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A s impl e rati o tr a ns forme r ha ving a 2 :] ra tio of inpul vollage 10 uUlput vo lt a ge c an bc made wil h 
a ratio e rror less Ih a n 0.1 pp m from 1 kH z 10 a bo ve ] MH z. Applica tion s and sources uf e rror are 
disc ussed . Experim ent al res ults leadin g to an optimulll tra nsform er des i{! 11 arc ~ i ve n . A bri dge 10 
measure the ra ti o e rror to 0 .025 ppm fro m 1 kHz to 1 MHz is al so desc rib ed . 
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1. Introduction Figure 2b s hows n basic 2: 1 ratio divide rs connec ted 
to give a voltage ratio 

T echniqu es for winding induc tive voltage divid ers 
with adjus ta ble ratios have bee n improved durin g the 
las t fe w yea rs to wh e re dividers having errors less than 
0.1 ppm a t freque nc ies a round 1 kHz a re not too dif· 
fi cult to ma ke . Unfortun a tely, as th e frequ e ncy in· 
creases, t hc ra tio error inc reases ra pidl y so th a t thi s 
acc uracy ca nnot be ma inta in ed a bove about 10 kHz. 
At fr eque ncies a bove 10 kHz th e mos t accurat e ratio 
d evice is a n indu c ti ve vo ltage divide r whi ch has a 
fix ed voltage ratio of 2: 1; that is, one dividing an input 
volt age into two equ al pa rt s s uc h as is shown in fi gure L 
Suc h dividers ha ve rece ntly bee n mad e with e rrors 
less th a n 0.1 ppm fro m 1 kHz to above 1 MHz. Thi s 
pape r s ummarizes the researc h that was done to de· 
velop thi s acc urate hi gl1 fr equ e ncy divide r. 

e = I 

e, 
2 

e· ~ 
e2 

e, 
= 

2 

FIGURE 1. A 2: I ratio inductive voLtage divider. 

2 . Appl ications 

A fe w of th e many poss ible a pplications for thi s 
type of divid e r are s hown in fi gure 2. Fi gure 2a is a 
bridge for co mparing two impedances, Z t a nd zz. 
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F IGURE 2. Some possibLe appLicatio'ns for 2:1 ratio dividers. 
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3. The 2 : 1 Ratio Divider 

The 2 : 1 ratio divider is a center-tapped tran sformer 
that divides a voltage into two equal parts_ It is con
venient to defin e the complex ratio error , P = pr + jpi, 
as the e rror in the ratio of the output voltage to the 
input voltage_ The output voltages e, and e2 shown in 
fi gure 1 then, become 

FI GU RE 3, Typical error curve for one decade of a low-ji-equency I I h / I 
' decade vo ltage divider. If P ~ 1, t e ratio e , e2 is approximate y 

Eac h sec tion of thi s divider accurately divides it s 
input voltage in half to give an attenuation of 6 dB.' 
An atte nu ator made with n sec tions will have approxi
mately 6ndB. 

F'igure 2c shows an adjus table ratio " binary" indu c
tive voltage divider. The principle of operation is 
the same as for low frequ e ncy decade voltage dividers 
except that each section divides its input voltage into 
only two equ al parts ins tead of 10 equal parts . T . L. 
Zapf e t aI., have shown that the error c urve for a ny 
one isolated decade of a low frequency decade voltage 
divider has an "S" s hape such as shown in fi gure 3 [1),2 
As the frequency increases, the magnitude of the error 
inc reases but the c urve still tends to go through zero 
at a ratio of 0.5. It is thi s error c urve that suggested 
th a t 2 : 1 ratio divider s would be accurate at high fre
qu encies as well as low freque ncies. If n of these 2: 1 
ratio dividers are connected as shown in fi gure 2c the 
voltage ratio is 

Vout = ± 8~, Oi = [1 ~f the ~th sw~t c h ~ s up 
Vin i ~ ' 2 0 If the lth SWitch IS down . 

