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A System of Equations Having No Nontrivial Solutions

Hansraj Gupta*
(September 21, 1967)

The object of this note is to prove the THEOREM: The system of equations

EEAPERAF o o o arel  SIESRIEaR o o oaF o T=28) o o op B8
n— & 2 n—1

1

has no nontrivial solutions in positive integers.
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1. The object of this note is to prove the From (4) we have
THEOREM: The system of equations "
1 1 0
al+al+ ... +al_ =bl+bl+...+b 4 A,
r=2, 3, o o o9 NS (].) A3 A2 A]
rin=
has no nontrivial solutions in positive integers. .
In what follows, we write Ar-y Ar—2 Ar-s Ar-a Ars - r—1
iy Al A g Alen o 2l g
Ay for al+a;+ . . . +al_,, 2=3IF ! 2 3 4 !
®)
By for bi=br=E R b r=1; ) o )
with a similar expression for r!pu,.
2:1}?eravlvliss(;nall letters denote integers = 0 unless stated Without loss of generality, we can take
— = X
2. PROOF OF THE THEOREM: Let a1, as, . . ., an_ Ar=Byh, e =0 ©)
be roots of the equation Writing ¢, for r!\,, and d, for r!u,, we then get
A= M At S — L (= 1) N =0; ci=di+hs
2) '
=A}—A>=B%+2hB,+h>—B, = 2h, h?
so also let by, ba, . . ., bu—; be roots of the equation = ! * ! ! SEa s h
=A}— 34,45 + 243,
Y=y 2 ey — L+ (D) e =0, e o ’
e e e 3) = (Bi+h)3—3(B,+h)By+ 2B,
=d3+ 3hds + 3h*d; + h3.
Ar—NAr+MAr 2 — . . .+ (—1)"rA, =0, ’ g '
r=1,2, ..., n,... (4 Assumingthat
with \,=0 for r = n. CA_de+</1€) hdk_1+<l2€) Rd o+ . . . +</Iz) Bk,
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B,— (d1+h)Br1+ (d2+2hd1 hel B
(1)
*imyr (et (1) paes

E. +(::i) h'—l} (Bi+h)

+(_1’)r re,=0, n=2
r!
Since
d d: 1)k-1
Br— IBA 1+ ZBI\ 2 — +((k—)l) di-1B,
+ D =0, k>

k!

we get

Cr=dr+<;> hdri+ . . .

+ <;> hr. 7)

Symbolically, this result can be written in the form

= (d+h),, r=1, 2,

oo =1l i,

In particular

cn=dn +< )hdn A9 o

e <”) An.
n
Since ¢,=0=d,, we must have

h {('1‘) e +(Z) h"—l}zo. 8)

'H. Schmidt. Uber einige diophantische Aufgaben 3 und 4 Grades. Jber. Deutsch Math.
Verein 67 (1964/65) Abt. 1, 2-13.

As the expression in the curly brackets is positive, (8)

can hold only with A=0. This shows that ¢;=d;, i.e.,

Ni=uifori=1,2,3,. . .,n—1. Hence eqs (2) and (3)

have the same roots and a’s are b’s in some order.
Alternatively

Anz)\]An_]—)\zAn_g“f’ A +(—1)"—2)\n-1A1,

C1 C2

Cn—1
Tl As,

Auat . P

(=1

%(dl—kh)Bn;l—% (d2+2hd + h*)Bpoat . . .

+%§-{dn_l+<’l;1) hduat . . .
Hoy) o @

=B+

(n—hl)' {( )dn 1+< )hd,, ot
)

Since A, = B, the result follows as before.

3. H. Schmidt! has proved a special case of our
theorem when n=3.

Proceeding on the same lines as we have done in

section 2, it can be proved that any (n—1) of the n
equations

A,=B,,1<r<n,

have only nontrivial solutions.

(Paper 71B4-241)
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