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Th e fo ll o wing tra ns form pair is es tabli s hed: 

;:'1x) = JX (xy),'[Ep ; a,·: q: P,: CrY) ~ "lj(y) dy. 
" 

o q: I - PI+ - : (xy) ' " 
II ~ /

. 1 J 
j(x) = II " {x (xy) - kE 

j " I . I 
1;+- 1)+ I : 1 - <1, +-, I ;:,1y) dy. 

II n 

whe re II. is an y pos itive integer a nd E is Mac Ro be rt 's fun ction a nd the ge ne ra li zed Mac Robe rt 's fun c
ti o n, res pec t ive ly. 

S pecia l c ho ices of t.h e para me t.e rs in the las t tra ns form lead in turn to th e de riva ti o n of Ha n ke l 
tra ns form , V-tra ns form , K-tra ns form , Fouri e r tran s form , Laplace tra ns form a nd ot.h e r int egra l tran s
form s with ta bles to illu strate t.hese ne w tra ns forms. 

Key Words : Fouri e r-tra nsform , fun c tiona l tra ns form s, gene ra lized Mac Ro bert 's fun c ti o n, Hank e l 
tra ns form , K-tra ns form , La place tra ns form , M ac Robert ' s fun c ti on, V-tra ns form . 

1. Introduction 

In thi s paper we di scuss a new class of integral transform s and their inver sion formulas . Th e 
kernel in th e trans form is MacRobert's E-fun c tion whose properties and definiLion s are to be found 
in [112 pp. 348- 358, and which will be di scussed furLher late r on_ In the inve rs ion form ula, the 
kernel is likewise the ge nerali zed E -fun c tion of MacRo bert (see [1J , p. 419). Known special cases 
of our res ults are the Hankel transform pair ([2] , p_ 3): 

g(x) = (x ./v(xy) (xy) 1/2f(y)dy 
Jo 

j( x) = f "./v(XY)(Xy)I /2g( y)dy; 

"' Sponsored by the M alhcmulic:-: · Hescarch Cent er, Unit tc'd States Arm y. M adisun . W isconsin . under Contrac t No. DA-·": 11 -o02-0RO-2059. 

I Presen t address: Depa rtmen t 411' Mathematicf'. Fa<;ult y or Enginee ring. Ca iro Un ivers it y. Cairo. Egypt. Unit ed Arab Republic. 
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the Y-transform pair ([2J; p. 93): 

g(x) = f ' Yv(xy)(xy)I /2f(y)dy, (3) 

(4) 

and the K-transform pairs ([2], p. 121): 

g(x) = f ' Kv(xy) (xy) 1/2j(y)dy, (5) 

1 1"+;00 
f(x) = 7Ti C-; oo Iv(xy) (xy) 1/2g(y)dy. (6) 

When v=± t , the Hankel transform and the K-transform reduce to the Fourier and Laplace 
transform, respectively. So it is not necessary to reproduce them here as particular cases of our 
results. 

Section 2 contains a treatment of the E-function and preliminary results, and section 3 contains 
the derivation of our main results. Section 4 contains the derivation of the K-transform pair 
((5) and (6)) from the Hankel transform pair ((1) and (2)); while several other particular cases are 
presented in section 5. 

It may be noted that the parameters and the variables are such that the functions involved 
exi'st and the integrals are convergent. 

2. Subsidiary Formulas 

The Mellin transform pair ( [3] , p. 7): 

1 jC+iX 
f(x) = -. x- sg(s)ds , 

27Tt c - ioo 

will be utilized. 
The E-function is defined by the Mellin-Barnes contour integral (see [1], p. 374). 

p 

IT f(0',.-g) 

1 J /" = 1 E(p; 0',.: q; PI: z) =2---: rw ----z~d~, 
m rlf(pt-D 

1= 1 

(7) 

(8) 