Th e input of each section is connec ted either across 
th e top half or across the bottom half of the preceed
in g section. To obtain the same resolution with a 
binary divider a s with a decade divider requires that 
th e binary divide r have a pproximately 3 times as many 
sec tion s as the decade divide r has, 

Fi gure 2d shows three bas ic 2 : 1 ratio dividers con
nec ted in series with two more 2: 1 ratio dividers 
conn ec ted so as to assure that th e same voltag:e is 
a pplied to eac h of the three in series. Any numbe r 
could be conn ec ted in seri es, however the co mbina
tion s hown gives th e very useful ratios 

V, 
V

2 
= 1, 2, and 5. 

Thi s type of divider could be used in a bridge such as 
show n in fi gure 2a to co mpare s tandard s of impedan ce 
which are often built to have nominal values in a 1-2-5 
sequen ce. 

1 More u('('uratdy 20 log 2= 6.020600 dB. 
2 Figures in bracke ts irldic ale Ihe li te rature refere nces at the e nd uf thi s pape r. 

~=1+2p. 
e2 

(1) 

To get an expression for the ratio error, consider the 
divider as two impedances in series which differ by a 
small amount t1Z as shown in fi gure 4. If no current 
is drawn from the center tap , the voltage ratio e,/e2 is 

1 + t1Z. 
Z 

From (1) and (2) we ge t 

_ t1Z _ t1R + jwt1L 
P - 2Z- R + jwL 

(2) 

(3) 

where, R + jwL is th e open circ uit input impedance, 
Zin , of the transform er. The real and imaginary com
ponents of p obtained from (3) are 

Rt1R + w2Lt1L 
pr = R2+W2U 

wRt1L - wLt1R 
pi = R2 + W2U 

(4) 

(5) 

If Q2 p I as is oft en th e case, where Q =;: wL/R, (4) 
and (5) reduce to 

t1L t1R 
Pr= y+ wLQ 

FI GURE 4. Simplified circuit of a 2: 1 ratio divider. 

(6) 

(7) 
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These equations show the importance of winding the 
transformer so that it has a la rge inductance. The 
value of MIL is made s mall by winding the trans· 
former on a high permeabilit y co re to inc rease L, and 
by twisting the wires to minimize 11L. A twiste d cable 
is made by folding one wire in half and twisting the 
pair fairly tightly with a hand drill as s hown in fi gure Sa. 
This cable is wound on th e magne ti c cor e and con· 
nected as shown in fi gu re Sb. Th e wires are COil· 

nected so that the c urre nt path fro m the uppe r tap 
to the center tap is the same as th e c urre nt path from 
the center tap to the bottom tap . Thus, both windings 
link very nearly th e same magne ti c Aux and have a 
small diffe re nce in indu ctan ce I1L . Twis ting th e 
wires helps assure that both windings link the same 
Aux. 

Figure 6 shows the variation of p with frequency 
for a transformer having 42 turns of twisted No. 26 
magnet wire wound on a fe rrite torodial core. Note 
that p,. is essentially constant with frequency up to 
2 MHz whic h is th e upper frequ e ncy limit of our 
brid ge. To see how hi gh in frequ e ncy PI will re main 
co nstant, we need to look a t th e equivalent circ uit of 
the divider. 

Figure 7 show s one of two exac t equivale nt circ uits 
for an autotransformer [2] whi c h is what the 2: 1 ratio 
divider is. The Yoc is the open-circuit admittance 
meas ured across th e input te rminals a nd Zsc is th e 
short-c irc uit " lea kage" im pedance measured across 
e ith e r output with th e input te rminals s hort-c irc uited. 
It ca n be see n from fi gure 7 tha t the voltage ratio 
V,IV2 a t the output terminal s will be eq ual to e ,/e2 
only if no c urre nt Aows through Zsc' If within th e 
tran sform e r housing the admittance from A to B dif
fers from that from B to D by an amount I1Y" and if 

I Zsc I1Y,I ~ l , then 

(8) 

If LlYt is mainly a difference in capacitance, LlCt, 

f 
=t 82 

( b) 

p 
ppm 

fLo • 125 

tan 8 • ,002 

-IL-_______ ...l..-_______ -'-_---' 

10 100 1000 

FREQUENCY, KHz 

F, GU RE 6. Error curve for one of the first experimental dividers 
showing how P" and Pi aI''' relatively constant with frequency. 

