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The following class of integral transform pairs is established
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The kernel in the transform (1) is MacRobert’s E-function and integration is performed with
respect to the argument of this function. In the inversion formula (2), the kernel is likewise an E-func-
tion, but the integration is performed with respect to its parameters.

Known special cases of this general transform pair is the Kantorovich-Lebedev transforms pair:
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and the generalized Mehler transform pair
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1. Introduction

In this paper we establish the following class of integral transforms:

v—ix, VEIX, o, . .., Q)=

sw=["B\, 4 ) fdy il

¥l [ 1 C . l—v—iy, Bi—v—iy, . . ., ,B,,—u—iy:x)]
el - 7 - AL T
fx) i#zj;) y8(y) [i o3, cetainiiaee) E<1—2iy, QL —V— 1Y, . .« -y Qy—V—1Ly C

oy =11

where the integrals are convergent and the symbol E means that in the expression following it ¢
=
is to be replaced by —i and the two expressions are to be added.
The kernel in the transform (1) is MacRobert’s E-function whose definitions and properties
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are given in [1]' pp. 348-358, and which will be discussed further in section 2. The integration in
this transform is performed with respect to the arcument of the E-function. In the inversion formula
(2), the kernel is likewise an E-function, but the integration is performed with respect to its param-
eters. Known special cases of our general transform pair are the Kantorovich-Lebedev transform

pair (see [2], pp. 175-177: [3], pp. 229-241 and [4], pp. 33—40)
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and the generalized Mehler transform pair (see [5] pp. 57-59 and [6]).

g(x) :% sinh 7xl’ (%—k+ix> I’ (é—k—ix) f}x PI’:_% (y)f(y)dy (5)
fay=| " P ()e0)dy. (©)

Section 2 contains a treatment of the E-function and our main transform pair is derived in section
3. Section 4 contains the derivation of the Kantorovich-Lebedev and Mehler transforms and other
new integral transforms.

The Mellin transform ([7], p. 7)

€)= [ "y @
0
and its inversion formula
] C+
f(x):rj xg(s)ds (8)
T Je—ix

will be utilized in the proofs.
Also the following formulas are required in the proofs: ([1], p. 374):
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where |amp z|< =(p—q+1)7 and the contour of integration is of Barnes’s type with loops, if

necessary. to separate the pole at the origin from the poles at a;, o2, . . ., ap

([1], p. 257):

Ki(2) =5———{I_s(} — Lu(2) }: (10)
2 sin nmw
[1], p. 347:
1.
Il (z):"——l (l z)u e *F <"+§' ZZ>: (11)
" I'(n+1) \2 il
'Figures in brackets indicate the literature references at the end of this paper.
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and [1], p. 262:

iy pAarlg Ay o z \im e
: (l—m >¥l(l i) <l+z) Pyi(2z+1). (12)

2. Properties of the £-Function

If p < g then the E-function is defined as

M) . . . ' ()
(p1) . . . T(py)

When p = g+ 1, |arg z| <, then the E-function (see [1], p. 353) can be shown to be

1
E(p: ar:q: pi:2)= F <p; Q:q: p::——)' (13)
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where the asterisk means that the factor a,—a, +1 is omitted. To familarize ourselves with the
E-function, the following relations may be worth noting: From the definition (13) it is clear that the
+E-function is immediately related to the generalized hypergeometric function

Qz\_ & (a:n) . . . (a:n) B
o (p, > > (l:n)(pizn) . .. (pg: n)z ’

n=0

and reduces to single expressions in the ordinary or Gauss hypergeometric function when p=2,
g=1. For p=1, g=1 it is evident that the E-function reduces to the confluent hypergeometric
function or Kummer’s function. The case p=1, ¢=0 yields the relation

E(a::z)=T(a)(1+1/z)=2. (15)
The case p=0, g=1 gives the relation

E(:v+1 ::z):z”rjl,.(Zz’ ) (16)