(9) 

where the integral is taken along the l)-axis with loops, if necessary, to ensure that the pole at the 
origin lies to the left and the poles at O't, 0'2, ... , O'p lie to the right of the contour. Zero and 
negative values of the O"s and p's are excluded. When Ji < q + 1 the contour is bent to the left 
at both ends. Convergence is secured if larg zl<t (p-q+ 1) if p > q+ 1 and Izl> 1 if p=q+ 1. 
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The generalized E-fun c tion is de fin ed by (see [1] , p. 419) 

I 

III IT . ( ) 1 
_ 111 - 1- 1'" r =1 sin Pq+s-IX/!+r 7T Pq+s-
- 7T L. III Z 

s= 1 IT' sin (Pq+s-Pq+t)7T 
1= 1 

x E (P~; IX/" - Pq+" + 1 * 
PI P<t+s+ 1, ... 

: wz ) 
. " PIJ+III - pq+s+ l ' 

(10) 

where l , m are the integers, w is equal to e :!: i1r or 1 acco rding as I + In is e ve n or odd and the co ntour 
passes along the 1)-axis from - 00 to 00 with loo ps , if necessary , to ensure th at th e po les of the 
integrand at the origin a nd at p'I+ I - l, PIJ+2- 1, ' , "Plf+III - 1 li e to the left and the poles a t 
IXI, IX2, , _ " IX/! to the right of the contou r, whe n necessary th e co ntour is be nt to th e le ft or to 
the right a t both e nds until it is parallel to the ~-ax i s, The E-funct ion is also de fin ed thu s: 

If p :s; q; the n 

(1) 

while if fJ "" q + 1; the n 

/! rt { q } - I E(p ; IX/": q; ps : z) = ~I 8= 1' r(IX, - IX,) D f(PI - IX/") f(1X,)Z" r 

" IX/" - P'_I + ]; (- 1)/J- lf) , 
* , , "IX/" IX/! + 1 

(12) 

From ( 1) and (12) it is clear that the E-function is immediately related to the generalized hyper
geometric fun ction and reduces to simple expressions in the ordinary or Gauss hypergeometric 
function whe n p = 2, q = l. For p = q = 1 it is also evide nt that the E-function reduces to the 
confluent h ypergeometric function or Kummer's function, The case p =2, q = O yields the rela
tions (see [1] p , 351) 

cos n7TE( t + n , t - n: 2z) =V(27TZ) e K II (z) , (13) 

and 

(14) 

where KII(z) and WI. , III(Z) are the modified Bessel function of the second kind and Whittaker function, 
respectively, Whe n p = q = 0 the E-function is just e- I / Z, When p = 0 , q = 1, then we obtain the 

25 



Bessel function of the first kind. Thus we have 

(15) 

The case p = I , q = ° gives 

( 1) - (l 
E(a::x) =f(a) 1+;: . (16) 

More parameters in the E-function lead to the equivalence of the E-function with products of 
Hankel functions , with Lommel functions, Bessel functions and with product of Whittaker func
tions. The following are some examples: 

(17) 

(18) 

xE --f..+m - -f..-m --f.. I-A ·1-2f..· -( 1 1 1 X2) 
2 ' 2 '2' . . 4 ' (19) 

Jv(X)J_v(X)=7T- 1/2E G: I-v, 1 + v: :2)' (20) 

J2(X)= 7T- 1/2E (.!+ V' 1 + v 1 + 2v'~) 
v 2'" X2 ' (21) 

(22) 

and 

(23) 

It is easily seen from (9) and (10) that the generalized E-function reduces to the ordinary 
E-function when [=0, m= 1 and Pq+l=l. 

3. The Main Results 

The main theorem to be proved is 
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If n is any positive integer , q ¥ 0 a nd if 

g(x) = f' (xy )h"£[p; a,.: q; PI: (xy) ±"]f( y )dy, (24) 

then 

f( x ) = n2 f (XY )_kE[O ; I!q; I-p,=+=~: (~Y) ±'l g( y )dy, 

1; =+= - p + 1; 1 - a,. =+= - , 1 
n n 

(25) 

where the kernel in the inversion formula (25) is given by (10) and the integrals are convergent. 

