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E-Transforms (II) * 

F. M. Ragab** 

(April 20, 1967) 

The following class of inte gral transform pairs is established 

g(x) = f 00 E ( v- iX, v + ix, a " . .. , ap : ~)f(Y)dY , 
o {3" .. . , (3q (1 ) 

f ( ) = x, - tf oo g(y) [ .! ~ . iy . C +) E(l- v -iy , {3t- V-iY , . . . , (3q - V- iy :x)]d 
x i7r2 0 y: i f:i ' X sm ty V7r 1-2iy,at - v - iy, . .. . ap -v-iy y. (2) 

The kernel in the tra nsform (1) is MacRobert 's E·func tion and integration is performed with 
respect to the argume nt of thi s function. In the inversion formula (2), the kernel is like wise a n E-fun c
tion, but the integration is performed with respect to its parameters. 

Known spec ial cases of this general transform pair is the Kantorovich-Lebedev transform s pair: 

2 f oo g(x) = -. x sinh (7TX) r tKixfy)ffy)dy , 7r 0 

fIx) = f ooo Ki y(X)g(y)dy , 

and the generalized Mehler trans form pair 

g(x) = -;sinh (7rx)r(! - k+ iX)r(! - k - iX) 1.00 

pkix_t/2 fy)ffy)dy , 

fIx) = 1000 P~y- t /2 (x)g(y) dy. 

Key Words : E-functions, integral transforms, invers ion formulas, kernels. 

1. Introduction 

In thi s paper we esta blish the fo llowing cl ass of integral transforms : 

( . . 1) 
g(x)= { x E :- ~x' 1l +; X, (XI , ... , (X/I: ;; f (y )dy 

J 0 fJ I , • • . , fJCf 
(1) 

( XV - If '" () [1", . (;y+ll)~E(11-211.-iY,!3I - 11 .-iY, .,!3q - ll -. iY:X)] dy jX ) = -'-2 yg Y -:- L.. ix '!/ s in . .. 
l7T 0 L i . - i - ~y, (X I -ll- ~y, . . . , (X/I - ll- ~y 

(2) 

where the int egral s a re conve rgent and the sy mbol 2: means that in the expression followin g it 
i . - i 

is to be re placed by -i and the two expressions are to be added . 
The kerne l in t he transform (1) is MacRobe rt 's E-function whose de finition s and prope rti es 
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are give n in [1]1 pp. 348-358, and which will be di scussed furth e r in sec tion 2. The integration in 
thi s transform is performed with respect to the argument of th e E -function. In the jnversion formula 
(2) , th e ke rnel is like wise an E-func tion , but the int egration is performed with res pect to it s param
e ters. Known s pec ial cases of our general tran sform pair are th e Kantorovich-Lebedev tra nsform 
pair (see [2], pp. 175- 177: [3] , pp. 229-241 and [4] , pp. 33-40) 

g(x) =~ x sinh nx JX y - IKi.I·(y)f(y)dy, 
n- I) 

(3) 

f(x) =J % K ;!f(x)g(y) dy: 
I) 

(4) 

and the gene ra lized Mehler tran s form pair (see [5] pp. 57-59 and [6]). 

g(x) =; sinh n x r G- k + iX) r G- k- iX) f" \ :_! (y)f(y)dy (5) 

(6) 

Section 2 contain s a treatm e nt of th e E-fun ction and our main tra nsform pair is derived in sec tion 
3. Section 4 contains the derivation of the Kantorovich-Lebedev and Mehler transforms and other 
new int egral trans form s . 

The Mellin tran s form ([7], p. 7) 

g(s) =Jz x'- If(x)dy 
I) 

(7) 

and it s inve rs ion [ormula 

1 I C+ x 

f(x) = 2ni (' - ; Z r'g(s)ds (8) 

will be utilized in the proofs . 
Also the followin g formulas are required in th e proofs: ([1], p_ 374): 

jJ 

1 ,= I J r(~) IT r(a,-~) 
E(p: a, : q: P,:z) = 2ni IT r(p,-o z~d~, (9) 

1= 1 

where lamp z l< ~(p-q + l)n and th e contour of int egration is of Barnes's type with loops, if 
ne<.:essa ry. to separate the pole at th e origin from the poles at ai, a~ , ... , £xp: 

([1]. p. 257): 

KI/ (z) = 2 .n {LI/(z) - II/(z)} : 
sin nn 

(10) 

[1], p. 347: 

1 (1) 1/ (n + ~: 2Z): 
I I/(z) = I'(n + 1) '2z e-zF 2n + 1 

(1) 
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and [1] , p. 262: 

F (- n , n + 1: - z) f ( 1 ) ( z ) -21 
'" P ) , = -m -- 11I(2z+1. 

