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Le t V be a real four-dimensiona l vec tor s pace. whose underlying geo me try is the metri c defined 
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THEoHEM: If A and B are real , skew-symmetric, orlhol!onal (with res/Ject to I() linea r trans/orma
tiolls on V, then lA, B] = AB - BA is a multiple oj a real, skew-symmetric, orthof{onlll (wit Ii. respect to K). 
linear transJormation on V. 

The theorem is proved by use of the firs t and second regular re presentations of the rea l quate rnions. 
Methods a re given for constructing all 4 x 4 mall-ices wh ich are s ke w-sy mmetric and orthogonal 

with respect to K, and all 4 X 4 matrices whi ch are skew-sy mme tric (in the Eucl idean sense) and 
orthogonal with respec t to K. 
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1. Introduction 

M. Riesz, in a series of lectures [4)2 dealing with 
Clifford algebras delivered at the University of Mary
land (Septem ber, 1957, to February, 1958) proved the 
following theorem. 

THEOREM: If A and B are real, skew-symmetric, 
orthogonal linear transformations on E~ (a real four
dimensional vector space on which there has been 
imposed a 'Euclidean metric), then [A, B] = AB - BA 
is a multiple of a real , skew-symmetric, orthogonal 
transformation on E~. 

Subsequently, M. Pearl [3] proved this theorem using 
only the properties of the matrices associated with 
these transformations and the first and second regular 
representations of the real quaternions. Furthermore, 
Pearl proved that if the underlying geometry is changed 
from the Euclidean metric to the Lorentzian metric 
then the theorem is satisfied vacuously. 

1 Th is pape r formed parI ui" the author"s thesis for the Master of Art s degree . Univers it y 
of Maryland. 196 1. 

:! Fi~ure s in bracket s indica te the lit erature refe rences at the end of thi s paper. 
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The purpose of this paper is to prove the theorem 
in the remaining four-dimensional case. That is, 
when the underlying geometry of the vector space is 
the metric defined by the matrix 

1 o o o 

o 1 o o 
J(= 

o 0 -1 0 

o 0 0-1 

The main tools used are the first and second regular 
representations of the real quaternions. Methods 
are given for constructing aU 4 X 4 matrices which are 
skew-symmetric and orthogonal with respect to K, 
and for constructing all 4 X 4 matrices which are skew
symmetric (in the Euclidean sense) and orthogonal 
with respect to K. 



2. Regular Representations 

Consider any algebra 2l over the field 6. If \>{ has 
a basis consisting of el, e2, , ell then 

II 

eiej = 2: Cijke .. , 
.. = 1 

Cijl,E6 (1) 

Using the method and notation of Pearl [3], if we define 
the n X n matrices Ri=(Cisr) and Si=(Cris), where r 
denotes the row index and s the column index, by 
associativity in 2l we have 

II 

RRj= 2: cijkR k 
k=1 

II 

SSj = 2: Cijl,S .. 
' .. = 1 

and R;Sj=SjR; 

where R; is the transpose of Ri • 

If for any element a of 2l, 
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(6) 

Since R I, R 2, R 3 , SI, S2, Sa clearly span the six di
mensional vector space ,0 of 4 X 4 skew-symmetric 
matrices, it follows that they are linearly independent 
and form a basis for ,0. 

Thus, every 4 X 4 skew-symmetric matrix Q has a 
unique representation as R(a) + S(b) where a and b 
are pure quaternions. (A pure quaternion is a quater
nion whose eo - coefficient is zero.) 

we define 3. Skew-Symmetric Matrices 

S(a) = alSI + a 2S2 + ... + allS Il (5) 

then the mappings a -'? R( a) and a -'? S( a) of ~( into 
the algebras of the mau ices, m and (5, are homo
morphisms called the first and second regular repre
sentations of \>L Furthermore , if 2l has an identity 
element, then these mappings are isomorphisms. 

In the case in which ~{ is the algebra of the real 
quaternions, 6 is the real field and 2l has basis ele
ments eo, el, e2, ea where eo is the identity element. 
It follows that Ro = So = I , the identity matrix, and 

0 - 1 0 0 

1 0 0 0 
R I = 

0 0 0 -1 

0 0 ' 1 0 

0 
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Now let us consider some properties of skew-sym
metric matrices, in particular, the matrices R(a) and 
S(b). 