W e wish to solve the integral equation 

g{x) = t" (xy)kE[p; a,.: q ; ps : (xy) II J/(y) dy . (26) 

Usin g the notation of [3J, p. 315, we have 

G(s) = L" xS - lg(x) dx, 

or 

(27) 

Also 

.9Z(s) = uS+ /, - IE[P; a,. : q; p(:u" jdu =- y// + // - IE[p ; a,.:q; p( :yJdy Jx If" S k 

o n 0 

by (7) , (8) and (9). Thus 

fJ ( k 1 s) IT r a,. + - +- --
( 1 k s),. = I nn n 

n.9Z(l-s) = r - ;:,: - ;:,: +;:,: IT r (PI + ~ + .!. _ ~) ' 
1 = Inn n 

(28) 

and so by [3], p. 316, (27) and (28) 

27 



. ' .' .r PI+-+---, q ( k 1 S) 
. 1 f< +IZCO-S), n f< +I>o (11 n n n x - " IX , 

j(x) =-, - , --x-"ds=-, . x y-'g(y)dyds 
2m c - ix 9(( I - s) 2m c - ix II" r (al + ~ + .! -~) r (_ .!_~ +~) " 

1 = Inn n n n n 

q ( k 1 s) , r P +-+---j '" f C + I " IJ 1 n n n 
= n g(y)dy ( I (xy) - ' ds 

" c - i " r (- .! - ~ + ~) III' r (al + ~ + .!-~) 
n n n 1= 1 n n n 

" ( 1 ) II r P +-- (: 
'l. c+;x (S 

= n21 (xy) - I.g(y) d y j , 1 = 1 I' n (xy) - II ~d~ 
" (' - I x r (- .! +~) II r (a, + .!-~) 

n 1 = 1 n 

[I 1 1 0; q; I-PI -- ; (xy) II 
= n 2 f ' (x y ) - I>g(y)F 1 n 1 

1; -- p+ 1; l - a, --, 1 
n n 

dy 

by (10). 
Thu s the firs t part of the main transform pair (24) and (25) is proved . The case with - n in

stead of n can be dealt in a similar way. 

4. Derivations of Hankel and K Transforms 

When n = 2. the transform pair (24). (25) becomes 

E'(x) =1'" (xy)/.£( p ; (x, ; q ; p,; x - 2y-2)f(y) dy , 

" 
(29) 

, % (q; I - PI + ~; ( xyF ) 
j(x) = 4 L (xy) - kE . .! . _ .! E'(y)dy. 

1' .2 P + 1,1 a'+2, l 
(30) 

In (29) and (30), take I) = O. q = 1. with PI = lJ + I, apply (15) and so obtain a generalization of 
Hanke l transform namely; 

g(x) = 1 " (xy)/'-V./v(xy)f(y)dy. 

" 
(31) 
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~~~---

(32) 

1 . 
When k = v +2' then (3 1) a nd (32) reduce to the Hankel transform paIr (1) and (2). 

To derive the K-tran sform (5) and (6), we have the integral equation 

g(y) = fox IC(xy) (xy) 1/2f(x)dx. 

Thus 

S ubtrac t th e las t two equa tions us ing the relat ion 

so getting 

(33) 

I . 
In (33) write e 2 '''y for y and ge t afte r us ing the relation 

Apply Hankel transform to the last equation and get 

1ri 

H ere write /i T y for y, apply (34) and get 

7Tif( x) =f i x 1" (xy) (xy ) 1/2{eT- V1rig (y/iT ) + g(y)} dy 
Il 

= riO<> Iv (xy) (xy) 1/2g(y)dy+ f X Iv (xy) (xy) 1/2g(y)dy 

= fii~ Iv (xy) (xy) 1/2g(y)dy 

= r:;~ Tv (xy) (xy) 1/2g(y)dy, 
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provided that there are no poles of the integrand between the two contours. Thus 

1 lc+ ix 
f(x) = 1Ti c-ix Iv (xy) (xy)1 /2g(y)dy, 

and the K-transform pair is obtained. 