1- m l +z II (12) 

2. Properties of the E-Function 

If P :S q th e n the £·function is de fin ed a s 

£(p: Ct,: q: PI: z) = ~~::~ : : : ~i;:j F (p; Ct,: q: PI: -~). (13) 

When p ~ q + 1, Jarg zJ < 7r, then the E·function (see [1], p. 353) can be shown to be 

E(p; Ct,· : q; Pt : z) = r~ 0,1 f( Cts - Ct r ) {(~ f(pt - Ctr ) }-l f(Ct r ) Zu,. 

F (Ct" Ct, - pI + 1, . . . , Ct,-p(,+L (-l)Ii - ,IZ) (14) 
X '1 + 1 11 - 1 Ctr - Ct l + l, . .. * ... , Ctr -Ct/l + l ' 

where the aste ri s k means th a t th e fa c tor Ctr - Ctr+ ] is omitted . To familarize ourse lves with the 
E·funct ion , th e following r e lations may be worth notin g: From th e de finition (13) it is c lear that the 

,£·fun c tion is imm ediat e ly re la ted to th e generalized hype rgeo me tri c fun c tion 

F ( Ctr: z) = f (Ct l: n) . . . (Ct /l : n) II 
Ii q PI 11 = 0 0 ; n) (PI: n) ... (Pq; n) z , 

and reduce s to s ingle ex press ion s in th e ord inary or Gauss hypergeo me tri c fun c tion whe n p =2, 
q = 1. For p = 1, q = lit is e vident that th e £ · fun c tion redu ces to th e co nflue nt hypergeometric 
fun c tion or Kumm e r's fun ction . Th e case p = 1, q = O yie lds th e re la ti on 

E(Ct:: z) = f(Ct) (l + l /z ) - u. (15) 

Th e case p = O, q = l gives th e re lation 

(16) 

The case p =2, q = O yie ld s the re la tion s (see [1], p. 351) 

( 1 1 ) 1. cos n7rE "2 + n, "2 - n: : 2z = (27rZ) 2 zezKII (z) , (17) 

E(l-k +m l-k-m"z) = f(l-k-m)r(.!.-k+m)z-'.e~zW'. (z) 2 ' 2 .. 2 2 " III , (18) 

where K,,(z) and Wk , lII(z) are th e modified Bessel function and Whittaker function res pec tive ly. 

Also it is ev ide nt from th e de finition s of the E-func tion that for p = q = 0 

E(::z) =exp (-l iz). (l9) 

More compli ca ted paramete rs in th e E·func tion lead to the equivale nce of th e £·['un ct ion with 
produ c ts oJ Whittake r fun c tion s, Hankel functions, Lommel function s and oth e r s pec ia l fun c tion s. 

Some exa m pi es are 

W k , m(2iz) W, .. 111(- 2iz) = 7r- I / ~ (~) 21< {f G-k+ m) r G-k- m) rl 

X E - - k + ni - - k - m - - k 1 - k . 1 - 2k . -( 1 1 1 Z2) 
2 ' 2 ' 2' . . 4 ' (20) 
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1 1 1 (1 1 . ) e-l!ZW,.(z)= - ~-E - +m ---m 1-1-k-e'7Tz 
h, /It 2 L..' 2 ' 2 ,- . - , 

1T i, - i l 

}v(Z)}- v(z)={fO-v)fO+v)} - ',F2G ; I-v, 1+v; -Z2), 

};(z) = 1T- I / ~z~vE G+ v: 1 + v, 1 + 2v: ~), 

Z)J.K2(Z)=2 - 21T1 / 2 ~ -E V+-II -V+- II -II 1:-II+ - -e l7rz2 1( 1 1111) 
v .L... i 2 ,.- , 2 ,.- , 2 ,.-, 2"- 2 - , 