Since each of the R's and S's is skew-symmetric, 
(4) becomes R(a)S(b) = S(b)R(a). Now consider the 
mapping (J' of the real vector a = (a I , a2, (3) into the 
pure quaternion a = (J' (a)_ Using this, Pearl [3] proves 
the following: 

LEMMA I: If a and b are orthogonal, pure quatemions 

(a-b=O), then R(a)R(b)=-R(b)R(a) and S(a)S(b) 
=- S(b)S(a). 

For the pure quaternion a = aIel + a2e2 + a3e3 we 
define the norm, N(a), to be a~ + a~ + a:~. Clearly for 
any real number a, N(aa) = a 2N(a) and furthermore 
a 2 = - N( a)eo. Thus 

R(a)2 = S(a)2 = - N(a)I. (7) 

For the skew-symm~ric matrix Q = R(a) + S(b) we 
define the conjugate, Q, to be R(a) - S(b), and the norm, 
N(Q), to be N(b) - N(a)_ Thus , 

QQ = QQ = R(a)2 - S(W = N(Q)I. (8) 

Furthermore, if c is any vector orthogonal to b, 
then by lemma 1 

S(C)QS(C) - I = S(c)[R(a) + S(b »)S(C)- I = R(a) - S(b) = Q 
(9) 



Thu s, Q and Q are similar and hence taking deter
minants of both sides of (8) we have 

Det Q Det Q=(Det Q)2=N(Q)4 

2. N(A)=-I and A has the form alRIK + /3zS2K 
+ ,83SaK. 

PROOF: Let A be K-skew-symmetric and K-orthog
onal. Then by (11) and (12), for A = QK we have 

A- I =-QK=KQ- l. and sinc e the determinant of a real skew-symmetric 
matrix is nonnegative , we have 

LEMMA 2: DetQ=Det Q = N(Q)2. Thus by (8) 
1 

-KQK= N(Q) Q. (13) 

4. K-Skew-Symmetric, K-Orthogonal Matrices 

Let the metric on the real four-dimensional vector 
space V b e defined by the matrix 

K = 

1 

o 
o 

o 

o 

1 

o 

o 

o - 1 

o 
o 
o 

o o -1 

We defined a matrix A to be orthogonal with respec t 
to K (K -orthogonal) if A / KA = K, and we defin e a 
matrix B to be skew-symme tric with respec t to K 
(K-skew-symmetric) if x'BKx= O for every vector x in 
V. Thus B is K-skew-symmetric if and only if BK is 
skew-symmetric in the Euclidean sense. 

Consider now a matrix A which is both K-ske w
symmetric and K-orthogonal. Since A is K-ske w-sym
metric there exists a skew-symmetric matrix Q such 
that AK = Q or A = QK. Thus we have 

A'=KQ'=-KAK. (10) 

Furthermore, since A is K-orthogonal, by definition 
A / KA = K and hence by (10) 

Thus 

But also 

A2=-I. 

A- I =-A. 

A-l =(QK)- I = KQ- I. 

(11) 

(12) 

If we de fine the norm of A , N(A), to be the norm of 
Q for AK=Q we have 

LEMMA 3: If the matrix A is K-skew-symmetric and 
K-orthogonaL then N(A)=± 1. 

PROOF: A / KA = K and AK = Q. Hence Q/ KQ = K, 
and taking determinants of the terms (det Q)2 = 1. 
Thus det Q = ± 1. Since Q is skew-symmetric 
det Q = 1. By lemma 2, det Q ~ N(Q)2. Thus 
N(A)=N(Q)=± 1. 

LEMMA 4: KRjK = ± R;, KSjK = ± Sj, + ifi = 1, 
- ifi = 2,3. Now we may prove the following 

THEOREM 1: The matrix A is K-skew-symmetric and 
K-orthogonaL if and only if one of the following condi
tions is satisfied: 

1. N(A) = 1 and A has the form a 2R2K + a3R3K 
+ /3IS,K. 
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Let Q=R(a)+5(b) where R(a) =a,R I+a2R2+ a:IR:I, 
and 5(b) = /3151 + /3252 + ,8353 , Then we have two 
cases. 
Case 1. N(A)=N(Q)=+1. _ 

Substituting in (13) for Q and Q and applying lemma 
4 we obtain 

Since R" 52, and 53 are linearly independent, a , = /32 
= /33 = 0 and hence if N(A) = 1, A = aZR2K + a:lR3K 
+ ,8,5,K. 
Case 2. N(A)=N(Q)=-1. _ 

Again, substituting in (13) for Q and Q and applying 
lemma 4, we obtain a2 = a3 = ,8, = 0 and hence if 
N(A) =-1, A = a IR,K + ,825zK + ,8:l53K. 