To derive the Y-transform, take in (24) n=-2, ])=1, q=2 with ctl = l, PJ=~ ' P2=~+ V' 
apply (22), (23) and so obtain a generalization of the Y-transform pair namely: 

g(x) = f (xy),·-V-I Hv (x)f(y)dy, (35) 

then 

f(x) = t' (xy) - k+V+2Yv(X)g(y)dy, (36) 

which reduces to the Y-transform pair when k = v +~. 

5. Applications: Generalized Hankel Transform 

In (24) and (25) write n= 2m (m= 1,2,3, ... ), take the (-) sign and apply (16) so obtaining 
another generalization of the Hankel transform pair namely 

(37) 

f(x) = 4m2 LX (xy)IIIV+2111-I-k}v [2xlllylll]g(y)dy, (38) 

where m is any positive integer and the integrals are convergent. When m= 1, k= v+ ~ it reduces 
to Hankel transform pair (1) and (2). When k=mv+m-~, the last transform pair becomes: 

(39) 

(40) 

where m is any positive integer. It may be noted that (39) and (40) can be deduced from (1) and (2) 
by a change of variable. 

If k = 0, then (31) and (32) give another form of Hankel transform namely: 

(41) 

f(x) =x ~L" Y} }v(2Vxy)g(y)dy. (42) 
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Again Hankel tran sform pair (1) and (2) can be written in the form 

,g-(x) =lx Y} v(xy)I(y)dy, 
o 

(43) 

I(x) = ( x y} v (xy)g(y)dy. 
Jo (44) 

Equations (43) and (44) can be extended to the case for 11 variables thus 

I x [ 1/ ] . . II y,.Jv,.(X,Yr) g(yl' y~, .... Yl/) dy,dy~ . .. dYI/· 
o 1'= 1 

(46) 

Other particular cases of the transform pair (24) and (25) are the following new·integral transforms: 
EXAMPLE 1. Th e K}-trans/orms: From (24), (25) and the formula 

(47) 

we arrive at the transform-pa i r: 

g(x) ~ " (~ ) (3 1 ) r (xy)'"F., (1 + v . 1 +4 v ~ + 4 v - <,y') f(y)"Y· 
I (1 + v)f 1 +2 v f 2+2 v 

(48) 

I(x) = 16 ~ ( z (xy) - I; + ~" + ;!f(v(2 V2xY)}v(2 2xy)g(y)c/y. 
Jo (49) 

The follow ing table illu strates so me examples of the last transformation. 

T ABLE I 

j(x) I'(x) 

e'" 

(

1. + I 1. + 2 1.+:3 1. + 4 ) - 4- ' - 4- ' - 4- ' - 4- : - 4~XI 

IF" 
I :~ I 

I + IJ. 1 +- v. -+- v 
2 2 2 

1«1.) >- 1 /{(v» - l. /?(k - 4v»O. 1«I. - 2v - 2»0. 
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fix) 

f( ,,(x) 

1?(I. ± n + 1» 0 

e~ ·'E(y. I) :: x) 

R(ld y + I»O , R(k+I)+ I»O 

v;; _:': . (X) 
~-e2 /\ 11 -
cos n7T 2 

TABLE I- Continued 

g(x) 

R(v) >- 1. R(k ± n-4v) > 0. R(k ± n - 2v - 2) > O. 

HF j 

(

k + Y+ l k + y + 2 k + y +3 l. + y+4 
--- -~- ~~- ---4 . 4 . 4 . 4 . 

k + y + l) + l l. +y+I)+ 2 l. + y+I)+3 
4 . 4 . 4 

HH 1 HS+2 HS+3 H6H - 4' ') 4 . 4 . 4 ' 4 ' x 

k + y + I) + 4 I 3 I 
4 .1 + v.1 + '2 v·2+'2 v 

R(v» - I. R(k + y-4v»0. R(I. + I) - 4v) > O. 