I. - / 

[ - !!.!.H(') (' /~)HU) (I /~)+ ~ H(') (' /~)HU) (I /~)J e 4 (I - Ii Z (/ + 11 Z e (I + 1i Z (I _ II Z 

(
1 1 Z2) -+m+k -+ m-k---

. _. _ ~III + I 2 ' 2 '4 
Mk, lII(lz)Mk, III ( lZ) -z '2F:! 1 ' 

'2 + m, 1 + m, 1 + 2m 

(1 1 Z2) H (z) - Y (z) = 1T- v- 1 cos V1T zV-1E - 1 -- v - - -
v v 2' '2. - - 4 ' 
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(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 



3. Proof of the Main Theorem 

From (7), (8), and (9) , we arr ive at th e fu rmula 

/, 

x r(-s) IT r(a,. +s) 
r zS- IE(p: a,. : q: p,: z)dz=---'_'=_' ----Jo (/ IT f(p,+s) 

' = 1 

where R( a,+s) > O(r = l, 2" , "p ) a nd R(s) < 0. 

W e w is h to so lve th e in tegra l e quatiun (1) 

g(x) = f E(V - iX, v + ix, a i , a~, . .. , a /,: ; )f(Y) d(Y) 

13 I, f3~ , ' . ., 13" 

(36) 

(37) 

wh e re th e c onditiun s on th e IJaram e t e rs and th e fun c tiun f( y ) a re s uc h that th e integra l is 

c unve rge nt. 

R ep la ce x b y - i~ . Mu lti p ly but h s ides of (37) b y x-td~ a nd int egr ate frum c- ioo to c + ioo,:,;u 

<ret tin." 

~ r~+ i X x -tg(- i~)d~ =~lc. i z x- t (z E(V -~' v +~, ai, . , " a/,: ~)f(Y)dYd~ 
21ft Jr- ix 21Tl c- ix JII 13 13 

I , ... , q 

by (9), 

Now c hange th e orde r o f int e gra ti on, s o that th e integral with res pec t to ~ becom es th e las t 

and th e la s l e xpress ion becom es 

/' 

1 f Z fYiZ IT r(a,. - ?;) f Cl ix 
--4 2 f(y)dy , r(?;) "~ ' y-~dS, r(v-?;-~)f(v-s+~)x-td~ 

1T II Y- I x IT r (/3, _?;) (" - I x 

' = 1 

/1 

. , IT f(a,. - Y) 1 f X fY'IX ~ (1) =--:! f(y)dy . r(s) r~ ' xV(xy) - ~d?;E 2v-2s : x ' 
41T II Y-I x IT r(f3l- s) 

/ = 1 

by (9) aga in . 
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Now apply (15) and the last express ion becomes 

fJ IT f(a,.-O 
~ ( z f(y)dyfYi Z r(Of(v-Of(v+~-i;)2~V-~ i- 1 "- 1" xV(I+x) -2V+2i(xY)-~d' 
2m Jo Y - / or. 2 7T1/:! IT rCB,- 0 

' =1 

.. , a p : 4xy f(y)dy, 
(l + X)2-) 

by (9). 

- 4x 
Now let x = (l + X)2 and 

g(x)=-21 . ( C. ix x ~ fg(-il;)dl;, 
1TL }C-ix 

and th e last express ion becomes 

2( 7T) I/:!X-Vg(x) = LZ E (v ' v +~, ai, .. . , all: :)r(y)dy 

{31 , .. . , {3q ! 
Using the notation of ([7], p. 315), we have 

Here write 1-s for s, apply (38) and ge t 

41-S- v l C+iz f. -I 
~ (l-s)=-. --1/.' g(-il;)dl; (l-x)x-s- v-i' (l +x )~H :!v- :ldx 

~(7T) - c- ix 0 

ei1T( - s - v) f(2s+2v-2) lC+iz . [f(l-s-V -I;) f(2-s-v-I;)] . 
= .. .,. - g( - ~I;) + el1Tfdl; 

~(7T)I / - 4H v- 1 c- ix f(s+v-I;-l) f(s +v-I;) 

(38) 

(39) 

e- i1T(H V) (1) i N i Z _ . . f(l-s-v-i;) 
= i7T f s+v-2 f(s +v-l) c- ix e "" fl;g(-~I;) f(s+v-I;) dl;. 

Thu s 

e- i1T(H V) (1) i NiZ .. f(l-s-v-I;) 
~ (l-s) = . f s+v-- f(s + v - l) e- l1Tfl;g(-~1;) dl;. 

