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Exp ress ion s a re d e ve lo pe d whic h permit ca lc ul a ti o n of the te m pe rature ·de pe nde nt the rma l con· 
duc ti vit y uf a cy lin d ri ca l s pec ime n in whic h hea t is ge ne rat ed inte rna ll y, e .g., by radi oa ctive deca y. 
Th e in for ma ti o n needed co ns ist s of th e e xpe rim e nta ll y de te rmi ne d te m pe rature di stributions on the 
surfaces o f th e cy linde r, th e hea t fl ow through a centra l c irc ul a r a rea a t one e nd of the cylinde r, and 
th e rate of int e rn a l hea t ge ne ra ti o n (whic h in ge ne ra l ma y be pos ition·d e pe ndent ). N ume ri c a l coe ffi c ient s 
arc t abul a ted fo r th e case o f unifo rm int e rn a l heat ge ne ration . T he ap pli cati on of thi s c a lcul a tion pro· 
cedure tu publi s hed me thod s of th e rm a l condu c ti vit y de te rmin at ion is s hown a nd an examp le is give n. 

Key Words : He at condu c ti un , hea t ge ne ratio n, hea t tra nsfe r, ne utron a bsurptio n , radioac tive 
deca y. th e rm al condu c ti vit y. 

1. Introduction 

S u bseque nt to the publi cati on of a pa pe r 1111 in 
whi ch a ma th e mati ca l analys is of heat fl ow in a ri ght 
c irc ul a r cyli nde r with a rb itTa ry te mpe ra tu re bound a ry 
c unditi ons was made, we we re requ ested by D. L. 
McE lroy of th e Oa k Ridge Nati ona l La borato ry to con· 
s ider the probl e m of d e te r minin g the th erm aLconduc­
tivit y of a cy linde r in whi ch in te rn al heat ge neration 
is also prese nt. S ince most me thods of expe ri me nt a ll y 
measuring the rm al condu c ti vity a re no t readil y a ppli ca­
ble to se lf-hea tin g s pe c im e ns, a nd s in ce th ere is a real 
need fo r de te rminin g the the rm a l prope rti es of r adio­
acti ve mate ri a ls or of m ate ri a ls whi ch are be in g irradi ­
a te d , we fe lt th e present a na lys is to be of s ufficie nt 
inte res t to wa rrant publi cati o n eve n in th e a bse nce of 
an y expe rime ntal data. 

2. Mathematical Development 

Con s ide r a homoge neous, isotropic , opaque , solid 
ri ght c irc ular cylinder of radius, b, and thic kne ss, l , 
with position-de pe ndent heat ge neration , W(r), pe r 
unit volume per unit time, whe re r is the position vec­
tor. In general , the thermal conductivity of the cylinder 
material may vary with te mperature . The s teady-state 
heat fl ow equation in c ylindri cal coordinates is 

'V ' (k'Vv) =- - k(v)r - +- k( v) -;--1 () ( OV) a ( ov ) 
r dr or OZ rJz 

+--:; -:- k (v ) - =- W (r ) 1 () ( flV) . 
r - de fie (1) 

I Figllrt, :, i l l hra (' k1'l '" i nd i('all' rhl' I jl~ T ,-tr ll r t: rdn(' IH' I'S [1 1 rh" t' lld of rlt is pa pt: r. 

whe re tem pe rature a bove a n a rbitrar y datum is de ­
noted by the s ymbo l, v, the te mpe rature-de pe nde nt 
th e rm a l co nd uc tivit y by k(v), a nd th e radi al , longi­
t udin a l, and angula r coo rd ina tes by r, z, a nd e, res pec­
tive ly. Eq uat io n (1) can be r edu ced to a simpler form 
by int rod uc tio n of a ne w va ri a bl e, u , de fin ed by th e 
re lati on 

1 Jf 
II = k * () k(v')d u', (2) 

whe re k * is th e va lu e of k(u) at v = O. Ma king the s ub­
s titution (2) , (1) redu ces to 

(3) 

For Diric hle t boundary conditions (i. e ., the te m pera ­
ture dis tribution on the surface is s pecified), the so lu ­
tion of (3) c an be writte n as . 