where Lsc is the leakage indu ctance de fined by Zsc 
== Rsc + jwLsc · A typical value of Lsc, such as for the 
transformer whose ratio error is shown in figure 6, is 
Lsc = 0.1 fLH . By using trimmer capacitors from A 
to Band B to D, I1Ct can be made less th an 0.01 pF 
g1V1l1g,1I1 ppm, 

and 

where fMHZ is the frequency in MHz. Since this load
ing error is proportional to the frequency squared, it 
will be the predominant error term at frequencies 
much above 1 MHz. The transformer whose char
acteristic is shown in figure 6 has trimmer capacitors 
across the output leads to adjust I1C, to a minimum . 
Without adjusting I1C, to a minimum the PI curve 
inc reases to a value of about S ppm at 2 MHz. 
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D 

FIGURE 5. Th e wires are lwisted, wound on the core and connected FIG URE 7. An "exact" equivalent circuit for an autotransformer 
as shown here to make a 2: 1 ratio divider. with lead admittances Y and Y + 6. Y added. 
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4. A Bridge to Measure p 

A si mplified diagram of the bridge used to measure 
P is s hown in figure 8. The two arms of the trans· 
form er are balanced against two capacitors C', each 
havi ng a nominal value of 1000 pF. The bridge is 
balanced with the capacitance C and the conductance 
G. The transformer is then removed from the bridge , 
rotated so that D is at the top qnd A is at the bottom, 
and then replaced on the bridge. The bridge is again 
balanced as before, changing C an amount I1C and G 
an amount I1G. Solving the bridge equations gives 

ratio of the transformer. To measure the true voltage 
ratio eJ/e2 of the transformer, a second detector, D2, 
is placed between the center tap of the transformer 
and ground in order to balance the admittances to 
ground with Y. With both detectors null ed for both 
positions of the transformer, the bridge eq uations 
yield (10) and (1) as before. 

To measure the s mall changes in co nductance, 
!.l.G, the T·network shown in figure 9b was used for 
G. Changing Cs an amount !.l.Cs gives a change in 
conductance 

(12) 
!.l.C 

P"=4C' (10) and a change in capacitance which is negligible com· 
pared to !.l.C. Putting (12) into (11) gives 

-!.l.G 
pi= 4wC' (11) 

where it has been ass umed that Ip I ~ 1, C" ~ C', and 
G"2 <is W 2C'2. 

A more detailed diagram of the bridge is shown in 
figure 9a. The capacitors C and C' are three· terminal 
capacitors having admittances to ground shown as 
dotted lines. If these admittances are unequal they 
will load the transformer causing currents to flow 
through Zsc and, thereby, change the apparent voltage 

FIGURE 8. Simplified circuit of a bridge to measure the ratio error 
of a 2:1 ratio divider. 

~ 

~SR ( b) 

D, 

eDII (0) 

FI GURE 9. A more detailed drawing of the circuit shown injigure 8. 

(13) 

The resolution for PI' and Pi is 0.025 ppm from 1 kHz 
to 1 MHz and 0.25 ppm to about 3 MHz. A photo· 
graph of the bridge is shown in figure 10. Bridges 
of similar design are described in references [3] 
and [4]. 

5. Optimum Transformer Design 

Using the bridge shown in figure 10, a number of 
experiments were made to determine the optimum coil 
geometry, core material, type of wire, wire sizes , and 
amount of twist of the wire. 

5.1. Coil Geometry 

Theoretically the best coil geometry would be that 
which gives a maximum inductance for a minimum 

F IGUIlE 10. Photograph of bridge components, showing a divider, 
with its shield removed, connected at the top of the bridge. 
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length of cable. Large indu c la nce is n.eeded to de
crease PI", and minimum cabl e le ngth I S needed to 
make Lsc s mall. Th e lea kage indu c tance per unit 
le ngth of cable is given approximate ly by 

wh ere 

Lsc_ O 2 f. -1!i IlH /m l - . dian p r-

P=2t + 0 

t = wire insul a tion thi ckness 

d = wire diameter 

0 = skin dep th ( ~ %) 
l = cable length. 