The case p=2, ¢=0 yields the relations (see [1], p. 351)

cos nﬂE(% ST %—n 28 22) - (ZWZ)%ZG:KH(Z), (17)
EG—k+m, i —k—m:: )=l‘(l—k—m>l‘(l—k+m)z”"e%ZW (2) 18
5 5 593 74 9 B ke, m\Z), (18)

where K, (z) and W w(z) are the modified Bessel function and Whittaker function respectively.
Also it is evident from the definitions of the E-function that for p=¢=0

E(::z)=exp (—1/z). (19)

More complicated parameters in the E-function lead to the equivalence of the E-function with
I I

products of Whittaker functions, Hankel functions, Lommel functions and other special functions.

Some examples are
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=472 cos (am) cos (bm)z'"PE(a+1,b+1,—a+1,—b+1:1:2), (30)
2
%+m+k Sk
M/;, m(iz)Ml.', m(" lZ) :Zz'”q:Fx 1 ) (31)
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"'”'{I(1+m+n)F __n)} lQm[ 1+z2)1/>]0m' 1[ 1+Z 1,]
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T 1 3 =1 2 > 2 2 .
T
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X l F’ ] b l 2 1 e T | ‘35
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3. Proof of the Main Theorem

From (7), (8), and (9), we arrive at the formula

T ['1 (o +s)

f E(pr o q: pr: z)dz= ; ; (36)
! [T (pits)
=1
where R(a,+s) >0(r=1,2,. . ., p) and R(s) <.
We wish to solve the integral equation (1)
2 v—ix, vtix, aj, « « =
g(X):L E TrU T T T A (v)d(y) (37)
B].ﬂi- c e e ﬁll

where the conditions on the parameters and the function f(y) are such that the integral is
convergent.
Replace x by —i&. Multiply both sides of (37) by x ¢d¢ and integrate from ¢ — i® to ¢+ i, so

getting

1

s e JE PTE VL G ) dyde
270 Je—in Priith Jfsiies 0 B B
o o o oy [0

P
— = C+ix y+ix H l‘(a’—é)
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0 Clco % Hl‘(ﬁ,*g)

y-4di,

by (9).
Now change the order of integration, so that the integral with respect to € becomes the last

and the last expression becomes

»
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by (9) again.

81



Now apply (15) and the last expression becomes
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Now let x= 1+2) and
O R 1L
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and the last expression becomes
E v V‘f‘l o « L
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Using the notation of ([7], p. 315), we have

G(s) =2(m) 1 fx;"Wg(x)d;:z(w)1/24»-*»f” (1—x) w1 (1+x)>>-1g(x)dx.  (40)

0

Here write 1 —s for s, apply (38) and get
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using the definition of the generalized E-function (see [1], p. 419) namely
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where w=e* or 1 according as [+ m is even or odd; the expression (A) becomes

— xv-1 [c+iwo e . B o o o (Sl (385
i(m)*® fr—ix ¢g(— i)+ sin (V+§)7TE<1—2§ ao—v—=&, . . L ap—v—¢ )d.f.
Here put ¢ =0, note that g(x) = g(—x), so getting

f(x):%f: yg(y) [ Y ixiv sin (mry+v7-r)E< —w, Bimv—iy, By
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With (43) established, we have the transform pair (1) and (2) (43)

4. Derivation of the Kantorovich-Lebedev and Generalized Mehler Transforms

In the transform pair (1) and (2) take p=¢g=0, v= 3 —k, apply (18) and (13), so getting the
transform pair

1 1 = 1
g(x) =T (——k—ix) F(——k+ix>f ell2vykly/, ix(‘)f(y)dy,
) 2 0 y

(44)
Lol
: x—k-1/2 © 1 TG ar =) 2 T x
= —1/x o 1 —_—— S S AR R s
f(x) i) e L ye(y) 2 ix'¥ sin < k-Hy) T(1—2iy) Wy . dy,
Uy =4 1 —21)’
(45)

where we have used the Kummer transformation

(6291 (0= (84 =55
oy = e&4F] (40)
P p
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Now apply the relations ([1], p. 351 and p. 352)
Fi(3— k—iy; 1 —2iy; x) =x-Vz+ivel2 My, iy(x), (47)