u = y +w, (4) 

where 

) k+ f ') fl C{r ; r ' ) dS ' y= y( r , z, e = - .. ' lI ( t' , 
s an (5) 

a nd 

w = w(r , z, 8) = Iv W( r ')C(r ; r ') d7 '. (6) 

In (5), 11 ' is the outward drawn normal to the s urface , 
dS' is an ele me nt of area on the surface, and th e 
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integration js taken over the entire surface of the 
cylinder. In (6), dT ' is an element of volume and the 
integration is taken over the whole volume of the 
cylinder. The quantity C(r; r ') is a time-independent 
Green's function which we choose to express in the 
two alternative forms [2,3,4,5,6]: 

1 x x 

C(r; r') = 1Tbk* L L 
1ll =-x n = t 

cos m«(}- (}'))III(O'/lwr/b))II/(O'lI/lIr' /b) 
0'/111,),7, + ,(O'mll) sinh (all/Ill/b) 

irradiation by neutrons. For the spec ifi c case of 
axial symmetry, we assume the following boundary 
conditions: 

z = 0 0 ~ I' ~ b u = f(r) 

z=l O ~r~b u= g(r) (9) 

O ~z~ l r = b 
z 

u= f(b) + [g( b)-f(b)J t+h(z), 

where f(r) and g(r) are arbitrary potential distributions 
on the flat surfaces of the disk , and where , in order to 
insure continuity, w e shall require that the function 
h(z) vanishes at the flat surfaces of the disk , so that 

. h ( z<). h ( l- z» X sI n 0'11/11 b sIn 0'11/11 -b- , (7) h(O) = h(l) = O. We can substitute these boundary 
conditions into (5) and obtain 

where )/11 is the ordinary Bessel function of the first 
kind and order m, 0'11/11 is the nth positive root of 
IIII(O'III11) = 0, z < is the lesser of z' or z, and z> is the 
greater of z' or z; 

1 x x 

C (r; r ') = 1Tlk* L L cos m( () - (}') 
111 =- :.: 11 = 1 

x . (n1Tz) . (n1Tz ' ) sm - l - sm - l - [I (n1Tb) K (n1Tr » 
11/ l 11/ l 

- K (n1Tb) I (n1Tr » J !,!If!mr<i 0. (8) 
11/ l 11/ l III/(n1Tb / l) , 

where 111/ and KII/ are the modified Bessel functions 
of the first and second kind, respectively, and order 
m, 1'< is the lesser of 1" or 1', and 1' > is the greater of 
1" or r. 

The physical meaning of the two components of 
(4) is easily seen. If we set W(r') = 0 for all r ', we see 
that w vanishes so that u = y. Thus y is the potential 
distribution due to the boundary conditions in the 
absence of internal heat generation. If we set u(r') = 0 
for all r ' on the surface of the cylinder, we see that 
y vanishes so that u = w. Thus w is the potential 
distribution due to the internal heat generation with 
the boundaries held at zero potential. 

Equations (7) and (8) are completely equivalent; 
however, in some cases one may be preferred over the 
other, either b ecause the integrations indicated in (5) 
or (6) are easier or because the infinite series resulting 
from these integrations are more rapidly convergent. 
If the surface integration of (5) or the volume integra­
tion of (6) cannot be obtained analytically, y(r) or w(r) 
can be de termined by numerical integration. 

Since we are considering the case of a homogeneous, 
isotropic mate rial , W(r') would usually be expected 
to be axially symmetric for materials which self-heat 
by radi o-ac tive decay. In general W(r') would not be 
axially sym metric for cylinders which are heated by 
absorption of e nergy from an external source, e.g., 

y(r, z) = f(b)+ [g(b)- f(b) 1J 

x ( 1') [ . (z) . I l- z) J + ,~, Jo all b An smh all b + BII smh ~ all -b-

x (km.) (k1TZ) + k~' Cdo -l- sin - l- , (10) 

where all == O'On and the coefficients An, Bn, and Ck are 
given by 

2 
All = b 2}i (all) sinh (O'lIl /b) 

X Job {g(r)-g(b)}rJo(O'lIr/b)dr, (11) 

2 
BII = b2}i(0'1I) sinh (O'I/l /b) 

X Job {f(r)-f(b)}rJo(O'lIr/b)dr , (12) 

and 

2 fl . (k1TZ) Ck = LIo(k1Tb/l ) 0 h(z) sm -[- dz. (13) 

In obtaining (10) from (5), we elected to use (7) to rep­
resent C(r; r ') on the flat surfaces of the cylinder and 
to use (8) on the convex surface. Equation (10) can also 
be written down without recourse to Green's fun ctions; 
this was done in [IJ. 

