

The max imum a bsulut e a bsurpt unce fo r the ori l!: ina l pigme nt cunce nt ration is a ll 

Inc reases of concentration Decreases of conce ntration 

lim 
O< n < ] a 1 h lim l < n < oo a lim 

n 0 11 =2 TI- I n ~ X 

lim 0.5 0.5 0.5 0. 5 0.5 0. 5 0,\/-0 

" 1 \1 { 0'.11 r" 1 ) J... \1 -{n[ l - (1 - 0'11) I / " ]}~ ) J... [1 - l ie ~J 1 I 
0 < 0'.11 < ] 0 0.5 - -

0'.\1 0',\1 0',\1 0'.11 n [I - (1 - a.II )' /"] 0 .\1 - In (J - a ll ) 
(1 - 0' .11 ) a .1I 

l ie = 0.36787944] 

" 
e 

1 J <-
lim 0 1 - nl='ii 0.5 1 --' 1 - - " I 

0: ,1/ - 1 e -
n ll ~ l 

= 0.632120559 

. ' a fh ese a rc the urdlll a ry ranges of values of n, a nd the sam t: formula s apv1v III both eases. In each case. the formulas have been ex pressed in a form tha t ma kes Ih e ex pune n.l s positive. 
but e ithe r of the cClui va le nl forms is va lid ~j ve r 1)H lh ra n~f's. 

I 
h The case" ='2 is tabulat ed he re beca use "f it s unique ness. but it is nut a lirnitinl! case, 

" No lim its a rc: invol ved in these ('aseS: s imp ly se t cr.\1 = I in the re/!: ular formul a (0 < 0'1/ < I ). 
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F or concentration increases of less than 100 percent and for all concentration decreases
even infinite decrease-we see that A(II)(aM) i" not much greater than 0.5, as long as the peak 
absolute absorptance, a .ll , is not too great. When aM is very close to 1 and the bleach is very severe, 
the critical <h value approaches 1; that is, the greatest discrepancy occ urs where the curve is 
close to its peak height. This result corresponds to either of two previously discussed situations: 
the absorptance c urve of a pigment that absorbs compLeteLy at some wavelength approaches a 
s pikelike form as bleaching is carried toward completion (see fig. Ib); or, if the limiting curve is 
not close to a spike, for an original curve with a peak absolute absorptance just less than 1, the 
original curve must be flat around the peak - that is, very close to its peak height over a consider
able wavelength range (compare the "x 10" and "/00" curves in fig. Ia). 

For concentration increases of more than 100 percent, the critical ex" value, A(Il) (a.H), is seen 
from figure 3 to be always less than 0.5. For very great increases of concentration, A(Il) (a,l.t) ap
proaches 0 for any except very low aM values; that is, the greatest discrepancy occurs near the 
end of the absorption range. This result corresponds to the previously discussed fact that the 
absorptance curve of any pigment approaches a rectangular form as the concentration is increased 
enormously. Figure la provides a clear picture of why the greatest discrepancy occurs near where 
the curve drops to zero when the concentration increase is carried very far. 

.90 

.80 

. 10 -

o .10 .20 

Percent Bleach, P ----~ 
(Reduction in Concentration) 

.30 .40 .50 .60 .70 .80 .90 
PEAK ABSOLUTE ABSORPTANCE, aM 

1.00 

FIG URE 3. Location of the point at which the shape of the spectral absorptance curve of a pigment solution layer changes 
most as concentration (or th.ickness ) varies. These results apply to any pigment solution obeying Beer's law, or to any mao 
teria.! obeying Bouguer's Law. 

"S hape" (' ha nge is d(' nned as the d i/Te rence be tween the norm ali zed absorptance curves. The c riti cal point is specified (o rdinate) in te rms of the normalized 

abwrpl ance, a" of the or igina l pigme nt laye r. The criti ca l Ct. " is s hown as a fun ction of (abscissa) the peak absolute absorplance , a .lI , of the original pig,,?ent laye r. 

T he ci rdcs along the right edgt> IIf th t' graph ind ica te the te rmina tion point s of th e curves. 

320 

< 

~ 

i 



l 

One as pec t of fi gure 3 is parti c ul a rl y non-intUItIve : the curve for no bleac hing a t all (P = 0; 
11 = 1) indicates that the location of the max imum di sc re pancy varies with the peak absolute 
a bsorpta nce, a ll , of the original pigme nt. Obvious ly, when there is no ble aching the re is no di s
crepa ncy, so th e maximum discrepancy, ze ro , occ urs everywhere along the curve _ In partic ular, 
it does occur at the aA values indicated in the P = 0 curve, so that the curve is not incorrect , only 

inco mple tely informative_ (The true co mpl e te function for P = 0 covers the e ntire a rea of the graph _) 
The reason for choos ing the part ic ular c urve prese nted in fi gure 3 to re present P = 0 is to preserve 
continuity: the curves for ve ry s light bleac hin g a nd very sli ght concentration increase approach 
the P = 0 curve as the amount of co ncentra tion c ha nge beco mes s maller and s maller. The pro
cedure of defining the fundion in (38) to be equ al to th e limit a t those va lues of nand 0'.11 for which 
the ex press ion is not defined is the so urce of thi s continuity . 

6. The Size of the Maximum Discrepancy 

Since we now know where th e max imum discrepancy, 5(11), occ urs, we need on ly s ubs titute 
the ex press ion for the c riti ca l a A give n in (37) int o eq (30) to obtain th e amo unt of this larges t 
s ha pe diffe re nce. Th e res ult , whi ch unfortunate ly does not see m to be express ible in an appre
c iabl y simple r form, IS: 

(39) 

The ex press ion in (39) , lik e th a t in (38), is not defi ned fo r the s pecia l cases 0'.11 = 0 , 11 = 0, 
11 = 1. 11 = x, and, in co mbinatio n wit h the latter three cases, 0' .11 = 1. He re, too, th e fun c tion ap
proaches a limit in eac h spec ial case, and ca n co nve ni ently be de fin ed as eq ua l to th e limitin g: 
va lue in each of these cases. The eva lu ation of these limit s is d isc ussed in appendix C. Tab le 2 
prov ides a co mple te summary of the formulas fo r a ll cases, but the fun c ti ons tab ula ted are not the 

TABLE 2. Formulas fo r calealaling D'O)(a,,) , the shape challge [Il~' )] of maximum size," produced whell the pig /nelll concentration is 
reduced by a /elclor 0/ n 

Tht: maximum absu lul c abs~ )rptan(' ~ for Ilw I )ri ~dnal pi/! mc nl 1: IIIl ('CIItra lil l ll is 0'1/. 