~7T 2 c - ix f(s+ v-I;) 
(A) 

Also from (36) and (39) TI f (a,. - 1 + s) 

( 1 ) r=1 R(l-s) =f(l-s)f(v-l +s)f v-2+s -----, 

fI f({3,-I+s) 
(41) 

t=1 

and so by [7], p. 316, 

1 i C'+iOO ~(l-s) 1 i C'+i", !C+iOO. . f(x) = - . x - sds = --.-2 x-sds e- m(s+v+()l;g(- ~I;) 
2m c' - ix .9P (l-s) 2(m) c' - ix c- i", 
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f(l-s-v-g} A [(,8, - l +s) . 
11 1 1C+'00 

X 1=' di;=-: e-7Ti{v+~)~g(-ig) d~ 
) A ( ) 7Tl c - i oo r(s +v-g) r(l -s 11,8 a,.-l+s 

.,.=1 

, r (l - v - ~ + s) IT [(,8t - 1 - s) 
x _1_ J C+iOO 1=' (ei7Tx)sds, (A) 

27Ti ~; oo f(v-~-s)r(l+s) IT f(a,.-l-s) 
r=1 

using the definition of the generalized E-function (see [1], p. 419) namely 

p m 
. IT [( a,. - 0 IT r ( ~ - Pq+s + 1) 

(P' ~ 1m ' P 'X ) 1 JC+' oo E ' ,-,,. , q+s ' = _ ."=' s=' 'd 
q; ps 1+ 1, ap+,., 1 27Ti c- ;oo Ii [(Ps - 0 IT f(~-ap+r+ 1) x ~ 

8= 1 T = I 

1 

IT sin (pq+s - ap+r) 7T ( 

2:'" "=.' E p + l; a, -Pq+s+ 1: wx = 7Tm- I - , XP q+s- ' X 
til p,-p .+ 1. * 

s=' IT' . () q+s , SIll Pq+s - Pq+t 7T 

(42) 

s= ' 

where w = e±iTr or 1 according as l + m is even or odd; the expression (A) b ecomes 

~XV-: J C+iOO ~g(_ i~)~ sin (v+ g}7TE (1- v-~, ,8, - v- ~, .. . , /3t - v- g: x) dg. 
£(7T) c-ioo I-2g, a,-v-~, . .. , ap-v-g 

Here put c = 0, note that g(x) = g( - x) , so getting 

I() xv- , 100 
() [1 ~ ... (. + )E(I-V-iy ,,8,-V-iY, ... , {3q-V -iY : X) ]d x = -. -2 yg Y -:- L.J £x,y SIll l7Ty V7T _. _ _. _ _ . y 

£(7T) 0 l.. 1 2ly,a, v £y, ... , ap v £y 
l, - t 

With (43) established, we have the transform pair (1) and (2). (43) 

4. Derivation of the Kantorovich-Lebedev and Generalized Mehler Transforms 

In the transform pair (1) and (2) take p=q=O, V=1-k, apply (18) and (13), so getting the 
transform pair 

(44) 

dy, 

(45) 

where we have used the Kummer transformation 

(
a; x)_ (p-a; -X) ,F, -ex,F, 
p p 

(46) 
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Now apply the relations ([1], p. 351 and p. 352) 

'F'( -21-k-iy', 1-2iy', x)=x- ' /2 + iYe'~ M (x) k , - iy , (47) 

W . ( ) = '" f(-2iy) k, lyX L.. Mk,iy(X); 
y , _y f( t- k-iy) 

(48) 

and so get the transform pair 

(49) 

. 1 I X (1) j(x) =x-ke- 1/ 2X i(7T)2 0 yg(y)W",iy x sin (2iY)7Tdy (50) 

In (49) replace y by..!, in (50), x by..! and then replace eY/2y-kf(..!) by fey). The transform pair is 
y x y, 

g(x) = f G-k- iX) f G- k+ iX) f' W" , ix(y)f(y)dy, (51) 

1 IX f(x) = (X7T)2 0 Y sinh (2Y7T)WUy (y)g(y)dy. (52) 

In (51), (52) put k = 0, apply the relation 

( X)I /2 (X) Wo, m(X) = ;. Kill 2 ' (53) 

and so obtain the Kantorovich-Lebedev transform (3) and (4). For a study how such transforms 
arise from second order differential equations, see [8] and [9]. 