In the specific case of axial symmetry, we can inte­
grate over () in (6) and obtain 

w(r, Z)=21T J: dz' Job dr'r'W(r', z')C(r , z; 1", z'), (14) 

where the Green's function now takes the two alterna­
tive forms: 
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, " 1 ~ J"(O'l/flb)J"(a,,r' lb) 
(,(f, z; I' ,z) = b"~' L.. J2() ' h ( l i b) 7T h 1/ ~ I 0'". I 0'1/ S l n 0'" 

8 z 1, 1 
'" --:- S ill (Jl7TX)= X( - x), 7T:l L.. n,l 

II = 1 , ;j , .,,) , 

(21) 

wh ic h ca n e as il y be de rive d , e q (10) can be written , ( z<), ( I -z » x s lllh 0'1/ b s inh 0'1/ - b- ; (15) in the form 

( . " ] ~ , (n7Tz) , (n7TZ ') 
,( 1' . z; I' ,z ) = 7Tlk '" L.. SIn - 1- S ill - 1-

11 = 1 

[I (n7Tb) K (ll7Tr » 
X " I . " I 

_ 1<0 (n7Tb) I" (n7Tf » ] lo (n7TI d /). (16) 
I I l U(I77Tbl l ) 

2.1. Uniform Heat Generation 

For th e special ca se whe re W(r) = Wu, a cons tant , 
s ubs titutin g (15) int o (14) and perform in g th e indica ted 
integr a ti o ns yie ld s 

( _ )_ 2b2WIl ~ JU (O'I/ flb) 
W I , Z - k * L.. 'l J ( ) 

1/ ~ I O'i" I 0'11 

cosh [O'I/(L - 2z)/2b I], 
cos h (0'1/ 112b) 

Making use of th e ide ntity [71, 

eq (17) c an be writte n in the fo rm 

b2Wo ( r2) 
w(r, z) = 4k '" 1 - b2 

_2b2~1l ~ J,,;O' I/rlb) cosh [all(l - 2z) /2bl. 
k '" " ~ I O:i,),(O',,) cosh (0'"l /2b) 

(17) 

(18) 

(19) 

The alternative expression for w(r, z) , derived from 
(16), is 

4[2Wo x I . (Il7TZ) 
w(r, z) = 7T:Jk* ~ n3 Slll - l-

Il ~ 1,3 , 5, 

x [1- Io(n7TI'/l)] 
Io (n7Tbll) , 

(20) 

wh ere th e notation n = 1, 3, 5, und~r the summation 
sign indicates that th e series is to be summed over 
odd values of 11 o nly. Making use of the ide ntit y 

WIl 
w(r, z) = 21/ z(/ - z) 

4/ 2 W" z 1 l o(nmll ) , (I17TZ) 
- 3 1 * ~ ~ I ( bll) sin - 1- ' 7Th 1I ~ 1 , :J,,, , 11 on7T 

(22) 

Equation s (19) and (22) cou ld hav e bee n de riv ed 
without reco urse to Green's fun c tion s fo r thi s s pec ifi c 
case whe re W(r) = Wo s ince the leadin g te rm s in 
these two equation s a re parti c ular solutions to Poi s ­
son' s e quation for thi s c ase and are s uffi c ie ntl y s impl e 
to be writte n b y in s pec tion. In gen eral , howe ve r , thi s 
could not be do ne. In p rin c iple, e q (6) provides us 
with a so lution for w( r ) regardl ess of th e pa rti c ul a r 
form of W(r ) and he nce is comple tel y ge ne ral. 

A practical case in whi c h W (r) is essentially co ns ta nt 
(a nd th e refor e (19) a nd (22) are appli c able) is th a t of 
a sa m pie whi c h se lf-heaLs by radioac ti ve decay and 
fo r whi ch th e mean free path of a fi ss ion fragme nt is 
mu c h less than the dim e n sion s of the sa mple. 