(14) 

If 0 > d/2, use d/2 in place of o. Equat} on (14) is 
actuall y th e induc tance pe r unit le ngth of two long 
parall el thin tapes of width d s paced a di stance P 
apa rt. By definin g P and d as s tated unde r (14): tl~ e 
res ult s from (14) agr ee with meas ured data to withIn 
10 perce nt whi ch is suffi c ie ntl y accurate for most 
appli cation s. No te that Lsc is inde pe nde nt of the core 
permeabilil y. To decrease Lsc it is nece~s ar~ to de
cre ase the cabl e le ngth . C ha ngin g th e WHe dIamete r 
or insula tion thi c kness has on ly a seco nd a ry affec t 
on Lsc. Meas ured values of Lsc and R§~ from 100 kHz 
to 2 MHz are s how n in fi gure 11 for No. 24 wire. The 
leaka<>e induc ta nce decreases s lightl y du e 10 s kin 
effect The res is tance Rsc increases sli ghtly fa ster 
than the square roo t of fr eque ncy primarily du e to 
s ki n effec t. 

5.2. Core Material 

Figure 12 shows how PI" is decreased by inc reas ing 
the permeability f-L. Th ese four transformers wer e 
ide ntica l exce pt for the type of co re mate rial used. 
One lon <> twi sted cable was made a nd cut in half. One 
half wa; used to wind No. 10 and the other half to 
wind No. 11. Transformers Nos. 12 and 13 were, 
likewise, made from one cable c ut in half. The results 
show that PI" is inversely proportional to f-L. The cores 
were all very low-loss ferrite toroids with loss tangents 
of about 0.002. Cores whi c h a re very lossy do not 
aive the same result s . The Q for transformers with 
lossy cores is so low that the second term on the ri ght 
of (6) may become large r than the first. The second 
term is a function of the core loss as we ll as the 
permeability. The core mate ri a l, ~h e re fore, s ho~ld 
have a high f-L but not be too lossy. [he co re mate ri al 
can be fairly lossy if fl.R is s mall e nou gh to make Ihe 
second term on the right of (6) negligibl e. 

5.3. Type of Wire 

A number of experime nts with differe nt types of 
wire led 10 th e co nclus ion Ih at wire whi ch has a very 
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FIG URE II. Variat ion of the leakage inductance and res istance 
with jreqILency. 

I Pr/ 
ppm 

; " 13 

100 

10 

" "II 

.~ '" 
" " 

"12 

" 1.0 L.......J.----L.....J.-Ll...---'--.....J.--L..L..L.-~-'----'--.L..J...:'IO 00 
1.0 10 100 

PERMEABILITY I-'-

FI GU RE 12. Ratio error verSllS core permeability for fou r trans
formers made identical except for core permeability. 

uniform resistivity and diameter gives th e lowest t:.R 
values. Fi CTure 13 shows Ihe errors for four trans
form ers which are ide ntical except for th e type of 
wire used . These transforme rs have a ir co res 10 

eliminate the effect of magne ti c co re properti es . 
Another reason for using air core tran sform ers is that 
the errors are larger a nd eas ie r to measure. The 
s hape of the sin gle layer sole noid type winding is 
s how n in fi gure 14. The different types of wire used 
were formvar coated magne t wire · (C), TEFLON ® 
coated magnet wire (AI &A3), and co pper thermo
co uple wire (T). Note that th e thermocouple wire PI' 
curve is constant with frequency and quite small for an 
air core. This means that the second term in (6) is neg
ligible even though the Q is fairly low_ Using thermo
couple wire we were consistently abl e to wind tra ns
formers with low errors which are co ns lant with 
frequency. 
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The th ermocouple wire transformers are true "in· 
du ctive" voltage dividers. The other transformers 
a re more nearly " resistive" dividers than "inductive" 
dividers. The inductance of eac h of these four 
transfo rmers is about 15 fLH. Since PI' = 10 ppm for 
the thermocouple wire transform er , (6) gives I1L 
=150 pH. Typical values of I1L are 100 to 500 pH. 
They are cons tant with frequency and independent 
of fL. Expressing L as L = fLN2L" , (6) becomes 

. I1L 
PI' = fLN2La 

where N = number of turns on the core and La is the 
geome tric induc tance of the core. Typical values of 
I1R are 50 to 500 fLO for thermocouple wire and 10 
times that for the other wire we tri ed. These fi gures 
are all for No. 24 wi re. 