I'(—2iy)

(
Ve =3 s~

Y, -y

My, iy(x): (48)

and so get the transform pair

L1 . 1l . & 1 .
gx)=1 <§—k—Lx>F(§—/r+Lx> fo W;.-,,-I(;) ell2uykf(y)dy (49)
—ke—1/2x ® o 15 :
Jla) =x¥e 12 i(w)zfo & (Y)W, iy (;) sin (2uy)mdy (50)

(1 1
In (49) replace y by }, in (50), x by p and then replace ev/2y~kf <§I) by f(y). The transform pair is

1 : 1 ; =
e =T (y=k=ix) I (G=k+ix) [ o sy, 1)
. 1 s .
=y [y sinb @ymWeu(e)dy. 2

In (51), (52) put k=0, apply the relation
x\ 12 x
WU, m(x) = (;) Km <§>’ (53)

and so obtain the Kantorovich-Lebedev transform (3) and (4). For a study how such transforms
arise from second order differential equations, see [8] and [9].
In the following table, we give a short list of integrals corresponding to formula (4).

TABLE 1. Kantorovich-Lebedev transforms

e 1) = [ K@)y
cosh (ax) cos (zx) g e~ Teosh z¢os a g (x sinh z sin a)
[Tm a|+|Im z| <g
sinh (ax) sin (zx) ge“’ cosh zcos @ gjp (x sinh z sin )
[Im e|+|Im z| <%
cosh (g x) cos (zx) 72—7 cos (x sinh z)
T
[Im z| <~
2
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TABLE 1. Kantorovich-Lebedev transforms— Continued

£(x) 1@ = [ K@et)dy
sinh (g x) sin (zx) gsin (x sinh z)
1 w
[Tm z| < -
X
cosh CL_T x) cos (zx) g e vz cosh cos (% sinh z)
[Tm z| < ‘E
2
ktix k—ix & ,5) o .
3 ’ LIRS ERCRCR T 1.2, 4 T8 .
x sinh (mx)E 51-2~ ; .,%oq = i VE (p: ar:q; p.\-:;)
larg z| <7

. 1 z
x sinh (E 7'rx> Kiz» <§>

i e 5t (-8  -5)

1 T
R (E_A) >0, |arg z| <3

x sinh (7x) I (M> I <M>
2 2

k+ix k—ix 4
><an<—--_2 » Ty :1+V;—;)

R(k) >0

z is real and positive

k+ix k—ix z
inh :
x sinh (7mx)E ( 7 g ¢ 4)

z is real and positive

P!/z—m (Z)

ir—1/2

T_I/Z—m (Z) s

ir—if2

lz| >1

ki (m)r(m+ix)l‘(m—ix’><{ ERS!

R(m)>0,R(z) >—1.

x tanh (7x) Piy-12(2)

x tanh (7x) Piz_12(2)Kiz ()
|arg a|< %, larg (z—1)|<m

x sinh (mx)E (3+m+ix, 3+m—ix, l:m+1:2z)

ks
<L —
Jarg 2 < 2

263-048 O - 67 - 3
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TABLE 1. Kantorovich-Lebedev transforms — Continued

x tanh (7x)Kiz(z) 3 (zx)2(z+x)~! exp (—z—x)
Atix, \—ix, ar, . . ., ap:2z 217325 A e—TF (1); Qr:q; ps: i)
x sinh (mx)E ' e
Atz.p1, - . ., Pg
R(\) >0, |arg zi<g
% sinh (7x) Koz (1) i O SN
. grzyrz XP T X gy
|arg a|<—
4
; YA iR . —1+k
x sinh ()1 (4 —k+ix) T (3= k—ix) X Wi, 1e(2) 9-k-ag2l (1 — )z 12~k 2* [exp(—x— 42)] (1+ 21) "
Z