3. Calculation of Thermal Conductivity 

Th e to ta l hea t Aow throu gh a c ircl e o f radius a. wh e re 
a :;;; b, at z = Ois 

f" (av) Q" = 27T rk(v) -:- dr 
o rl z z ~ 0 

= 27T1",I, f -;- dr. .. J" (aLi) 
o rlz Z ~ O 

(23) 

From (4), thi s can be written as 

Q"= Q + Q' , (24) 

wh e re 

Q = 27Tk ' J " r(i'!Y) dr = 7Ta2Vjay\ (25) 
o dZ z ~ o \az/ z ~ o 

and 

Q' = 27Tk* J II r (aw) dr = 7Ta2k* jaw\ . (26) 
o az z ~ o \az/ z ~ o 

From (24), (25) , and (26) we obtain 

k * = Q" - 7Ta 2k"<awlaz) z~ O. 

7T([ 2 < ayl az) z ~ 0 
(27) 

This equation gives the the rmal conductivity in t erms 
of measurable or calculable quantities. Q" is the m e as -
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ured total heat flow through the circle r ~ (I at z = o. 
Th e quantity (ar/azlz~o, which is the average tem­
pe rature gradient whi ch wuuld exist over the circle 
r ~ II at z=o due solely to the boundary conditions 
but with no internal heat generation, can be computed 
from the observed temperature distribution on the 
s urface of the cylinder using (S) and (25). The quantity 
(a lc/azl z=o. which is the average teillperature gradient 
which- would exist over the circle r ~ II at z = 0 due 
sole ly to the internal heat generation but with the 
boundaries maintained at zero potential, can be com­
puted from the (assumed known) rate of heat genera­
tion, W(r), in the cylinder using (6) and (26). Note that 
w(r) is inversely proportional to k* so that the quantity 
k*«()IU/azlz =o on the right-hand side of (27) is actually 
independent of k*. 

If we again consider the specific case of axial sym­
metry, (10) ca n be substituted into (2S) to obtain 

f) "1.'"[g(b)--J(b) 
\' = 7TW ' , l 

(28) 

where All. B II , and c" are given by (11), (12), a nd (13). 
In the case of constant internal heat generation , 

W(r) = Wo, and (26) becumes 

(29) 

where fl = fl(ll /b; lib) has two forms corresponding to 
(19) and (22), respectively: 

fl (!!.; {) = 4b 2 f },~a ,, (/ / b) tanh (a,, ~) . (30) 
b b al" = I ai,}1 (a,,) 26 

( a l) 1 81 x i l (l1mt//) 
fl b'; b ='2- 7T :la "=6,,,. 17Ho(117T6 /1) 

In the special case, I/b ---'? 0, (30) reduces to 

1 
2' 

where we have made use of the identity [8], 

4 ~ }I (a"x) = 
L.J "} ( ) x. 

11 = 1 aji 1 an 

If 1/ b ---'? 0, (31) also reduces to fl = 112. 

(31) 

(32) 

(33) 

In t he special case, a/ b ---'? 0, the two for ms of fl are 

(34) 

( l) 1 4 ':, 1 
fl 0; b ='2 - 7T~ 2:. ,No(mrb/l)' 

11 = 1, .3, il , 

(3S) 

For large values of I/b, (30) approaches 

(36) 

where 

(37) 

Values of <t> are given in table 3 of [1]. There is an 
error in table 3 of [IJ in the value tabulated for alb = O.S, 
which should be 1.96630. 

Using a digital computer, numerical values for fl 
have been calculated for a range of values of a/band 
I/b and are given in table 1. Values were calculated 
using both (30) and (31) and the resultant two sets of 
values agreed to the number of significant figures 
given in table 1. Representative values are plotted 
in figure 1. 

As discussed in [11, the thermal conductivity, k*, 
corresponds to the reference temperature , T*, from 
which the variable, v, is measured. In princi[lle, T * 
may be arbitrarily selected and the mathematics will 
yield the corresponding value of 1/'. Thermal con­
ductivity values may have to be computed by iteration 
as discussed in sections 4.2 and 5.2 of [11. 