In the following table, we give a short list of integrals corresponding to formula (4). 

cosh (ax ) cos (zx ) 
7T 

11m al+IIm zl <"2 

sinh (ax) sin (zx) 

11m al+IIm zl < ~ 

cos h (¥ x ) cos (zx) 

11m zl < ~ 

g(x) 

TABLE 1. Kantorovich-Lebedev transforms 
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fix) = {x KiJl(X)g(y)dy Jo 

7!. e - .r cosh zeus a cos (x s inh z s in a) 
2 

!!.. e- J ' cush z cus a sin (x sinh z sin a) 
2 

¥ cos (x sinh z) 



TABLE 1. Kantorovich·LcDedev transforms - Continued 

sinh (~ x) sin (zx) 

11m zl <% 

cosh (; x) cos (zx) 

Ilmzl <% 

g(x) 

xsinh (1rx)E ~'-2-' a" ... , al':4 (
k+iX k-ix z) 
PI,' .. , Pll 

larg zl < 7T 

x s inh (~ 7TX) K;,./, m 
7r 

larg zl < "2 

R(.!.- k»O la r"zl < ~ 2 ' '0 2 

X .I;" (k+iX k-ix . 1 + ._1) 
2' I .z' 2' //, Z 

R(k) > 0 z is rea l and pos itive 

. (k + ix k - ix Z) x smh (7Tx)E -- - - a ' -
2 ' 2 ' . 4 

z is real and positive 

{
PI /' - '" (z) 

x sinh (1rx)r(m+ix)r(m-ix)X T::~---'2 ) 
i.r~ I !:!.(z , 

R(m) > 0, R(z) >- 1. 

x tanh (1rx)P;x - I/2 (z)K;x(a) 
7r 

larg al < 2' larg (z-I) 1< 7r 

Izl > 1 
Izl < 1 

x sinh (1rx)E(!+ m+ ix, !+m- ix, l: m+ 1: 2z) 
7r 

larg zl<2 

263 - 048 0 - 67 - 3 
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f(x) =lx K;y(x)g(y)dy 

" 

7T "2 s in (x s inh z) 

7T e' ~ cosh z 

2 
cos (~ sinh z) 

7r' ( Z) 2','- 1 x'·E p: a,· : q: P.'::;. 

.. , ., (z X2) 
7r' / -Z - I / - exp -8--;-

~ r(l + //)x" r!...) ~ j, (2~) 
2','- 1 \,;2 yz 

( X2)-O 
x'r{a) 1 +-;-

( I ) '/' 2" 1rX e- n 

:::: (ax) 1I2(x2 + a 2 +2azX) - 1/2 exp [- (x2+a2+2azx)I/2 ] 
2 



TABLE 1. Kantorovich-Lebedev transforms-Continued 

(
A+iX, A-ix, at, 0 0 0, ap:J 

x sinh (1Tx)E 1 

A+ 2, PI, 0 0 0, pq 

R(A) > 0, largzl<~ 
2 

x sinh (1Tx)K,Lr(a) 

larg al < ~ 
4 

x sinh (1TX)f( t - k + ix) f( t- k- ix) X Wk, ;x{z) 
1T 

RO-k) >0, larg z l<2" 

(
A+iX, A-ix, t+n, t-n:4z) 

x sinh (1Tx)E 

~+ t 
R(A>O,largz l< % 

(
A+iX, A-ix , a:z) 

x sinh (1Tx)E 

A+t 

R(A) >0, largzl<i 

o h( )E(A+iX,A-iX, t-k+m, t- k - m :l:1 
x SIn 1TX 1 

A+ 2 

R (A) > 0, larg zl< ~ 

(
A+iX A-ix- _1) 

x sinh (1Tx)r(A+ix)r(A-ix)J'2 l' 'z 
A+ 2 ,v+1 

R(A) > 0, z is real and positive 

x sinh (1TX)f( t+ m + ix) X f( t+ m - ix)M;x, m(iz)M;x , m(-iz) 

R (m) > - t and z is real and positive 

21arg al+larg f31 < 1T 

86 

t1T(ZX)1/2(Z+X)-1 exp (-z-x) 