Inc reases of co ncentra l ion Dec reases of concenlration 

lim 0 < n < 1" 
I '· lim 1 < 11 < 00 " lim 

n 0 n=- f1- 1 rI - X 

2 
lim 

0 0 0 0 0 0 0'.1/- 0 

, , 
(I _ {n[l - (~:all)' I" '}' -") (1 { a.1I r') n[1 - (1- a.lI) '1"1 

I -( I-a.II) '/" 
a .1I 

I -( I -a.II ) 'I" 
O< a.II < 1 I 4(2 -all) 0 1 - In a.1I + In [- In (I - a.lI) J 

" " - In (I - all ) 
_(--!_)(I _{n[l - (l-all)' I"Jr") 

0',11 0' .11 -(;J(I - L[l - (~~all)' I ,, ] r ') 
_ (II - I ) d 

lim I " 
d 

0.25 0 - 1 
0'\,- 1 " ( l - n)II' - " -

nu - I 

H NH lt' Ihal thi s tahle does not lis t 5 4011 = IlI~X I 5~'J I . bull!ives [)(ld(OI/ ). the t:orrespondilll! Stili with the cu rred algebraic s ign . The si j! 1l i s negative for ('o ll cc ntration 

dC<Tc asc s a nd positive for inc reases. {Ttl ob tain the absul ut c va lue. (' han~c thc s i ~n of a ll the formula s fu r concentra tion dc('re ase s.) 
li TheSt! arc th e urdi nary ran}!es of va lues I)f fl. and bec au se the a ll!c brai c Sil!ll hus been re tai ned. the same formu la s ap ply in buth eases . In each ease . th e for mul as 

have be e n e xpressed in a furm that makes the e xpo nent s pus itive. but ei ther uf t he c<luiva le nt fu rms is va lid over both ranges. 

I 
(' The e a se 11 ='2 is tabu la ted he re bc(Oa use of it s uniq uc ness . but it is nIJ t a lirn itinj.! c ase. 

d No limit s arc in vo lved in these ('ases: s imply scI al/ = I in thc rel! ul ar fHfmula (0 < all < I). 
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absolute values s pecified in (39); instead the algebraic s ign is reta ined, so that the for mul as for 
decreases of concen tration produce immedi ately recognizable negative nu mbe rs. On th ose occa· 
s ions that the absolute value is desi red , it is only necessary to change the sign in a11 of the formul as 
fo r co ncentration dec reases; the qua ntities generated by the conce ntration·in crease formulas 
are already positive . 

It will be conve nie nt to ha ve a se parate symbol , D ( II )(a,lI ), to denote the signed o~d value of 
maximum a bsolute size , as li s ted in table 2. Thus, 

(40) 

A warning is necessary concerning the numerical e valuation of the function in (39) , or its 
limiting form s given in table 2. The two qu antities between which the differe nce is taken in (39) 
are in many cases equ al for the firs t se veral significant fi gures, so that the value of S ( II ) is deter· 
mined by differences exis ting out as far (in the very worst instances) as the ninth or tenth signifi· 
cant fi gure. An atte mpt to evaluate S( II ) by the use of tables of logarithms (to assess the exponential 
expressions) is almos t certainly doomed to failure, unless a table with extraordinarily many places 
of both the argum ent and the fun ction is available. If a particular n is chosen , and an attempt to 
evaluate S( II ) for a number of values of a .l/ is made, the values obtained by the use of tables may 
form a reasonabl e , smooth c urve, but the curve may deviate quite badly from the true c urve, 
especially a t the e nd s. 

The only prac tical method of generatin g values directly from (39) is through the use of a digital 
co mputer. It was found that for extre me values of aM (near 0 or 1), and extre me values of n (near 
0 , 00, or the "special" value 1) e ven the 8·place arithmetic of an ordinary digital computer may 
generate significantly erroneous values of S(lI), so that recourse to double-precision (16-place) 
co mputer arithmetic was required in some cases . To insure acc uracy, therefore, the curves of 
fi gures 4 and 5, which graphically summarize the relationships embodied in eq. (39), were all 
obtained by mean s of such 16-significant·figure calculation. Analogous considerations, it must be 
pointed out , are applicable to th e functions in (38), table 1, and fi gure 3. 

Figure 4 is a plot of S( II ), the maximum amount of sha pe change at any wavelength , agains t 
all , the peak absolute absorptance of the original a ).. curve, for bleaching (n > 1); figure 5 is 
the corres ponding plot for concentration increases (n < 1) . The numerical parameter identifying 
the curves on each graph is not n , but the percentage bleac h, P, defined by (2 1). Because a wide 
range of P valu es is of interest for differe nt purposes, as well as a wide ran ge of a:\/ values, it seemed 
mos t useful to plot fi gures 4 and 5 on log·log coordinates, so that several orders of magnitude 
of eac h vari a ble can be represented. \ 

Nothing shown in fi gure 4 seems intuitively unreasonable. The maximum shape change in
creases with the degree of bleac hing, and approaches a limitin g value for total bleaching (P = 100%; 
n =oo). For any parti cular degree of bleaching, th e maximum shape change is an in creasing fun c
tion of all , the initial peak absolute absorptance. Because the origin is at infinity in a log-log plot 
it is not clear in fi gure 4, but is ne vertheless a fact , that all the c ur ves pass throu gh the point 
(a .1I = 0, S(ld = 0). Thus, as is obvious, pigment that does not a bsorb at all undergoes no shape 
change whatever , no matter how much " bleachin g" occurs. (This is again a matter of be 
ha vior in the limit , if we consider lower a nd lower densities of any pigment at all.) Finally, the 
greatest possible shape change - S ( II ) = 1-occurs only for the single case of infinite bleaching 
of a pigment that absorbs completely at some wavelength (aM = 1), this case being again a matter 
of behavior in the limit. [The perfect absorber (a).. == 1), as well as the other exceptional cases 
discussed in appendix B, of course are not covered by table 2 or fi gs. 4 or 5.] 

For concentration increases, shown in fi gure 5, a few additional considerations ari se. As 
expec ted, the maximum shape cha nge increases with the extent of the concentration increase, 
and approaches a li miting value for infinite increase in concentration (P = - 00; n = 0). The limit
in g value for P = - 00 is the greates t possible value , S(II) = 1, and is cons tant for any a .\/ > 0. For 
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F IGURE 4. The amount of the greatest change, as concentration (or thickness ) is reduced, in the shape of th e spectraL ab
sorptan.ce cume of any pigmen.t soLutio II Layer obey ing Beer's Law, or of any materiaL obeying Bouguer's Law. 