R(k + y - 2v-2) > O. R(k + o - 2v - 2) > O. 

r G + n) r G - n) r (k+n + ~) r (k - n + ~) 
----------,-------:----,-------:-~Xk 

8F, 

r(k+2)r(l+vW (~v+1) r (~v+~) 

(

2k + 2n + 3 2k + 2n + S 21.+2n + 7 2k + 2n + 9 
8 . 8 . 8 . 8 . 

k + 2 1. + 3 1. + 4 1, + 5 v+3 
~4-' ~4-'~4-'~4-'~2- · ) 

2/, - 2n+3 21.-2n + 5 2k -2n + 7 2/, - 2n + 9 
8 ' 8 . 8 ' 8 ; - 44X4 

1 
1+ v , 1+ 2v 

R(v»-I, R (k + ~ ± n-4v) > 0, 
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lex) 

rG-k'+ m) rG- k' - III) 

R G + k - k' ± m) > 0 

E - --+ v + l --- + - + 1 ( 1. + 1 1. + 1 v 
4 '4 2 ' 

R(v» - l, R(k) <- 1 

3 

x4v- '·+3 (l + x')Z- v 

R(v) >- 1 

TABLE I-Continued 

g(x) 

r (% + 1. -1.' + m) r G + k-k' - m) 
---------'--------x .. 

r(H2 - 2k')r(l+v)f (l+!v) r (~+ !v) 

(

2k- 2k .. ' +2111+. 3 21.- 21.' + 2rn+5 2k- 2k4-2111+ 7 2k+2k' +2111+9 
8 ' 8 ' 8 ' 8 ' 

sF7 
1.-21.'+2 1.-21.'+3 1. -21.' +4 1. -21.' + 5 

4 ' 4 ' 4 ' 4 ' 

2k-2k'-2m+3 2k - 2k'-2m+5 2k- 2k' - 2m+7 2k- 2k' - 2m+9 ) ----- ----- ----- -----, - 4'x' 
8 ' 8 ' 8 ' 8 ' 

R(v»- I , R G + k - k' ± m - 4v) > 0, 

R (k - k' ± 1Il - 2v -~) > 0, 

k I 

2- 'x 2 2K H I, (2x2): 
,I 

R( v) > - 1, R(7 + 8v ± k) > ° 
R(7+4v ± k»0, 

R(v) >- 1. 

EXAMPLE 2. The J vYv-trans/orm: From (24), (25) and the formula 

2· I - 2v I-V-.!) , , , x 

2· l - v I 
'2 ' 

(50) 
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we arrive a t the transform pair 

Some examples of thi<:; tr ... nsform are given in the following table. 

f(x ) 

R(I,+ I) > 0 

r"E(y. Il:: x) 

R(y + k+l»O. R(Il+k+I » O 

v;;; -~ (X) --e 2 K -
cos nrr 1/ 2 

TABLE 2 

,I:'(x) 

, ro +k)f (~ + v) 
x f(I -t- 2v)f(1 +v) 

(
I+ k l+v--r) . 2 . -

"F" : 
1+2v.l +v 

1 R( k) > v- 2 . R(l + 2v) > O. 

. ny)f(Il) n y+ k+ 1)f(Il+k+ l )f G + v) 
x' .----------,--'=---"-

[(1 + 2v)f(l + v)I'(")I+ Il+ k + 1) 

(
Y+ k + I. Il+k + 1. ~+v: -x) . 

:IF" . 

1+2v,l+v. y+IHk+l 

R(l +2v) > O. 

R(v-ll-k)<L 
2 

I 
R(v- y-k) <"2.' 

(

3 3 3 ) 2+ k + l1 • 2+ k - n . 2+v; -x . 

:IF. . 

