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Some res ults on nonnegative matrices are proved , of which the following is rep resent a ti ve : Le t 
A = (au) be a nonnegati ve row stochas ti c matrix. If A "" 1 is a n e igenva lue of A. then 

IAI"" min (1 - L min (l ij . L m~x au- I) ' 
J J 
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1. Introduction 

In thi s note , the following results are proved about 
nonnegative matri ces A = (aij) of order n. 

THEOREM A: If A is symmetric, and Cj = 2: a jj, then 

L (Am );. j ~ 2: c :", m = I , 2, . . .. 
i . j 

This proves a conjecture of London [3], who has already 
proved Theorem A for s mall m and all n, and small n 
and all m. 
THEOR~M B: If A is stochastic ( i.e., 2: au = 1) , and 

J 

A ¥- 1 is an eigenvalue of A, I hen 

I A I~ min (1 -2: mfn au, 2: m~x au - I). 
J J 

Goldberg ([I] , t Theore m 1) has shown that 

IAI ~ (1 - 2: min aur-1. 
J 

S ince IA I is the produc t of the eigenvalues of A, and 1 is 
an eigenvalue of A, Goldberg's theorem is a conse­
que nce of our inequality. 
TH EOREM C: If A is stochastic and nonsingular, 
B = A- I, then 
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max Ibu l = max 
i . j "I ;'I¢ 0 

y 'A ~ 0 

max Iyd 

Goldberg ([11, Theore m 2) has s hown that Idet AI 
is at mos t the reciprocal of the right-han d sid e of th e 
above equation, and Theore m C is an effort to amplify 
Goldbe rg's theore m by c harac teri zing the right-hand 
s ide in te rm s of ele me nts of A- I. 

2. Proof of Theorem A 

We denote by the cardinality of a se t 5 by IS I, and 
the set {I , . .. , n} by N. F or any 5 C N, u$ is the 
vector (UI , . .. , u,, ) with uj = I ifjE5, Uj = O if.i¢5 . 
A nonnegative matrix A is s ubs tochas ti c if u~A = u~ 
and A uI' ~ us. A subpermutation matrix is a sub­
stochastic matrix in which every e ntry is 0 or 1. If 
x and y are nonnegative vectors, then x ~ y mean s 

(2.1) max (us, x) ~ max (us, y) k = 1, ... , n. 
181= '" I S I= ~' 

The following are known (see [3]). 

(2.2) If x and yare nonnegative vec tors, x ~ y if and 
only if there exists a substochasti c matrix A such that 
x= A y. 
(2.3) The convex hull of the subpermutation matrices 
is the se t of s ubs tochas ti c matrices. 

If a =(al , .. . , a,,) and b = (bl, .. . , b,,) are non­
negative vectors with 

(2.4 ) al ;;,: . . . ;;,: a" and bl ;;,: . _ . ;;,: b", ab IS the 
vector (al bl , . . . ,a"b,,). 



Also, we define 2" to be the set of nonnegative Ac=(aij-cj). Since (v, us) =O, vIAC=v'A. Hence, 
matrices A such that 

(2.5) Aus ~ a and (a;A) I ~ a. 

Note that 211s is the set of substochastic matrices. 
LEMMA 2.1: Ifa and b satisfy (2.4), XE2a. YE2 b, then 
XYE2"h' 

PROOF: By (2.1) and (2.5), we need only show, for 
5 eN, that 

and 

We prove only (2.6), the other inequality following by 
symmetry. Since X is nonnegative , (a~,:¥) I :;;;( a~X)' ~ a. 

It follows that 

(2.7) max u;,(a~,X)':;;;al+ .. +a", 
I T I~ /I 

h = l, ... ,151. 

Also, since Xus ~ a, it follows that 

(2.8) max u';,( U<X)' :;;; al +. 
ITI ~ " 

.+alsl, 

h = 151, 

Therejo/:e, if a ls l denotes the vector (aJ, . 
0, .. ,0), we have from (2.7) and (2.8) that 

(2.9) 

, n. 

Using (2.2) and (2.3), we see that (u,~X) I is in the convex 
hull of all vectors formed by applying subpermutation 
matrices to a isi . Since Y"N ~ b, Y,,:\, is in the convex 
hull of all vectors formed by applying subpermutation 
matrices to b. But the left side of (2.6) is the inner 
product of vectors in these respective convex hulls , 
and is at most the maximum inner product obtained 
from a vertex of one hull and a vertex of the other hull. 
From the well-known inequality ([2], p. 268), this is at 

ls i 
most L aibi, which is (2.6). 

i = 1 

COROLLARY: IfXE2 a , xmE2am, m= 1,2, ... 
Theorem A is obviously a special case of the 

corollary. 

3. Proof of Theorem B 

If A =F 1, and Av ' = viA, then (v, us) =0, since 
A Us = 1 us. Le t Cj = min aij. Consider the matrix 

(3.1) AV' =v'A =v'AC' 

Taking absolute values in (3.1), we have 

(3.2) 

But Ac is a nonnegative matrix , and it is well-known 
(see [5]) that if a nonnegative nonzero vector x and a 
nonnegative number J1- satisfy 

J1-Xj :;;; L xi bij 
i 

for a nonnegative matrix B, then J1- is at most the largest 
eigenvalue of B. Applying this to (3.2), and observing 
that 1 - LCj is the largest eigenvalue of Ac , we get the 
first inequality of Theorem B. The second is proved 
in an analogous manner. 

4. Proof of Theorem C 

Let y be any real vector such that y'A ~ 0, and 
ZI = y'A. Then , with B=A ~ I , 

max l(z B)jl 
(4.1) max max ---"-j----:--=---

Z,. o z'Bu 
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YI Y# 0 
!J'.4 3 0 z# 0 

where u =(l, .. . ,1). But Au=u implies Bu =u, 
and numerator and denominator of the right side of 
(4.1) are homogeneous in z. Hence, 

max I (z'B)jl 

(4.2) max ----"-j----:---=---
Z,. o z'Bu 
z# 0 

max max l(zI B)jl. 
z ~ 0 

L Zj~ 1 

Let io, io be such that I bill' j.,l = max I bd . Then 
I"J. 

I (zIB)jl :;;; L Izibijl :;;; L zilbijl :;;; max Ibijl :;;; Ibill,jlll, since 
i i I 

Zi ~ 0 , L Zi = 1. Consequently, the right-hand side of 

(4.2) is at most IbilA"- But this number is achieved 
if z is the vector with 1 in position io, and is 0 every­
where else. Consequently, the right-hand side of (4.2) 
is Ibi . j I, which combines with (4.1) to prove Theorem 
C. N~)ting that 

1 ~ I cofactor of io, io in A I = I bill,jll I . I del A I , 

one can deduce an alternative proof of [1], Theorem 2. 
Incidentally , it is ' manifest that essentially the same 

arguments also prove: 



and 

max Y j 

b --j----max ij= max 
i , j YI~'~t' ° L Yj 

min Yj 

min bij = mm --j---- . 

i . j Y IY'A ;;;' O "' Y j 
Y'- O L.. 

We thank D. London for stimulating conversations 
about the contents of Theorem A. 
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