The maximum s hape c hange is given (o rdina te) in term s of the difference be tween the normal ized absorplan('c curves fo r the original and reduced con· 

ce nt ra t ions. T he absc issa variable is the pea k absolute absorplan('c. a"" of the original pigme nt layer. The c irc les along the right edge of the grap h indica te 

the point s at whic h the curves te rminate. All the curves reach the point (0,0), whic h is not s hown because bOlh scales are logarithmic. 

a nything less than infinite conce ntration in crease, 5(11) is an increasing function of 0'.\/ _ All the c urves 
in fi gure 5, as in fig ure 4 , pass through th e ori gin_ The limiting curve for P = - 00 is thus of a rec tan
gular form , in linear coordina tes, with th e di scontinuity a t 0';\ / = O,j ust as the "x co" c urves in fi gures 
1a a nd 1b are an alogo usly di scontinuou s_ 

It can be observed in table 2 that the c urve for n= 1/2 (P =- 100%) in figure 5 is of uniq ue 
for m. In linear coordinates, thi s one curve is a portion of a rectangular hyperbola, but because 
th e origin is not the ce nt er of thi s hyperbola, the use of log- log coo rdina tes in figure 5 does no t 
rectify the c urve_ If instead of plotting 5(11) agains t (X.\I , as in fi gure 5 , we had plotted 5(11) + 1/4 
again s t 2 - 0'.\1 , in log-log coordinates, the curve for n = 1/2 wo ul d have bee n a s traight line (and 
the onl y s traight line)_ 
• The fin al as pec t of fi gures 4 and 5 to whic h atte ntion will be drawn here is the marked simi

larity be tween fi gure 4 a nd th e di ago nall y lower half of fi gure 5 (the curves for P ~ - 100)_ It will 
be found th at the c urve for P in fi gure 4 is virtu ally the same c urve as that for - P in fi gure 5, not 
me rely in sha pe but in actual value_ For s mall absolute valu es of P, the corres ponding c urves in 
the two fi gures appear to be quite ide ntical, and even for large percentage changes in concentra
tion (P), the lower parts of the curves (0' \1 ~ 1) are indistinguishable . Howe ver, observation of 
the upper limits of the c urves, for (X.\1 = 1, reveal s some discre pancy for the highes t few curves, 
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F IGURE 5. Same type of plot as figure 4. but for increases in concentration. 
The terminations of the five curves for - 500 000 ~ p ~ - 20 ()(X) are omitted fo r clarity: all of these te rminal S( II) va lues are slightly less than I, and only for 

' '' = -00 does 5(11) = I . 

and, in fact, the correspondence between P and - P is really only approximate, the approximation 
being better for values of P or a.\/ near O. 

It was this close correspondence between the maximum shape changes for a given percent, 
age bleach and for the same percentage increase in concentration (negative bleach) that dictated 
the choice of P as the most informative parameter for these curve families. It is interesting to 
observe in figure 3 that an approximate correspondence between P and - P exists for the locations 
of the maximum shape changes as well. In figure 3, however, the correspondence does not involve 
an identity or a mirror symmetry of curve shape, but rather equal di s tances above and below the 
upward bending curve for P = o. 

7. Implications for Vision 

The information summarized in figure 4 constitutes a set of restrictions to which any theory 
of co lor vision based on the idea of photopigme nts in so lution must conform. The constancy of 
metameric matc hes under nonextreme levels of adaptation implies that within the applicable 
luminance range , the shape changes produ ced in the pigment absorptance curves by bleaching 
are so s mall as to be not behav iorally detectable . It is difficult to say how large a maximum shape 
change lSI I/J1 in th ese abso rptance curves would have bee n noticed in the various experiments 

324 

'I 



that have been conducted, but a maximum shape change of 1 percent seems likely to be safely 
below the threshold of detectability. In other words, the new color-matching functions determined 
by such a c hange in the pigments would not differ from the initial functions by amounts greater 
than the experimental uncertainties cus tomar y in color-matching data. 

Figure 4 reveals that even if bleaching were virtually total (P = 100%), the maximum shape 
c hange from the absorptance curves of the unbleached pigments can be kept below 1 percent 
provided the peak absorptances of the dark-ad ap ted pigments are no greater than 7112 percent. 
As it happens, this is just about the order of magnitude of the peak absorptances found by the 
recent microspectrophotometric meas ureme nts of the absorptances of single cones [13 , 14, 15]. 
Thus a sufficient explanation for me tamer constancy is an upper limit of, say, 10 percent on the 
maximum absorptances of the photopigme nts, regardless of how much bleaching of the pigments 
occurs during adaptation. 

On the other hand , the low-absorptance explanation is by no means necessary. If c hromatic 
adaptation actually involves only limited degrees of pigme nt bleaching, over the cons ta nt-meta mer 
ran ge of luminance, then mu ch higher initi a l peak abso rptan ces are allowable. Rushton 's work 
[16] with fundu s refl ectometry indicates that a considera ble degree of light adaptation can occur 
in the cones with little bleachin g of pigme nt. If no more tha n a 5 perce nt bleach occ urs, for ex
a mpl e, figure 4 indicates that shape changes can be limited to a maximum of 1 perce nt even when 
the peak absorptances are as high as 84 percent. It should be pointed out in thi s co nnec tion that 
,there is a minority of workers in color. who s till s upport (or at least , until recently s upported) the 
notion of high-absorptance pigments. Brindley [6] hypothesized an absorptance peak of nearly 
70 percent and Walraven [17] estimates the peak absorptances at 80 percent. These researchers, 
and others [18] , are evide ntly somewhat dubious about the low absorptance peaks claimed in the 
micros pectrophotometric work. They presumably s uspec t some sort of artifact or misinterpreta
tion leading to s puriou sly low es timates of the absolute absorptance levels of the curves, but no 
specific s tate me nt of their s uspicions see ms to have appeared in print. In any e ve nt , it is c lear 
that high absorptance peaks are not inconsis te nt with metamer cons tancy if not muc h bleac hin g 
occurs during light adaptation within the applicable range of luminance. 

An important fact of color vision, that has bee n stressed particularly by Walraven [19] in 
recent years, is the breakdown of metameric matches that does occur with very high retinal 
illuminances (above 104 trolands) [5, 6, 20]. It is not yet known what the cause of thi s breakdown 
is, but if it is shape changes in the pigme nt absorptance curves brou ght about by relatively extreme 
degrees of bleaching, figure 4 provides some quantitative restrictions . Walraven's [21] analysis 
of Brindley' s [6] data on changes in the Rayleigh match with very high levels of adaptation led him 
to the conclusion that the spectral character of the changes in color-matching behavior are indeed 
what would be expected on the basis of bleac hing of the photopigments: namely, a narrowing 
of the absorptance curves (particularly the red curve). 

Just as we had to choose 1 percent more or less arbitrarily as an amount of maximum shape 
c hange that would almost surely be behaviorally nondetectable , we are also faced with choosing 
a figure to represent a degree of maximum shape change that would in all likelihood produce 
ev ident behavioral consequences; 10 percent seems a reasonable round number tha t is probably 
not much, if at all, above the minimum detectable level. The question now is : what is the lowest 
peak absorptance that will allow for shape changes at least as great as 10 percent? 