4. Example 

The a bove analysis is applicable to the several 
Illethods of determining thermal conductivity which 

0.5 

0.3 

q 
0.2 

a/b-I.O 

0.1 

0 .0 
0 2 3 4 5 

lib 

FIG URE L The coefficient n for the case 0/ uniform h.eat p,eneration. 
T Ilf' va lues or n corres pundi ng: to int erm ediate va les of alb lie between the Iwo curves 

shown. 
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we re di sc ll ssed in [11 a nd a lso to o ther ·s teady·s tate 
methods lItili zin g; Diri c hl e t boundary co nd itions in 
whi c h th e te mpe rat u res at a ll poi nt s on th e bou nd a ry 
are spec ifi ed. In [J I, we di sc ussed me th ods of th ermal 
co ndu c ti vit y d e te rmin a tion in wh ic h th e inves ti gators 
had assumed parabo li c rad ia l pote nti a l distributions 
on t he Ra t s urfaces of a cy li nde r and a lin ear longi· 
tu d in a l po ten tia l on th e convex surface. This is a case 
hav ing radial sy mmetry so that (10) can be used with 
th e boundary conditions (9) , in whic h I( r), girl, and 
h (z) a re give n by 

,-2 
I(r) = Yo + EI) b2 ' 

(39) 

in whi c h 

\[1 = J - 16 f l dal/o /b) (I /b) 
I 1/ = I (a /b)a;UI(al/) s inh (al/I /b) 

(40) 

and 

\[I = 1 -16 t ll (al/u/b) (l/b) 
I) - 1/ = I (a/b)a:;';I!a ll ) tanh (al/I/b) 

(41) 

a nd h(z) = O 

(38) 
a re fa c to rs w hi c h depend onl y on the geometry of th e 
cy linde r a nd on th e frac tion of the disk from w h ic h th e 
hea t Row is meas ured . N um e ri ca l values of \)fo and \[II 
are give n in tab les 1 and 2 of [11 for a range of va lues 
of {[ /b and I/b. 

whe re Yo a nd VI a re t he pote n ti a ls (corres pond ing to y) 
at th e cente r s of the fa ces of th e d is k , an d Eo a nd EI 
a re th e poten ti a l d iffe re nces be tween th e edge and th e 
cen te r of the d is k a t z= o and z = l , respectively. For 
th ese bound a ry conditi ons, (28) becomes 

In I'll we did not dis c uss th e e ffec t of inte rna l heat 
genera ti on. Fo r th e s pec ia l case of parabo Li c rad ia l 
po te nti al d is tribut ions on th e Hat s urface of th e cylin · 
d e r , a lin ea r longitudin a l pote nlial on th e conve x 
s urface, and un ifur m hea t ge ne ra ti o n throu gh o ut the 
cy lin de r, (27) beco mes 

TABLE 1. The coeffLCient 11 as a/unction o/ I/b and alb /01' uniform heat genera.tion 

:f\ R 0.0 0. 10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1. 00 
lIb lIb 

0.0 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 O.SOOOO 0.50000 0.,s0000 O.,sOOOO 0.50000 0.0 
.1 .50000 .50000 .50000 .50000 .,s0000 .50000 .50000 .50000 .49993 .49872 .4 73211 . 1 
.2 .50000 .50000 .50000 .50000 .49998 .49995 .49980 .49924 .49700 .411786 .44742 .2 
.3 .4999 1 .49989 .4998,s .49974 .49949 .49894 .49766 .49466 .411745 .46973 .42244- .3 
.4 .49119 1 .49883 .491154 .49796 .49689 .49495 .49 138 .48477 .47234 .44841 .39836 .4 

0.5 .49535 .49511 .49437 .49295 .49057 .48670 .48044 .47030 .45368 .42584 .37523 0.5 
.6 .48796 .48754 .48623 .48384 .48003 .47423 .46554 .45257 .43303 .40301 .3,s309 .6 
.7 .47657 .47597 .47413 .47084- .46577 .45836 .44779 .43281 .41 148 .38051 .33201 .7 
.8 .46181 .46107 .45878 .45478 .44873 .44015 .42828 .41205 .38980 .35872 .31205 .8 
.9 .44463 .44378 .44118 .43666 .42995 .42059 .40793 .39105 .36851 .33789 .29327 .9 