2"-1n"/2x"e-xE (po a 0 qo p o~) , r· , 8 · 2x 

n"/2a ( ( 2) 
27/2X '/2 exp - x - 8x 

( 2X)-I+k 
2- k-1 /21T3/2r(l- k)x 1/2 - kZk [exp(- x - tZ) 1 1 +-;-

2"- 1/21T2 sec (n1T)x"-1 /2z1/2 exp (-x+~) K" (~) 

2"H-I1T3/2r( t- k + m) f( t- k - m) r( ~ - m) 

1T3/2a (~) 112 [ (4f3X + ( 2) 1/2J 
16(f3x)1/2 4f3x+a2 exp -(f3+x) 4f3x 



To derive the generalized Me h le r tran sform pair (5) and (6) take in (1), (2), p = 0, q = 1, v = ~ 

with f31 = 1- k, so ge ttin g , , 
7T 1" (J_ - LX ) - + lX' - Y) 

g(x) = fO-k) cos h (7TX) 11 ~F I l-k' ~ , f(y)dy, (54) 

X- I /~ l X [1 (7T )fq- iY)f(~- k - iY) 
f(x) = i7T~ lI ' yg(y) Ti~i ixiliS ill '2 +i7TY f(l-2iy) 

(
l-iY l-k-iy,_l)] 

X ~FI 2 ' 2 'x dy, 
I-2iy 

(55) 

Now write t (y-I) for y in (54) and ~ (x -1) for X in (55) and get 

7T or. - -LX -+ LX' -- y-1 (1, 1 , 1 - Y) ( 1) 
g(x)=2f(l-k) cosh7TXI~FI~_k '2 '2 f-2- dy, (56) 

( X - 1) 1 (X- I) - I / ~ IX [1 (X-I ) ill, (7T : ) f -2- = i7T~ - 2- 11 yg(y) T L -2- S ill '2+ my 

;. - ; 

f(f, - i y) f O -k-iy) (l-iY,.! - k-iY; ~ )] 
X f(1- 2' ) £1 2 2 1 X dy. 

Ly 1 2' - Ly 
(57) 

If we use the rela tion shi ps ([11, pp, 303 and 39]) 

P- III(Z) = 1 (Z - I) ~m "F (- n, n + 1; 1 ;Z) 
II f(m + 1) Z+ 1 - 1 m + 1 ' (58) 

f( A) (z2-1) - ~1II P- III(Z) = " (z-I)" - II"F 1 ' , z -l 
2"r(n+ J ) (- n m - n.- _2_) 

~ II f(n + m + 1) - -2n 

+2- 1I
-

1r(-n -i) (Z_l) - II - III - I ~FI (n + I' n + m + I ; Z~I)' 
f(m - n) 2n+ 2 

(59) 

in (56) and (57) respectively we obtain the generalized Mehler transform pair (5) and (6). A short 
li s t of integrals corresponding to formula (6) is given in the following table: 

TABLE 2, 

g(x) 

x sinh (7TX) r( 1- k + ix) r ( ~ - k - ix)K,,,.(z) 

Rq-k) > 0, la rg; zl< ~7T 

x sinh (27TX)rO -k + ix)r(~- k -ix ) 

E(&m+~ n , t m- t n, i+ ix, 1- ix: l -k :z) 

Generalized Mehler transforms 

f(x) =Jx P/~_ ' I"(x)g(y)dy 
J} 

'compare the formul a p, 15 
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TABLE 2. Generalized Mehler transJorms - Continued 

g(x) 

x sinh (2 17X)f( ~-k+ix) f(t-k-ix) 

( l + m +iX l+m-iX' 1) 
f(t+m+ix)f(t+m-ix),F, 2 '2 'z 

I-m 

X 17 ('~+iX' ~-iX ; }) 
-z'" cosh (17X) ro + m) ,F, 1 + m 

R(t- k) > 0, R (l ± m) > ° and z is real and positive 

x s inh (217X) rq- k+ix)r(~-k-ix) 

[
;"' -"E(Jm+ -1.n ~m-~ n ~+ix ~-ix'I-k 'ci"z) ] " i '1' 'l 2' '1 ' :1 • • 

X 

-L"-I/IE(~ m +~n, 1m-! n, 1+ix, ~-ix, l-k:e- i1Tz) 

R G-k) > 0, larg zl< % 

x sinh (217X)fQ-k+ix)r(t-k-ix) 