R(%—k) >0, |arg z|<?—zr

At+ix, \—ix, 3+n, +—n:4z

x sinh (7x)E z z
201212 sec (nar)x*—12212 exp (—x+ =) Ky (=
A+ x)\x

R(A>0, |arg z|<g

Atix,\—ix,a:z
x sinh (mx)E
A+3
T
R(X\) >0, |arg z|<§

22132 he=aT () (1 4 Zx)‘

z

Pk-1g3l2l (—k+m) T (4—k—m)T(} —m)

N+ix, \—ix, i—k+m, 3—k—m:z
A3
R(M) >0,|argz|<%

x sinh (mx) E(
PR s [exp (—x 45 a‘z;)] Wi, m (2z_x)

3 — e _l /2
einh (m)F(Hix)F(A—ix)zn(}‘“"’ et z> - Y —lna/zxx—ugzugr(H%) r(1+u)Jv[(82—")' ]
A3, v+1

R(XN) >0, z is real and positive
2
x sinh (mr)['(3+ m+ ix) X TG+ m — ix)Miz, m(iz)Mix, m(—iz) | 2m-12g32x1/2+mz-1-2mF, ( : %+ | _%)

R(m) >—% and z is real and positive

x sinh (7x) Kir () Kiz (B) %(Zlg‘%)m exp |:——(B+x) (ﬁ%g;_ﬁy/z]

2|arg a|+|arg B|< T
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To derive the generalized Mehler transform pair (5) and (6) take in (1), (2), p=0, ¢g=1, v
with B1=1—£, so getting
>

= w ” LY, o AR bR =Y
g(x)~l‘(] — k) cosh (7x) L 2y <] —k )f(Q’)d}’,

A o iivan (T NTG—in)T(E —k—iy)
flx) = = J; ye(y) [i i,z—i ix' sin (2 +z7'ry> (1= 2iy)

TR SR
X Fi 272 Vi dy. 59)
=27

Now write 1 (y—1) for y in (54) and 1 (x—1) for x in (55) and get

o, =g
. T % =l = R =il
g(x)_Zr(l—k) cosh fo. K (2 2 2 >f< ) @,

(56)
1=k 2

AP (5 [ e 15 (52 (i)

2 2

iy —i

: e . I ) 2
LG UG —k—dy) o (5= —k=inT3] 0. 61
I'(1—2iy) ety

If we use the relationships ([1], pp. 303 and 391)

ll=z
—m _—1_ z—1 %m -n, i A g
S '(m—+1) <z+l> :h ( : )’

(58
m—+1
(3 G )b Py = ZEOEAD gy, (= mni 25
e 2 it m+ 1) .
2" '(=n—}) n+1 n—O—m+l~—2
TR A e 1) 69
2n+2

in (56) and (57) respectively we obtain the generalized Mehler transform pair (5) and (6). A short
list of integrals corresponding to formula (6) is given in the following table:

TABLE 2. Generalized Mehler transforms

£(x) 1@ =[Py u@edy

x sinh (m2) [(3— k+ ix) T(3— k— ix) Kix (2) 212212 -kgax (x2 — 1) -~ Bk *
R(1—k) >0, |arg z|< i7 *compare the formula p. 15
x sinh @ax) (2 —k+ix)(3—k—ix)

23— mi2zm/2 (x — 1)A‘l2+nl/2—l
E(3m+in, im—1in, itix, 3—ix:1—Fk:z)

(x+1)*2K,[{2z(x— 1) }'2].

R(%—k) >0, |arg z|<g-R(m) >0
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TABLE 2. Generalized Mehler transforms— Continued

g(x)

@ =[Pl @etIdy

x sinh @mx) T (3—k+ix) [ (1—k—ix)

%-f-m-f—ix,%—km—ix; %)
1—m

(l 1)
oF, 2 l
(1+m) 1+m

1 .
S0 =
R(1—k) >0, R(1£=m) >0 and z is real and positive

[(i+m+ix)(2+ m—ix)gFl(

X
™

p——

2" cosh (mx)

x sinh 27x)Ti—k+ix)[(1—k—ix)