1.0 .42599 .42507 .42226 .41742 .41030 .40050 .38747 .37038 .34800 .311119 .27570 1.0 
1.2 .38740 .38643 .38346 .37840 .37103 .36108 .34809 .33144- .31014 .28250 .24421 1. 2 
1.4 .35038 .34942 .34651 .34156 .33441 .32483 .31247 .29681 .27706 .25180 .21 737 1.4 
1.6 .31690 .31598 .31322 .30853 .30180 .29282 .281 30 .26683 .24870 .22571 .19469 1. 6 
1.8 .28749 .28664 .28406 .27969 .27343 .26511 .25448 .24117 .22459 .20366 .17558 l.ll 

2.0 .26202 .26123 .25884 .25479 .24900 .24132 .23153 .2 1930 .20411 .18499 .15944 2.0 
2.2 .24006 .23932 .23711 .23337 .22802 .22093 .21 190 .20064 . 186611 .16914 .14575 2.2 
2.4 .22111 .22043 .21838 .21491 .20996 .20339 .19505 .18465 .17176 . 15559 .1 3406 2.4 
2.6 .2047 1 .20408 .20217 .19895 .19435 .18825 .18050 .17086 .1,s89 1 . 14394 .12401 2.6 
2.8 .19044 .18985 . 18807 .18506 .18077 .17509 .16788 .15889 .14777 . 13384 .11530 2.8 

3.0 .1 7794 .17739 . 17573 .17292 .16890 .16359 .1 5684 .14844 .13804 .12502 .10770 3.0 
3.5 .15272 .15224 .15081 .14840 .14495 .14038 .13458 .12 737 .11844- .10726 '()9240 3.5 
4.0 .13368 .1 3326 .1320 1 .1 2990 .12687 .1 2288 .11780 .11148 .1 0367 .09388 .08088 4.0 
4.5 .11884 . 11847 .1 1736 .1 1548 .11 279 .10923 .10472 .09910 .09216 .08346 .07190 4.5 
5.0 .10696 .10663 .10562 .10393 . 10151 .09831 .09425 .08920 .08294 .0751 1 .06471 5.0 

0.0 0. 10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 
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k* = Q" - 7Ta:2lWoO 
(7Ta"ll)[Y I - Yo + EI 'I'l - Eo'I'of 

(42) 

As a specific example of the use of (42), we consider 
the method described by Hoch et al. [91 , in which the 
heat flux from the flat surfaces of the disk is calculated 
from the temperature and the total hemispherical 
emittance of the specimen surface, using the Stefan­
Boltzmann radiation law_ That is, the heat flow , Q", is 
given by 

(43) 

where E is the total hemispherical emittance, cr is the 
Stefan-Boltzmann co nstant, and f4 is the average value 
of f4 on the surface over the circle of radius a. Sub­
s titution of (43) into (42) results in 

k* = l[EcrT4 - /WoO] . . 
YI - Yo + EI 'I'l - Eo'I'o 

(44) 

With the simplified boundary conditions assumed by 
Hoch et al., namely YI = YII and EI = Eo, this reduces 
to 

k* = l[wT4 -- lWoO 1 

Eo['I'1 - 'l'o 1 . 

(45) 

If thi s is evaluated at the center of the disk (i.e. , a = 0), 
as was done by Hoch et al., the thermal conductivity 
is given by 

k* = l[wTo4 -lWoO] 
Eo['I'] - 'I'o] , 

(46) 

where To is the (absolute) temperature at the center of 
the disk at z = 0, and 'I'll, 'I'l and 0 are to be evaluated 
at alb=O. If there is no heat generation (i.e., Wo = O), 
equation (46) reduces to a form which is exactly equiv­
alent to eq (13) of Hoch et al. [9]. 

We postulate the following data as having been 
acquired experimentally: 

b = 1.00 cm 
E=0.17 

To =2360 OK 

1= 1.80 c m 
Wo = 14.3 W Icm3 

Eo=28 deg. 

From tables 1 and 2 of [lJ for the case alb= 0.0 and 
II b = 1.8, we obtain 

'I'l = 0.87364 'lfo =- 2.85220. 

From table 1 of the present paper, we obtain 

0 = 0.28749. 

Using cr = 5.6697 X 10 - 1" W/cm:2 deg\ substitution of 
the above values into (46) yields 

k*=0.388 W/cm deg 

as the thermal conductivity of the sample at the tem­
perature corresponding to v= O. 
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