Figure 4 tells us that if the pigments are nearly completely bleached (P = 100%) when the 
metamer breakdown s occur, the peak absorptances of the photopigments must be at least 55 per
cent to allow for maximum shape c han ges of 10 percent or more. Rushton [22] regularly refers 
to "comple te bleachin g" after adaptation to very bright lights, so this estimate must be taken 
seriously. If, on the other hand ,S percent bleaching were the most extreme attainable for even 
dazzling luminances (a seemingly unreali stic assumption), then we would have to abandon the 
hypothesis that the high-luminance breakdown of metameric matches is due simply to pigment 
bleaching, s ince the most extreme shape change possible for 5 percent bleaching is only 1.9 per
cent, no matte r how high the initial peak absorptance (aM) is. In fact, it is impossible to reach 
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a 10-percent shape c hange unless the bleach is greater than about 30 percent , and then only 
in the extreme case of a .1I = 1. Figure 4 indicates that if there are levels of adapting luminance 
high enough to produ ce a maximum photopigment shape change of 10 percent-that is , a clearcut 
di s turbance of metameric matc hes - but which entail no more than a 50-percent bleaching of the 
pigments, th en the pigments mus t have a.\/ ;?: 0.82. 

Th e co nclusio n that mu st be drawn is that if th e breakdown of me tameric matc hes at high 
luminan ces is due to bleaching changes alone, and if a maximum shape c hange of at leas t 10 
percent is necessary to make the breakdown ex perimentally evident, then the visual photopi g
men ts must have peak dark-adapted absorptances greater th an 55 percent, and might possibly 
have peaks over 80 perce nt. If, therefore, any researcher 's overall view of all the relevant evidence 
leads him to reject the hypothesis of high-absorptance pigments, it appears to be necessary aJso 
to reject th e noti on that the high-luminance breakdown of metam eric matches can be attributed 
solely to changes in shape of the photopi gmen t a bsorptance c urves due to bleachin g. An alte r
native explanation the n becomes necessary and the mos t obvious candidate is the accumulation 
of signifi cant quantities of one or more spectrally selective breakdown products . 

One might imagine these products diffusin g relatively uniforml y over th e re tina and playing 
a role s imilar to that of the mac ular pigment; th at is, acting as a filter in front of all the r ece ptors. 
Brindley [6J interpre ts hi s data on high-lumina nce metamer breakdown as refuting thi s "screening 
pigment" model. Another possibility is that the breakdown produc ts do not leave the rece ptors 
at all, but accumulate and regenerate in th e individual co nes in which they are formed . In that 
case, each of the three cone types can be thou ght of as covered by a filter the density of which 
is a direct fun c tion of th e rate of absorption of the incide nt li ght by that class of cone. A still more 
co mplicated variant of this hypothesis allows for differences in the kinds of breakdown produ cts 
formed from each of the cone pigments, so th at the filters over the three types of cones var y not 
only in den sity but also in the gross spectral form of their absorptances_ 

Finally, there is e ven the possibility that it is not the products of the photopigment degenera
tions that acc umulate, but that the extremely intense illumination of the eye causes spectrally 
se lective c hanges in one of the normally photostable , nonvisual ocular pigments such as the 
macular or le ns pigment. Brindley's [6J rejection of any "screening pigment" hypothesis of course 
applies to this explanation as well as to the hypothesis of photo product diffusion. Goldstein and 
Williams [6aJ, on the basis of extensive direct computations of the effect, also consider a sig
nificant role in human vision by screening pigments unlikely, provided the peak absorptances of 
the dark-adapted photopigments are s ufficiently low. If in fac t the breakdown of metameric matches 
a t high luminan ces cannot be ascribed to any screening-pigment acc umulation, the believers 
in low-absorptance photo pigments face the challenge of providin g a less obvious but more plausible 
hypoth esis . 

Those work ers who believe in high-absorptan ce photopigments need not concern themselves 
with any of these alternative explanations for high-luminance Qreakdown of metamers; their 
belief is consistent with the simple bleaching model. One problem they do face is to show quanti
tative ex perimental evidence that the degree of pi gment bleaching produced in the upper reaches 
of the constant-metamer range of luminance is low enough to produce s ha pe changes of a size con
sistent with the nondetectability of the changes in the color-matchin g fun ctions. 

If we take 104 trolands as approximately th e upper end of the constant-metameter range [4], 
and consult Rushton 's measureme nts [16] of percentage cone pigment bleached as a function 
of the adapting retinal illuminance, we find that during s teady-s tate adaptation to 104 trolands, 
only about 20 percent of the pigme nt is bleached away. We see in fi gure 4 that 20 percent bleach
in g of a pigment havin g a peak absolute absorptance of 80 perce nt yields a maximum shape c hange 
of only abo ut 4 percent, a change quite possibly below the threshold of behavioral detectability. 

Thu s, if Rushton's data a nd hi s interpre tation of them are s ubstantially accurate, the assump
tion of photo pigment absorptance curves with maxima of 80 percent accounts for both the con
stancy of metameric matches a t moderate luminance levels and the breakdown of these matches 
at higher luminance levels . The most serious challenge to the high-absorptance theory , then , 
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would see m to be finding a flaw in the claimed abso lute absorp tance scales of the single-cone 
mic rospectropholometric measurements that find low absorptance peaks [or the pigments_ Al
though parsimony ma kes the high-absorptance model logically attrac tive, it must be recognized 
that ther e is a de finite poss ibility that in thi s case nature did not c hoose the simpl es t way. How
ever, the very lates t word available to the author as this article goes to press is encouragin g for 
the high-absorptance theori s ts : MacNichol [23J has stated that the curren t estimate in hi s lab
oratory is that the peak absorptance of the cone pigments is of the order of at least 1.8 perce nt 
per single micron of receptor length_ This measure would make the total absorptance of a cone 
with a pigmented le ngth of 40 fLm equal to nearl y 52 perce nt at the peak [calculated from eq (5) 
with n = 1/40], in marked contrast to the 3 to 6 percent peaks mentioned in the work from Mac
Nichol' s laboratory published in 1964 [13]. It remains to be seen whether similar re-evaluations 
e merge from the other two laboratories that have published [14, 15 1 thi s type of measure menL 

8. Appendix A. Proof of Inequality (12) 

Give n p > q, we wish to show that 

in the range 

or 

o < a).. < all (~ 1). 

By formu la (11) , we can write (41) as: 

1- (I-a)..)I I}! < 1 - (l-aJ llq . 

1- (1 - 0'.11) II }! 1 - (1 - 0',11) IIIf 

In order to simplify the analysis, let us introduce new variables v and b defined by: 

By virtue of (42), we can see that 

0< v < b ~ 00. 

Substituting (44) into (43), we have: 

Because p > q ;:,: 0, it follows that 

I - e I': 'i 1 - el'l/ 
- -...,--;-<. ' 
1 - e III }! I - e- bl l/ 

l /p < J/q; 
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(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 



and it is therefore sufficient, for the purpose of establishing (47), to prove that the function 

1- e- V.r 
f(x) == 1- e- b.r 

is monotonically increasing for positive x . 