[ 

rrzlll (1. + ix . ~ - LX:!) 
--,----------:---=-:--:--;-:-::;-;-::-------: .,F, 2 2 z 
cosh (17x)f(l-k)f(l-m) - - I-k,I-m 

X ('1 . 1 . I) r(~-k+ix)f( t-k-ix),F, "2- k + IX , "2- k - IX;;- . 

f(l-k + m)rO +m) - - I-k-m,I + m _ 

R (q- k) > 0, z is real and positive 

X sinh (217X)f(~ -k+ix)f(~ -k-ix) 

xE(t +ix, t -ix, l-k : I-k: 2z) 

R G-k) > 0, larg zl <¥, R(L +m) > ° 
. h( )E(t- k + ix,!-k-ix,l :2z) 

X Sin 17X 1- k 

R G-k) >0, R(L) > 0, largzl <% 

x sinh (17X)r(~ -k+ix)f(~ -k-ix) 

X f(! + m+ix)f(~ +m-ix)Pj,!~'/2(Z) 

R(~-k) >O, R(~+m) > O, R(z) > 1 

x sinh (217X)f(~ -k+ix)r(~ -k-ix) 

xE (y+m , 8+m, ~ +ix, ~ -ix: Z) 
y+8+m,I-k 

R G-k) > 0, larg zl <f. R(y+m) > 0, R(8+m) >-0 

X sinh (217X)f(~ -k +ix) f( ~ -k -ix) 

xE (~+m+n, ~ +m-n, ~ + ix, ~ -ix: Z) 
I+m,I-k 
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J(x) = (x P!:~ _ , / , (x)g(y)dy Jo . 

- !k 
2' - '" sin (m17)(x+l) 2 

1 
zk+m-I [ _2_] -'+"+'" 

Xix-I) l +z(x-1) 

2 -~ ~ 
i1T 3Z Z 

m " 1 
X (x-I) 2"+2- 1 (x+ I)-zk 

1 
X } ,,[ {2z(x -I)} "2 ] 

172' - III sin (m17) 

!k - m-I -~k 
X (x _1)2 (x + 1) 

exp [ - z(x ~ 1)] 

(x2 _l) - ~ (z2-1)111/' 
17 f ( m - k + 1) -"------:(""X-:+-'Z7) i", -:,,-:+1:-'---

1722' - IIlZIll{f(y)f(8) } - l 
k k 

X (x-I) "2 +1II - 1(X+l) - "2 

xE [y,o::~ (x-I)] 

2'/2- "'7fl/2Z'/2+ 111 (;.; -1) ~ +H1- 1/2 exp [~ (X-I)] 

X K" [~ (x -l) l 



TABLE 2. Generalized Mehler transforms-Continued 

R G-k) > 0, larg zl < ~ 

x sinh (27TX)f(t -k +ix) r ~ - k - ix) 1T22 1 + kl - IIIZIll -k'(x-1)-~k+ /II - k' - I(X+ 1) - ~ 
xE (t -k',+m'+m, ~ -k'-m' + m, <} + ix, <}- iX:Z) 

I-2k +m, I-k Xexp [~(x-I) ] W" , m' [~(x-l) ] 

RG-k»O,largzl < ~ 

Other applications can be obtained from (1) and (2) by special choices of the parameters. 
Thus (1) and (2) in combination with (25) yield the transform pair 

g(x) = f" 52,.,., 2ix(y)f(y)dy, (60) 

__ 22,.,. - 21 " [f(t-J.L-iY). _f( t-J.L+iy) . ] 
f(x) -. yg(y) f(1 + ') J - 2'Y(X) f(1 + +') J2IY(X) dy, £1TX 0 "2 J.L- £y "2 J.L £y 

(61) 

which may be called 5-transforms. 
When p = 0, q = 1 then the E-functions in (1) and (2) reduce to the ordinary hypergeometric 

functions of Gauss and the following transform pair is obtained: 

(62) 

f(f3)x v
-

t 1" I(x) = . ') f(v- iy)f(v+ iy)yg(y) 
£1T- 0 

[ 1 .. sin 
X i .~ . £x'Y 

1, - L 

(i1TY+ V1T) f(l - v- iy)f(/3- v - iy) (1-v- iy, /3 - v - iy; _1)] 
f(1-2' ) 2Ft X dy. 

£y 1 2' - £y 
(63) 
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