Conversely, if N(A) = 1 and A = aZR2K + aaR3K 
+ ,8,5 ,K , AK is skew-symmetric, and hence A is K
s kew-symme tric. Furthermore, 

A'KA=( - KQ)(KQK)=+ KQQ by lemma 4 

= K[N(Q)l] = K. 

Thus A is K-orthogonal. Similarly if N(A) = - 1 and 
A =a ,R 1K + ,8z5zK + ,8353K, A is K-skew-symmetric 
and K-orthogonal. 

Using (6) and lemma 4 we may cons truct the follow
ing table of commutators. 

[,] RIK 

o 

o 
o 

o 251K - 2R3K 0 

-251K 0 -2RzK 0 

o 

o 

o 

o 

o 

o 
o 

o 
o 

o -2R,K 0 

We can now prove the analog to Riesz' Theorem. Let 
A and B be two K-skew-symmetric , K-orthogonal 
matrices. Then we have, 
Case 1. N(A) =N(B)=1. Using the linearity of com
mutators and the results of the table, 



[A, B]=[1J'.2R2K +1J'.3R3K+ {3151K, y 2R 2K 

+ Y3R3K + 015d(] 

= 2({31Y3 -1J'.301)R2K + 2({31Y2 -1J'.20 1)R3K 

which is a multiple of a K-skew-symmetric, K-orthog
onal matrix with norm 1, or zero if A =±B-
Case 2_ N(A)=N(B)=- L 

[A, B]=[lJ'.lR1K+B252K+{3~3K, y 1R 1K+0 25 2K 

+ 0353K] = 2({3203 - (3302)R ,K 

+ 2(1J'.,03 - {33y,)S2K + 2(1J'.,02 - (32y,)53K 

which is a multiple of a K-skew-symmetric, K-orthog
onal matrix with norm - 1, or zero if A = ± B_ 
Case 3_ N(A)=- N(B)=- L . 

[A , B]= [1J'.2R2K+ 1J'.3R3K+{3,5,K, y,Rd( 

+ 025 2K + ih53KJ-

=0_ 

Thus the theorem is satisfied in all possible cases_ 
COROLLARY: Let A and B be K-skew-symmetric, 

K-orthogonal matrices such that A oF ± R Then A and 
B commute if and only ifN(A)N(B)=-l. 

S. Skew-Symmetric, K-Orthogonal Matrices 

Since we have a method for constructing all K-skew
symmetric, K-orthogonal matrices , and Pearl [3] gives 
a method for constructing all skew-symmetric, orthog
onal matrices, the question arises, what is the form of 
a skew-symmetric, K-orthogonal matrix? 

THEOREM 2: The matrix M is skew-symmetric (in the 
Euclidean sense) and K-orthogonal if and only if 
M = AK where A is a K-skew-symmetric, K-orthogonal 
matrix_ (Thus by Theorem 1, M is either of the form 

46 

PROOF: If M is skew-symmetric and K-orthogonal, 
then M' and - M and M' KM = K Hence 

(KM)2 = (MK)2 = - I 

and thus M - '=-KMK 

1 -
But by (8), M-l = N(M) M_ Thus we have 

1 
-KMK= N(M) M_ 

This is the same condition as (13)_ Thus M = AK 
where A is a K-skew-symmetric, K-orthogonal matrix_ 

Conversely, if M=AK, where A is K-skew-sym
metric and K-orthogonal, by definition M is skew
symmetric and since A'KA=K we have M'KM=K 

6. Conclusion 

This paper, together with Pearl's [3], completes 
the proof of Riesz' Theorem on all real, four-dimen
sional vector spaces, regardless of the metric imposed 
on the space_ 

Unfortunately, the methods of this paper are rather 
restricted, and it is not expected that they may be 
readily applied in the consideration of spaces of higher 
dimension_ 
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