(O<v<b) (49) 

To establish monotonic increase, we will demonstrate the positivity of /' (x). Since f(x) is 
obviously positive for positive x, we can choose equivalently to show the positivity of/, (x) . [x/f(x)] , 
a maneuver that simplifies the algebra in the present case. From (49) we derive that 

(O<v<b). (50) 

To show that the expression in (50) is positive, it is sufficient to demonstrate that the function 

z 
g(z) == -ez-1 (51) 

is monotonically decreasing for z > 0, since the right side of (50) is g( vx) - g( bx) , with 0 < vx < bx. 

We proceed by showing that g' (z) is negative for positive z. Since 

(52) 

we need to prove that 

eZ (l - z) - 1 < 0 (z > 0); (53) 

or, defining 

h(z) == ez(l- z), (54) 

we must establish that 

h(z) < 1 (z > 0). (55) 

Since 
h'(z) §-zez<O (z > 0) , (56) 

we know that h (z) decreases monotonically from its value at z = O. Thus the proof of (55) is con
cluded by simply noting that h(O) = 1. 

9. Appendix B. Treatment of Special Cases: Discontinuous Absorptance Curves 
and Curves Maintaining High Absorptance to the Ends of the Spectral Range 
Considered 

! 

" 

There are several situations in which the a).. curve fails to take on at any wavelength the '1 
value specified by the expression (38). Only two basic cases need be distinguished: (a) all a).. values 
in the interval K ~ A ~ L are greater than the critical value specified by (38) because the absorp-
tance simply has not dropped off far enough at the ends of the specified wavelength interval; 
or (b) the a).. curve contains absorptance values both greater than and less than the critical value, 
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but not equal to it because the c urve has di scontinuities in the form of either absorption lines 
(ze ro bandwidth) or ve rti cal edge representin g jumps from one continuum le vel to another. 

In case (a), the maximum IO~I)1 will occur at the wavelength(s) at which al. is minimum
and hen ce closest to the critical va lu e. This result follows because IO~I )1 has but a single maximum 
(o ver the al. ran ge 0 to 1) and decreases monotonically to zero as al. progresses from the critical 
va lue toward either 0 or 1. It is irrelevant whether the al. curve possesses discontinuities or not. 

A unique exam ple of this case deserves separate mention: the perfec tly nonselective absorber. 
If, over the wavelength range K to L, a l. ~ c, where 0 < c:%; 1, then the flat curve has its maximum 
(and only) value everywhere, so that al. ~ 1, a~l) ~ 1 (all n), and O~I) ~ 0 (aJl n). In short, as is obvious, 
the s hape of the absorptance c urve of a nonselec tive pigment does not c hange with concentration. 

Case (b) is physically nonexistent, since all " lines," whether absorption, transm ission, or 
e miss ion, have finit e width according to quantum theory: and no abrupt transition [rom one level 
of absorptance to another can be literally discontinuous. However, because real measurements 
cannot be made with infinite resolving power, one can be faced with effec tively discontinuous 
curves. Mathematically, thi s situ ation can be trea ted by res tricting attention to only two ill. values: 
the least uppe r bound 6 (!.u .b.) of th e values less than th e cr itical value and the greatest lower 
bound (g.!.b.Jof the values greater than the critical value. Since in general the falloff of lo~t)1 from 
its maximum value is not sy mmetrical with respect to variation of ill. above and below the critical 
value, one cannot simply see which of the aforemen tioned two significant ill. values is closer 
to th e critical value. It is necessary actually to evaluate IO~')1 for both ill. values by use of eq (30). 
If the func tion values are sufficiently different , it may be possible to make the decision by using 
figure 2 appropriately. 

Although in case (a) the location of the point on the c urve for which lo~t)1 is maximum is 
s imple, the evaluation of o~') at that point must also be accompli shed by the use of eq (30), or, 
i[ a rough esti mate is sati sfacto ry, by the use of figure 2. 

10. Appendix C. Evaluation of Limits 

As was pointed out earli er, the fundamental exp ressions (38) (plotted in fig. 3) and (39) (ploued 
In figs 4 and 5) are indeterminate for seve ral special values of the variables 11 and a.lI. We have 
already made use of L'Hospital's rule [see eq (13)] to evaluate a limit that took the form 0/0. With 
appropriate rearrangements of terms, · the same device is suffi cient to evaluate the limits of (38) 
and (39) as all the special values are approached, with the exception of the limits as a.1I approaches 
O. In the latter case, it was found necessary to use the technique of replacing part of the function 
by its power se ries expansion: this procedure will be illustrated later. 

As an example of the method of application of L'Hospital's rule, let us develop the limit of 
the express ion for A(II)(a\l) in (38) as n approaches infinity (complete bleaching). Let 

(57) 

The exponent, 11 /( n -l), approaches 1 as n approaches infinit y. The part of the overall limit 
in (57) that requires manipulation is the li mit of the denominator. Let 

Ox) = lim 11 [1- (1- a.\/) 1/ 11 ]. 
1/_00 

(58) 

The expression (58) approaches the indeterminate form OC!. o. Whenever L'Hospital's rule 
IS to be used, the core of the problem is to rearrange the expression into a fraction to which the 

6The u~e of the Lu .b. and the g.l.b. allows for open in1ervals of a~ values, which can arise if there is ei ther a loeally nonconstant absorplanee co ntinuum 

wilh a peak on whi('h an ahSHrptulH'C lillt is s uperimpose d or a jllmp discontinuity betwee n to<.:ally nOllconstant cHntinua. Those not familiar with or· jntcrt'~ t ed in Ihi s, 

fille poinl ean read " largest" fur "It:a::, t upper buund" and "smallest" for "greates t luwer buund." 
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rule can be successfully applied. The requirements are that the fraction approach a limit of the 
form % or 00/00 and be of such a form that differentiation simplifies, rather than complicates, 
the limit evaluation. In the case of the limit in (58), a suitable expression is: 

1- (1- ~ )1 /11 
0 "' )= lim ~M 

n-->"" l /n ' (59) 

which is of th e form 0/0. 
L'Hospital's rule yields: 

As long as aM oF 1 (it being kept in mind, of course, that o 'is a .1I ~ 1): 

(61) 

so 

a.lf oF 1. (62) 

By applying (62) to the original limit (57) , we conclude: 

a.H oF 1. (63) 

Thus, finally, the limit of (38) as n~ 00 is seen to be: 

1 1 
0'.11 - In (1 - 0'.11)' 

a .11 oF 0, 1. (64) 

The uppermos t c urve in figure 3 is a plot of the function given in (64). 