It should be noted that any wire, including thermo· 
couple wire, generally gives larger errors if the wire is 
s tre tched. A number of transformers were made with 
wire that was stre tc hed approximately 1 percent to 
re move slight kinks in the wire. The error s were 
s ignificantly larger than for transformers made from 
the same spool of wire with th e slight kinks left in the 
wire . It is best to purc hase wire wound on large 
spools so that it is relatively free of kinks whe n reo 
moved from the s pool. 

5.4. Wire Size 

The experime nt described above was repeated 
with No. 20 wire and also with No. 30 wire . The larger 

Pr 
ppm 

1.0 

FREQUENCY, MHz 

FI GU RE 13. Comp aring results fro m jo"r different types oj No. 24 
wire, wh ere A J an.d A8 are TEF LON ® coated magnet wire wi th 
single (0 .0006 in) and triple (0.00 15 in) insli lation thickness; 
C is jormvar coated magnet wire, and T is enamel coated copper 
thermocouple wire. 

wire transformers gave slightly lower Pi errors than 
the corresponding N o. 24 wire transformers gave. 
There was no signifi cant decrease in the PI' errors. 
The results are shown in fi gure 15. Tra nsformers 
made with No. 30 wire had considerably higher errors 
than those made with No. 24 or No. 20 wire. 

5.5. Cable Twist 

To de termine how much the wires sho uld be twisted , 
a number of transform ers were made identical except 
for the a mount the wires were twisted. Figure 16a 
shows PI' and Pi plotted against the number of turns 
per unit le ngth of the cable . The le ngth , LT of one turn 
is de fined in fi gure 16b. These are all air core trans· 
formers wound with No. 24 thermoco uple wire . The 
dots are single layer solenoid windings whereas the 
X's are multilayer coils wound on nylon bobbins. The 
inductance, L, of each transform er is approximately 
15 fLH. As can be seen from fi gure 16, any twist from 
four to ten turns/inc h (160 to 400 turns/meter) gives 
about the same res ults. Below four turns/inch the 
error increases . At about 12 turns/in ch (500 turn s/ 
me ter) th e wire break s. In te rms of the twist length, 
LT , and wire diamete r , d, satisfac tory results were 
obtained in the range 

d 
0.08 < r; < 0.2. 

FIGU RE 14. An a ir core, so lenoid type winding. 
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F IGU RE 15. Co mparing results Fo m fo ur different types of No . 20 
wire where Ai , A3, C, and T are as deJined in Jigure 13 . 

This equ ation s hould also be a reaso na bl e guide for 
twis ting wires oth e r th an size No. 24. 

5.6. Lead Connections 

One more importa nt co nsid e ra tion in winding th e 
tra nsform ers is how the leads are co nnec ted. Th e 
fir st tra ns forme rs thal we wound we re conn ec ted as 
shown in fi gu re 17a. Th e ra tio e rrors were quite 
unstable and ve ry se nsiti ve to slight move me nt of the 
leads. T o find a be tte r way of co nn ec ting the leads, a 
numbe r of a ir core tran sformers were made ide ntical 
except for the lead conn ec tions. Fi gure 17 s hows the 
three differe nt ways the leads were co nnec ted. Of 
these three ways, the o ne shown in fi gure 17c was mos t 
stable and gave th e smalles t errors. The improve me nt 
in s ta bility is proba bly du e to th e smaller mutu al 
inductance and capacita nce between leads. Th e 
lowe r error is probably a res ult of the ease with which 
th e corresponding leads can be c ut to the same length. 
It is important that in any arrangeme nt of the leads 
th at the leads on one s ide of th e center tap be the same 
le ngt h as th e corres pondin g leads on the other side . 
A difference in lead length of 0.001 in will give a tl.L 
of a bout 40 pH for No . 24 wire. 