(A mE Lnh Im— L, i, L 1S s estz)
X
—v="E(im+in, im—1in, itix, 1—ix, 1—k:e"z)
1 T
R(i_k >0, }argz\<§

x sinh 27x) T(i—k+ix) (2 —k—ix)
1

| .
<§+LX,2 X
=/, l=pp

i

2
R(1—k) >0, z is real and positive

Trzﬂl F
cosh (mx) A=K (1—m) = °

1
.z>
g : 1
IFG—k+ix)TG—k—ix)

F(1—k+m)(1+m) 2F2

1—k—m,1+m

x sinh (27x) (3 —k+ix) (2 —k—ix)
XE +ix, 2 —ix, l—k:1—k:22)

R(%“k) >0, largz| <Z R(I+m) >0

I

1 —k+ix, } —k—ix, l:2z>

x sinh (mx)E <l—k

R (%—-k) >0, R(l) >0, |arg z| <%

x sinh (m2)T (2 —k+ix)T(L —k—ix)
XT3 +m+ix)T (% +m—ix) P, ,(2)
R(—Fk)>0,R(:+m)>0,R(z) >1
x sinh (27x)" (2 —k+ix)T(2 —k—ix)

X <y+m, 8+m, %+ix,%—ix:z>
y+é+tm,1—k

R <%—k> >0, |arg z| <217, R(y+m)>0,R(6+m) >0

x sinh (27x) (2 —k+ix) (2 —k—ix)

xE (

1 1 —
t1+m+n, L +m—n,

1+ix,3—ix:z
1+m,1—k

k+ix, %—k—ix; ;)

|

88

| _1l,
| 21=-m sin (mar)(x+1) 2

1
Sk+m—1 < —1+k+m
2 2
X(x=1) |:1+z(x—l)}
- m
i3z 222
m  k 1
Lapl=p —=k
x@—1"> * @+’
1
X Ju[{2z(c—1)} 2]
2! =™ sin (mr)
%k—m*l —.lk
X{x—1) (x+1)

o [~z

2mzi=t(x— 1)V (22— 1)= /jc exp [—z(x—1)]

2-Fzl(x— 1)1 (22— 1) é exp [—z(x—1)]

(xz_ 1)' g (_2.'2_ l)mlz
(x+z)1n—k+l

al'(m—k+1)

7:-22""'2'"{F(y)1“(8)}-1 .
X (x—1) 2 m-1(g41)- g

XE [y,b‘:;—;— (x—l):|

21/2—771773/221/2+m (k_ 1) sz +m—1/2 exp [5 (x_l)]
4

X Ky [—j; (x—l)]-



TABLE 2. Generalized Mehler transforms — Continued

1 T
R <§—k> >0, |arg z| <3

x sinh (2ax) (3 —k+ix)F'2 —k—ix) QUK =gk (y — ] Y- ghtm—k =1 (x4 1)~ 5
t—k+m+m,i—k'—m'+m, §+ix, 3 —ix:z z 2
XE( ok m, 1—k 2 ) X exp [a (x—l)] Wi, me [5 (x—l)]

1 T
R (a—k) >0, |arg z] <3

Other applications can be obtained from (1) and (2) by special choices of the parameters.
Thus (1) and (2) in combination with (25) yield the transform pair

£0) = [ Son a1/, (60)
B b ( iy) G —ptiy) ,
10 ==22 [ 7600 [ F ol ) ~ Ty S @) | dr 6D

which may be called S-transforms.
When p=0, ¢=1 then the E-functions in (1) and (2) reduce to the ordinary hypergeometric
functions of Gauss and the following transform pair is obtained:

g(x)=f0x oF (;‘ i VHx;_y) f(y)dy, (62)

7 =B [ 1= i) P+ in)ye()

. . S 5 3 R B |
¢ [1 2 i S0 (tmy+vm) (1 —v Ly)F(B v—1iy) JF 1—v—iy, B—v—iy; || dy. 63)
i~ I'(1—2iy) 1— 2iy
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