Since the second term of (39), which corresponds to the critical aI.., is given by (38), we know 
that once (38) has been evaluated for any of the special arguments, the problem of evaluating 
(39) reduces to evaluating the first term , which corresponds to the critical a~!). In the case under 
consideration , n ~ 00, we have already found the general expression for a(~) in eq (14). We could, 

th e re fore , obtain the criti cal a A by multiplying (64) by a .11 and the n simply substitute :nto (14) 
to obtain the critical a~"') as a functi,on of aM. However , to prove that the single expression (39) 
really does give rise to all the special cases , le t us evaluate the first te rm of (39) directly as a limit. 
Let 

I 

1 _ { _a_.I1 },1l-1 
0 "') 

= lim ---:-"---~--:-:
,,--> 00 1 - (1 - a.l/) 1/11 ' 
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where C("' ), de fin ed by (58), is given expli c itly by (62). Thus 
, 

1 _ { a ,lI }iI=I 
O x)= lim - In (I -a,lI ) 

,, ~ oo 1- ( l - a.II ) '/1I 
(67) 

As n -,> 00, the exponents in both the numerator and denominator of (67) approach 0, so that , 
as long as a.!! ~ ° or 1, the exponential terms both a pproach 1. The expression in (67) therefore 
a pproaches the form 

1-1 ° 
1-1 ° (68) 

and is consequently eligible for direct application of L 'Hospital 's rule. The res ult of the dif
ferentiation of the num erator and de nominator of (67) is: 

1 { . a ,1I } 
n _ In (l - a ,1I ) 

In (1 - all) 

In a,II-ln [- In (I-a,\! ) ] 
In (1-all) 

a ,\! ~ 0, 1. 

(69) 

(70) 

The comple te evalu ation of (39) as n -,> 00 can now be obtained by co mbinin g (70) and (64), 
th e res ult bein g: 

= II - lna:l! + ln [- In (I - all)] __ 1 I 
- In (I - a.\1) a.!/ ' 

a ;1I ~ 0, 1. (71) 

The function (71) is plotted as the uppermost c urve in fi gure 4, and D(oo )(cx.lI) (the fun ction 
with the absolute value signs omitted) is li sted in table 2. 

As has bee n mentioned, all of the limiting-case formul as were de rived by methods si mil ar to 
th e L'Hos pital's -rule manipulation s employed above, except for the case CX,II ~ 0 , fo r whi c h a 
different me thod was found necessary. It is poss ibl e that so me sequ ence of imaginati ve rearrange
me nts of te rm s could allow thi s case, too , to be treated solely by L 'HospitaJ' s rule, but in the 
abse nce of such a derivation , the proof to be given here is based on a se ri es expansion , namely: 

(72) 

wh ere the re mainde r series R:1(X) is of orde r x 3 (that is, the leading term contains x 3 as a fac tor 
and all s ucceedin g terms contain hi gher powers of x) . 
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We a pply the series (72) by le tting x = a M, and re placing (1 - aM) 1/1I in (38) by the resulting 
ex pression . With s uitable regrouping of terms, the ne w form of (38) is then : 

" 

A( II ) ( a.lI ) = _1 (1 -[ 1 j";;-=J) 
all n - l , 

1 + (~) aJI - R2(a.lI) 
(73) 

where R2 (a.lI) is a se ri es of order a~r 

Straightfo rward rearra nge me nt allows (73) to be written in th e form: 

1 

[ 1 + (n ~ 1) a .1I - R2 ( a .lI ) ] ,,~ I· 
(74) 

We now make use of the fact that as a .1I approac hes 0, eac h term of R i (aid (for any i ~ 1) 
a pproaches 0 , so that the sum of the entire R i seri es also approac hes O. Thus, le tting a ,1I approach 
0, we see that the second fac tor in (74) a pproaches 1/1 = 1 (as long as n =P 0 or 1), so that the overall 
limit is equ al to the limit of the firs t factor. The first fac tor approaches (1 - 1)/0 = 0/0, so tha t 
L'Hospital' s rule can be applied. Differentiating num erator and deno minator , we obtain : 

where R I (a.lI ) is a seri es of order a .lI. 

F inally , le tting aM approach 0 in the numerator of (75), we find that the final limit is: 

A(!I) (O )= - [1] - = -( n) [n -1] 1 
n - l 2n 2 

(11 # 0 , 1) . (76) 

The invalidity of (76) for the two values n = 0 and 1 is a reRection of the fact that the original 
expression (38) is not de fined for those values. Since (76) does hold for all other valu es of 11, howe ver , 
we can evalu ate the limit of (76) as 11 approaches 0 and 1, and also as n increases without limit 
(n ~ co), a nd de fin e the fun ction values as equal to these limits. Thus 

(77) 

A( I)(O) = lim A(II) (0) = lim ~= ~ 
,,~I "~ 1 2 2 

(78) 

A(x)( O) = lim A(II)(O) = lim ~=~. 
,,-+00 fI-+x2 2 (79) 

I n oth er words, the valu e of A(II) (aJI) as a .1I ~ 0 may be ta ken as 1/2 for any value of n. 

I n order to fi nd D(II)( O), the limit as a .1I approac hes 0 of the fun ction in (39) with the absolute 
value s igns omitted , we have to evaluate the limit of the first term only, since the second term is 
the same as (38), whic h we have just shown a pproaches 1/2 . Let 

1 

1 { aM }"-I 
L - r - n [1 - (l - a ll ) 1/11 ] • 

o-",:~o 1 - (l -a ll ) 1/1I 
(80) 
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Again we use the device of series expansion , co nverting (80) to the form 

Go = lim 
0'.11-0 

(81) 

After terms are combined in (81), it is clear that the expression approaches the limit (1- 1)/0 = 
0/0 (n "" 0, 1), so that L'Hos pita]'s rul e can be applied. The result of differentiating the numerator 
and denominator and then allowing a .1I to approach 0 is: 

(n "" O, I). (82) 

n 

Thu s as a .1I approaches 0, both the firs t and second terms of D(II ) ( a .lI) in (39) approach 1/2, 
and hence the difference approaches 0 , for any n othe r than 0 or 1. In short , 

(n "" 0, 1) . (83) 

Co ntinuity conside ra tions analogo us to those leadin g to eqs (77) to (79) a llow us to make the 
definiti ons 

D(O)(O) = lim D(II)(O) = lim 0 = 0 
n-O 1/ 0 

(84) 

D(' )(O) = lim D{tI)(O) = lim 0 = 0 
11_ I f/--+ I 

(85) 

D(oc) (O) = lim D(II )(O) = Lim 0 = 0. 
1/_ 00 11_ 00 

(86) 

In other words, th e valu e of D (II )(a.lI) as all ~ 0 may be taken as 0 for any va lu e of n. 
No furt her resort to se ri es expansion will be necess ary. Le t us turn I~O W to the case n = 1 and 

e valuat e (38) as n approaches 1. Le t 

A( ')( ) - 1' - 1 - a .1I 1 
\ { 111 - 1 ) 

all - 1m . 
. 1I~ lall nl:l - ( I - all)I /II]J 

(87) 

(88) 

where 

(89) 