5.7. Cup-Core Design 

One of the easies t ways of co ns tructing a tra nsform er 
with magneti c co res is to wind th e cable on a bobbin 
and the n clamp magneti c c up cores to th e bobbin suc h 
as s hown in fi gure 18 . Figures 19 a nd 20 s how the 
errors for three c up core tra nsforme rs co ns tructed like 
th e one shown in fi gure 18. Th ese tra ns forme rs were 
made with all the optimum para meters th a t we re found. 
The cables we re made with No. 24 thermocouple wire 
twis ted to six turns/ inc h (240 turn s/ meter). The cores 
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FI GU RE 16. ResLLlts of ai r core solenoid type (do ts) and bobbin type 
(X's) transformers wound with ca bles twisted a different number of 
turns per inch. 

(a) (b) 

(e) 

FI GU RE 17. Three different arrange ments of the transformer leads. 

are high permeability, fairly low-loss fe rrite cores. 
The increase in p,. and Pi at freque ncies above 100 kHz 
is due to th e capacita nce betwee n leads not bein g 
equal. If these capacitan ces were bala nced as di s· 
c ussed in part 3, the errors would be less than 1 ppm 
to above 1 MHz. 

With care, the error can be made less than 0.1 ppm. 
A fourth c up core transformer was adjus ted to have a 
p,. error less th a n 0.1 ppm at 100 kHz by changing the 
length of one lead slightly. Then pr was adjusted to 
less than 0 .1 ppm at 1 MHz by adjusting s mall trimmer 
capacitors placed between the leads. As fi gure 21 
shows, the resulting pr error is less than 0.1 ppm from 
30 kHz to above 1 MHz. 
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FIGURE 18. A cup-core transformer having very low ratio errors like 
that shown in figures 19 and 20. 
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The cover of the shield is not shown. 
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F I GU RE 19. Results from three cup-core transformers wound with 
No. 24 copper thermocouple wire twisted to six turns/inch. 

S.S. Tape-Core Transformers 

Very broad band 2:1 ratio dividers can be made with 
high permeabilit y magnetic tape cores. Figure 22 
shows the ratio error of a divider wound on a supermal 
loy tape core having a tape thickness of 1 mil. The 

Pi 
ppm 

-I 

-2 

-3 

-4-
0.01 0.1 1.0 

FREQUENCY, MHz 
FIGURE 20. Phase angle error for the transformers described in 

figure 19. 
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FIGURE 21. Rat io error of a cup core transformer which has been 
adjusted to have a minirnum p,. by adjusting lead length and by 
balancing th e capacitance between leads. 
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FIGURE 22. Rat io error of a transformer wound Oil a supen/lal/oy 
I rnil tape core having dimensions OD = 1.150, I D = 0.650 and 
H = 0375 in. 
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core has 64 turns of No. 24 coppe r Ih e rmocouple wire 
twisted to about 8 turn s/ in c h (320 turn s /me ter). The 
c apacitance b e twee n le ads has bee n adj us te d to b e 
e qual. The p,. e rror is less th a n 5 parts in 108 from 
1 kHz to 1 MHz. 

6. Conclusion 

The 2:1 ratio trans form e r is a s imple, yet a ccurate , 
divide r whi c h is eas y to co ns tru c t. Using th e optimum 
parame te rs di scussed in pa rt 5, it is easy to keep the 
ratio e rror less than 1 ppm from 1 kHz to 1 MHz. Air 
core trans form e rs h a vin g no magne ti c cores can b e 
made with e rrors less than 10 ppm over a reduced 
frequ e n cy ran ge . With e xtra care, p,. can be made 
less than 0.1 ppm to above 1 MHz. The ratio errors 
are quite insen s itive to tempe rature, time , s hock, and 
mos t any c hange in the e nvironment s ince both wi nd· 
ings of th e tran s form e r are influe nced e quall y by any 
c hange in th e e nvironment. 

Five c up-cor e trans form e rs s u c h as described in 
pari 5.7 have bee n co mbin ed as s hown in figure 2b 
to make a n accura te 30 dB a tte nuator at 1 MHz. 
De lail o f Ihi s t ype of a lte nuator toge th e r with a com
ple te e rror a n al y is will be g ive n in a future publication. 
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