1+2v.l+v,2+k 

R(l + 2v) > O. R(l + k - v ± n) > O. 
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TABLE 2 - Continued 

f(x) g(x ) 

r(~ - I/ + m) r(~ - k' - m) X-" 'e~ 
,r G-k'+ m) r G-k'-m)r (~+v) 
x,~-=~~~~-=--~--~~ 

f'(l + 2v)f'(l + v)f'(2 - 2k' + k) 

Wk,.",(x) r (~ - k'+k+m) r G-k'+k-m) 

( ~-k'+k+lJ~ ~-k'+k-m ~+ v' -x) 2 ' 2 '2 ' 

"F, : 
1+ 2v,1 + V,2 - 2k' + k 

R G + k - k' ± In) > 0 R(l + 21') > 0, R(l + k - k' - v ± m) > O. 

" r(1 + k + 11)1'( 1 + k - n)r (~ + v) 
x f'(l + 21') 1' (1 + v) 

( '+k+n"H-n,l+", -,). 
"F, . 

1+ 21' .1 + 1' 

R(1 + k ± lI ) > 0 R(l + 21') > 0, R (.! + k- v + 11) > 0 2 - . 

/'(2v - k)l'(v - k) {r G+ v-k)f' k I 
2x 2-2 K"+l (2Vx); 

2V - K v - k· - !. . 'x 

R (v+! - k) > 0. R(2v + 1) > 0 R(2v+ 1) > 0, R(2v - k + 1) > O. 

EXAMPLE 3. The {E v- JD transform: From (24), (25), and the formula 

2; : + v, 1- v'~) 
2; 2' 1 

(53) 
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we arrive at the transform pair 

Y; f "" f (x) = . (xy) -k {J ~vCVx)- J~(Vx»g(y)dy. 
2 sm V7T 0 

Particular cases of this transform are given in the fo llowing table. 

I(x) 

e-xE (y, 0: : x); 

TABLE 3 

g(x) 

f (~) l'(1 + k) 
Xk~-'--'--__ -

f( 1 + v)f (l - v) 

(~ l + k· - x ) 2' , 

2F
2

. 1+ v, l - v ,; 

kf G) f (l + k + n)f(1+ 1, - Il ) 

x f(1 + v)f( 1- v) 

(~' 1+ k + Il , 1+ 1. - Il: - X) . 

"F2 , 

, 
1+ v, l- v 

R(1± v) > 0, R G+k ± n) > O. 

k fly + k + 1)f(0 + k + 1)f G) r(y)r(8) 

x f(y + k + 8 + 1)f (1 + v)f(l-v) 

.c ( ~, y +k+ 1 ' 8+k + l ;-~') . 
;jr 3 • , 

1+ v, l - v, y + 0 + k + 1 
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f(x) 

v:;;; x (X) --e 2 K" -2; 
cos n7T 

R(I+k±n»O 

f G -k' + m) f G -k' - m) x-k ' 

x 

e -2 Wk " ",(x); 

R(I+k-k' ± m» O 

f(v - k)f(- lJ - k) 

f G- k) 

v - k - v - k· -~ , ' x 

~-k 
2 

TABLE 3-Continued 

g(x) 

;f (~+k+n) f (~+k-n) f (~) 
X cos nrrf(2 + k)f(l + v)f(l- v} 

( 
~ ~+k+n ~+ k-n--) 2' 2 ' 2 ' 

aFa 

2+k , l+v, I-v ; 

R(l ±v) > 0, R(l +k±n} > O. 

/ (4-k'+m) f G-k'-m) f @ 
x f(2 - 2k' + k)f(l + v)f(I- v) 

f (~-k'+k+m) f G-k'+k-m) 

( ~-k'+k+ m ~-k'+ k - m ~ . -)x 2 ' 2 ' 2' 

,F, 
2-2k'+k, l+v, I-v 

R(1 ±v) > 0, R(I +k-k' ± m) > O. 

k I 

2x 2 2 K k+ l (2Yx) ; 

R (l ± v» O. 
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