In orde r to co nvert a limit of th e form of (89) into a simple ratio for m, it is onl y necessary to 
take the loga rithms of both s ides: 

In 8 (1)= lim (_n_) In { a .1I } 
II ~ I n - 1 n [1 - (1 - aM) 1 I II] 

(90) 

n{ In all - In n - In [1 - (1 - aJI) I/II]} = lim ~-~----~~~-~~~~ 
II ~ I n-l (all "" 0). (91) 
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The expression in (91) approaches % as n ~ 1, so L'Hospital's rule is applicable. The result 
is, for (X.\I ~ 0 or 1: 

In B ( I )= lim ----------------::----------------.-1 1 

As n approaches 1, the second term in (92) vanishes , while the first term approaches 

_ 1 _ 0 - (XII ) In 0 - (XII) • 

(XII 

Rearrange ment of terms th en allows us to write: 

In B(I) = ln [e-I . (l_(xM)-( -,,:,M)} 

Thus , taking antilogs and substituting for B(I ) in (88), we have: 

A(I)(XI/) = :\1 [1- l /e I-a.,,] 
( 1 - (XII) --;.;-

(XM ~ 0, 1). 

(92) 

(93) 

(94) 

(95) 

Evaluating (95) as (XM approaches ° or 1 would complete the calculation of a double limit; 
that is, the limit as (XM ~ 0 (or (XM ~ 1) of the limit as n ~ 1 of (38). Both double limits happen to 
be much easier to evaluate when the limits are taken in reverse order; that is, when the calcula
tion is of the limit as n ~ 1 of the limit as (XII ~ ° (or (XII ~ 1) of (38). Such interchange of th e 
order of limits does not change the final value for continuous functions, and, as a check, the limits 
were derived both ways to be sure (although the more difficult methods will not be shown here). 
The limit as (XM ~ 0 was already found , quite easily, in (78). The case (XM = 1, for values of n other 
than 0, 1, or 00, is not a limiting case, and simple substitution in (38) yields the expression: 

1 
A(lt)(l) = 1--,-, . 

nil - I 

Similarly, se tting (XM = 1 in (39) gives: 

n-l 
D(II)(l) =--,-, . 

n" - t 

Finding the limit of (96) as n ~ 1 is equivalent to finding the limit as (XM ~ 1 of (95). 

(96) 

(97) 

By taking the logarithms of both sides and then applying L'Hospital's rule, it is easy to derive 
that 

• 
lim nil - I = e. 
" ........ 1 

With (98) establis hed, it follows directly from (96) and (97) that 
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and 

(100) 

We now complete the case n~ 1 by finding D(I)(aM) corresponding to A( I)(aM) in (95) . We 
need only find the limit as n ~ 1 of the first term in (39), the limit of the second term being equal to 
A (I)(aM). Let 

(101) 

1I ~ 1 

(102) , 

where B(I) is defined by (89) and evaluated in (94). We conclude from (102) that 

C<I) =~ (1- B(I») 
aM 

(103) 

and (88) es tablishes that 

(104) 

Thus, since 

(105) 

[a special case of eq (39)], (104) implies that 

(106) 

We have now shown that for any value of aM, there is no shape change at all for n = 1. This 
conclusion is obviously correct, since with no change of concentration there is no change of shape. 
Although we have proved above by limit methods that eq (39) correctly implies this fact, a much 
more straightforward proof of (106) is obtained by simply setting n = 1 in (30). [The restriction 
aM "" 0 in (30) is tacit, as explained following (11)]. The resulting conclusion, 

(107) 

means that for n = 1 there is no shape change anywhere along the c urve, so that, in particular, the 
shape at the point where ux = A(I)(aM) (that is, the maximum change) is also zero. 

Returning to formulas (96) and (97), we can now easily fill in the limits for the case n ~ Ct) for 
~. aM ~ 1. The same values could also have been obtained by the reverse ordering of the limits ; that 

is, by letting n ~ Ct) in (64) and (71); these latter derivations are omitted here. By (96), we have: 

A(x)(l) = Jim A(II)(l) = Ji rTl• [1--1-J = 1- 1 
1/---+ 0:: n--+ oo ~ ~ 

n"- 1 lim n" - 1 

(108) 

1/ ---+ 00 
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Let 

II 
H (x) = lim n ll=l. (109) 

n~ oo 

The n, taking logarithms and applying L'Hospital's rule, we find that 

(110) 

a nd , substituting (110) into (108), we co nclude: 

1 
A(x)(1) = 1--= 1 - 0 = 1. 

00 
(Ill) 

By (97), we have: 

D(OO)(l) = lim D(II )(1) = lim - 1 + lim _1_. 
n~oo \",-00' ~ n-oo'-~ 

(112) 
n" - I n il - I 

The second limit in (112) is the reciprocal of H (oo), defined in (109) and evaluated in (110) as 
equal to 00. Hence th e second limit is 1/ 00 = o. 

The firs t limit in (112) is the negative reciprocal of 

I 

j( x)= lim 11,'-'=:1. 
n~ oo 

Taking logarithms and applying L'Hospital's rule, we conclude that 

Thus th e firs t limit in (112) is the negative reciprocal of 1, whi ch is - 1. Therefore I 

D(x) (l) =- 1 + 0 =-;- 1. 

Th e last limits re maining to be worked out here are those for n ~ O. Let 

A(O)(a\l) = 11m - 1 - II - I . 1 ( { a.ll }~) . ,,~oa.\I l1[l -( l -a \l ) I/II ] 

= J_ (1 -B(O») (aH ~ O) , a.\I 

where 

or 

In B(O)= lim I(_n ) In {a.\I }\ 
" - 0 \ 11 - 1 n [1 - (l - a \l ) 1/11] / 
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(114) 

(115) 

(116) 

(117) 

(118) 

(119) 



I. n.ln aJ/ 
= 1m 

II ~O, n - l 
J. II In n I' n In [1 - (l - a .II ) I/II] 
1m --- 1m 

II ~O n - l 11 0 n - l 
(all "'" 0). (120) 

Th e firs t te rm in (120) is simpl y equallu 0 as it s tands. To e valu a te th e secund limit , we d ivide 
nume rator and denominator by n and app ly L' Ho pit aI's rule, the res ult be in g a li mit of O. 

To evaluate the las t limit in (120) we observe th at if 

0 < aJ/ < 1, (121) 

th e n a lso 

0 < l-aJ/ < 1. (122) 

If a quantity properl y between 0 and 1 is raised to a power that grows larger without limit , 
the resu lt approaches O. He nce 

lim (l-a.II)I /II = O 
11 0 

(a.1I "'" 0, 1), (123) 

so th at 

limln [l - (l - a .II) I/II ] = ln [1 - 0] = ln 1 = 0 
II ~O 

(aJ/ "'" 0, 1). (124) 

Thus all three limits in (120) are 0, and 

In 8 (0)=0- 0 - 0 = 0 (all "'" 0, 1), (125) 

or 

8 (0)= 1 (a.1I "'" 0, 1). (126) 

W e conc lude from (117) that 

(all "'" 0, 1) . (127) 

To evaluate D<°)(a.lI) we need the limit as n -70 of the first term of (39). Let 

I 

1- { aJ/ }n=I 
c<0)= lim n[l - (l- aJ/) 1/11] 

11 ~ 0 1 - (1- aJ/) 1/11 
(128) 

I 

] _ {n[l - (1-all)I /II]}1-li 

I. aJ/ = 1m 
,,0 1 - (1 - a .lI ) 1/11 

(129) 

Takin g note of (123), we see immediat e ly that 

1 - {0[1 - 0]}I ~O 
C«l) = aJ/ 

1 - 0 
1 - 01 1 
--=-= 1 

1 1 
(aJ/ "'" 0 , 1). (130) 
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Thus , from (127) and (130) we see that 

(0'\1 oF- 0, 1). (131) 

Obviously, by (127), 

(132) 

and, by (131), 

(133) 

Reassuring confirmations of these limits are easily obtained by reversing the order of the 

variables. We see from (96) that 

A(O)(l) = liJl) A(lI)(l) = 1- 1 
II~O ~ 

lim nil - I 
(134) 

fJ-O 

Evaluati on of the limit in (134) by the now·familiar procedure of taking logarithms and then 
applying L'Hospital's rule yields a limit of 1, and so we conclude that 

A(O)(l) = l-i= 1-1 = 0, (135) 

in confirmation of (132). 
Similarly, (97) tell s us that 

[ n-l] D(O)(1) = lim D(Il )(l) = lim --n-
fl~O 1/-0 nil=1 

(136) 

-1 1 
---1-+ " (137) 
lim n"- I lim nii=l 
11-0 "-0 

The second limit in (137) is the same as that in (134) and is equal to 1. The first limit (denomi· 
nator) requires no manipulation , and is directly equal to 0- 1 = 00 . Thus (137) becomes 

in confi rmation of (133). 

- 1 1 
D(O)( l) =-+-= 1 

00 1 ' (138) 

Each of the six limits A(x)(O), A(x)(l), A( I)(O), A(I)(l), A(O)(1), and A(O)(O), and each of the 
six corresponding D limits, can be derived from two different more general formulas . These are the 
cases fo r whi ch one can proceed by taking the n limit first and the 0'.11 Ii mit second, or the reverse. 
Only for the limits A(O)(l) a nd D(O)(l) that have just been discussed have we actually shown the 
consis ten cy of the two possib le e valuations of such limits , but consistency exists in all the other 
cases, too, except for A (0)(0) and D~()(O). 
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If we defin e A(lll(O) as 

lim A(lIl( O) , 
1/ 0 

as we in fac t did in (77), we arrive at a limit val ue of 0.5 , the value charac te rizing 0',\1 = 0 for al l 
other n values . If, however , we de fin e A(tJl(O ) as 

Ii m A(lJl (0',\1 ), 
UII - O 

it is clear from (127) that we would arrive at a limit of 0 , the value c harac te rizin g n = 0 for all other 
0',11 valu es. Thus, whether we choose to define A(Ol(O) as 0.5 or 0, we will be violat in g continuity in 
one respect or another. The d ecision as to which definiti on to adopt mus t therefore be made on 
some basi s oth er than the si m pie preserva tion of continuity. 

In s pecti on of fi gure 3 reveals th e basis for adoptin g the definition A(ol( O) = 0.5. The alte rnative 
defi niti on, A(Ol(O) = 0, wou ld preserve the fu ll co ntinuit y of the single c urve for n = O (P =-oo), 
but wou ld des troy the co ntinuity of the e ntire fam il y of c urves . It is obviou s that as one moves 
downwa rd in figure 3 ( /1 ~ 0) , the verti cal a nd hori zontal legs of the curves become progressively 
s trai ght er and the be nd between these legs becomes p rogress ively s harper. The limitin g c urve 
ought to have a vert ica l leg, just as a ll the o th e rs do, a nd th e vi s ual impression is co mpelling that 
the limitin g curve is the right angle formed by the ver ti ca l a nd hori zo nt al axes of th e graph. It 
appears intuitively th at it wo uld cons titute a more serious violati on of the overall sc he me to have 
th e limitin g c urve of the famil y be of a g ross ly diffe rent c harac ter than all th e oth er c urves, than it 
would to have th at one limitin g c urve possess a truly ve rti cal leg- that is, a di sco ntinuity. It is, in 
fac t, precisely thi s ve rti ca l leg th a t makes the /1 = 0 c urve fit in with th e res t of the curve family, 

As for D(ll l( O), it could reasonably be defin ed eithe r as 0, as it was in (84), or as 1, as it would 
be if it were calculat e d as 

[see eq (131)]. Because fi gure 5 is a log· log plot , it does not provid e a compelling geome tri cal 
impress ion of wh at the top limiting c urve ( P = - 00) ought to be; an a rithme ti cal plot would have 
show n th a t th e limiting c urve appears to be not the upper edge of the graph [the line 5(lIl = 1] , 
but th e right angle formed by the upper and left edges [the horizontal line 5(11)= 1 and the vertical 
lin e 0'.1/ = 0] . H owever, a consi deration of the meaning of the case O'M = O, n = O lead s to the in· 
ev itable conclusion that D(Ol(O) = 0 is the reasonable choice. If O'M= 0, we are d ealin g with a pig· 
me nt wi th a pe rfectl y flat absorptance curve (0'" == 0), and the s hape of a flat c urve stays the same 
namely, flat- no matter how much the concentration of the pigment is changed. Thu s the shape 
diffe rence everywhere along the curve, and co nsequently th e maximum diffe rence D(ll l(O) as well , 
is zero. 

Th e a rgumen t for D(Ul( O) = 1 is wholl y un co nvincing; in fa ct it turn s in to an additi onal arg u· 
me nt for D(lll(O) = O. When /1 = 0, we a re dealin g with an infinite ly in c reased co nce ntration (or 
thi c kn ess) of pi gme nt. W e know th at wh erever a pi gme nt has any abso rpta nce at all , it absorbs 
co mple tely whe n infinite ly conce ntrated, so th e maximum shape change .is infinitesimally different 
from 17 for a pi g me nt that co ntain s a continuous r a nge of absorptan ces including: 0 a nd ex te nding 
a ny finit e a mount above 0. However , at a ny wave le ngth whe re the original absorptance is actually 
0, it re mains 0 no matt er how mu ch the concentration is in cr eased. Therefore , if an absorptan ce 
curve is 0 everywhere , the reasonin g that le ads to a maximum shape change of 1 for more ordin ary 
c urves breaks dow n, and the shape c ha nge is ° everywh ere. 

7 M Uff' prec isely. tllf' least uppt'r bound (I,u.b.) of the shape ehan ges is I. 
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