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E-Transforms *
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(December 14, 1966)

The following transform pair is established:

,‘A.\):J’ (WF[Ep: cnt q: pe ()= f()dy;
0

1
0 q: 1 —piF—: (xy)*"
; n
)= nzf (xy) *E
0 l l
L+ ptl:l1—a,F—, 1| g»dy,
n n

where n is any positive integer and E is MacRobert’s function and the generalized MacRobert’s func-
tion, respectively.

Special choices of the parameters in the last transform lead in turn to the derivation of Hankel
transform, Y-transform, K-transform, Fourier transform, Laplace transform and other integral trans-
forms with tables to illustrate these new transforms.

Key Words: Fourier-transform, functional transforms, generalized MacRobert’s function, Hankel
transform, K-transform, Laplace transform, MacRobert’s function, Y-transform.

1. Introduction

In this paper we discuss a new class of integral transforms and their inversion formulas. The
kernel in the transform is MacRobert’s E{function whose properties and definitions are to be found
in [1]2 pp. 348-358, and which will be discussed further later on. In the inversion formula, the
kernel is likewise the generalized Efunction of MacRobert (see [1], p. 419). Known special cases
of our results are the Hankel transform pair ([2], p. 3):

g(X):f Jo(xy) (xy) 2 f(5) dy (1)

= f * ) ey @)
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the Y-transform pair ([2]; p. 93):

gl = f ) Yo (xy) () *f(y) dy, (3)
)

(

f() :fx H,(xy) (x»)'?g(y)dy: (4)
0

and the K-transform pairs ([2], p. 121):

o= f " K (e i)y, 5)

(

1 Giitee
flo)= ;j Ly (an) e y)dy. (6)

When v==1%, the Hankel transform and the K-transform reduce to the Fourier and Laplace
transform, respectively. So it is not necessary to reproduce them here as particular cases of our
results.

Section 2 contains a treatment of the E-function and preliminary results, and section 3 contains
the derivation of our main results. Section 4 contains the derivation of the K-transform pair
((5) and (6)) from the Hankel transform pair ((1) and (2)); while several other particular cases are
presented in section 5.

It may be noted that the parameters and the variables are such that the functions involved
exist and the integrals are convergent.

2. Subsidiary Formulas
The Mellin transform pair ([3], p. 7):

&) =J:)x ) dx, (7
- L Giioa L d
f(x) - 277_[ i X g(s) S, (8)

will be utilized.
The E-function is defined by the Mellin-Barnes contour integral (see [1], p. 374).

»
H F(ar_é:)
1 =
Ep: ar:q; pe: 2 :%j I¢) ql—zfdé 9)
I(pi— 9
Lt

where the integral is taken along the n-axis with loops, if necessary, to ensure that the pole at the
origin lies to the left and the poles at ay, az, . . ., a, lie to the right of the contour. Zero and
negative values of the a’s and p’s are excluded. When p < g+ 1 the contour is bent to the left
at both ends. Convergence is secured if |arg z|<3 (p—q+1)if p>¢q+1and |z|>1if p=q+1.
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The generalized E-function is defined by (see [1], p. 419)

4

r(ar_g) r(g_p(+s+ 1)
E ps &y m; Pq+s 2 :L ];II g '
q ps/ [+1; apir, 1 Kt || 4 L

zEd¢
P(ps— &) [ T(& —etp+rt 1)

s=1

R i F=1sin (Pq+s— a1;+r)77 2 Pq+s — 1

S5l l_[’ sin (pq+s _Pq+r)7T

t=

Y E (]H—/: O — Pg+st 1 twz > (10)
pl_pq+x+1, ... s . e ey P:,+//:_/J:,+x+1 ’

where [, m are the integers, w is equal to e*™ or 1 according as [+ m is even or odd and the contour
passes along the m-axis from — to © with loops, if necessary, to ensure that the poles of the

integrand at the origin and at pyi —1, pg2—1, . . .. pgem—1 lie to the left and the poles at
ar, az, . . ., ap to the right of the contour, when necessary the contour is bent to the left or to

the right at both ends until it is parallel to the &-axis. The E-function is also defined thus:

If p =< ¢: then

1
. , g @58 ==
M) . .. Ny % (11)
Eporiqpodl— — — pl ?
L L S T I T
while if p = ¢+ 1; then
) by a S
Ep: ar:q: ps: 2= || Nas—av) {H I(p,—a,-)} () z
r=1 s=1 t=1
. (a,-. a,—pr 1.0 a,-—p,,Jrl:(—I)"”') (12)
"ay—ar+1, .. F 5 @=@yar | ’

From (11) and (12) it is clear that the E-function is immediately related to the generalized hyper-
geometric function and reduces to simple expressions in the ordinary or Gauss hypergeometric
function when p=2, q=1. For p=g¢=1 it is also evident that the E-function reduces to the
confluent hypergeometric function or Kummer’s function. The case p=2, ¢=0 yields the rela-
tions (see [1] p. 351)

cos nmE(z +n, % —11:22)=\/(27Tz)e~’[<,,(z), (13)
and

EG —k+m,3—k—m::2=TG —k—mlE —k+mz kel 1. w(2), (14)

where K,(z) and W ,u(z) are the modified Bessel function of the second kind and Whittaker function,
respectively.  When p=¢=0 the Efunction is just e="2.  When p=0. g=1, then we obtain the

5



Bessel function of the first kind. Thus we have

E(:v+1:x) =xv2],(2x ). (15)
The case p=1, g=0 gives
1\ .
E(a::x)=l‘(a)<1+;) (16)

More parameters in the E-function lead to the equivalence of the Efunction with products of
Hankel functions, with Lommel functions, Bessel functions and with product of Whittaker func-
tions. The following are some examples:

a*H V() HP(x) = 2 (cos va)m=3xH- EG +v, 2—v, 3:: %), (17)

(18)

s
e

2k —1
Wi mQix)W i, m(—2ix)=m—1/2 <§> {F <%— k-t m) r (é— hk— m)}

1 2
XE(E—A"—Fm,%—l;—m.%—/.'. 1—h:1—2k: XZ) (19)
o) )=mE (S 1=, 1+ v: L
S0 (x) =17 5 1=, +v.x—2 5 (20)
€ D 1 1
JXx)=a12E (=+v:1+v, 14+ 20:—), (21)
2 x®
2
gt Lyt o N
o :<x.> T g (22)
0 32w, —5 v, | ! et
: ¥ Ty Vs 22" ?
and
0; ... 2;1-4—%,1—%3%
Vo E . o2 R (23)
1;§+§ 2,51/—{-5,1

It is easily seen from (9) and (10) that the generalized E-function reduces to the ordinary
E-function when (=0, m=1 and pg+1=1.

3. The Main Results
The main theorem to be proved is
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If n is any positive integer, ¢ # 0 and if

1;1l IRlE l—aril,l
n n

) f " CE D ot g o ()= (), 24)
then
o O & 1_ —l ( )rn
=i f ()| Gl = (25)
0

where the kernel in the inversion formula (25) is given by (10) and the integrals are convergent.

We wish to solve the integral equation

g(x) :f - (xn)*E[p; o : q; ps: (xy)"lf (y)dy. (26)
0
Using the notation of [3], p. 315, we have
G(s):fl x* 1g(x)dx,
0

or

C(l——s):JZx*“g(x)llx. (27)

; 1= s,k_
%(s)Zf wtF1Ep; oy q; pr:uldu = Af yt 1E[p: o q; pe yldy
( )

) nJ

ks
t=1 <p[+;+;
by (7), (8) and (9). Thus
| F(a,-+§+%—%>
= S (28)
n n n I(p,—l——-i———i)
e n on n

and so by [3], p. 316, (27) and (28)
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fir(oede1

iz (1 — iz LL I o= -

1 G(l—s) ., _n =7 n n_n) x XJ' J5a(y) dyds
0

/(X):_ O] —e X ras=5— . » -
2771 c—ix A S) 27T c—ix H F<a'+/_'+l_i> 1 <_l_£ §_>
=1 n n n n n

n

q .
. . [l r(p+2+2-2)
o G =1 n n n a
fnf g(x)(lyf T & s\ 2 1 s (xy)~*ds
! T ( ——‘+‘)Hr<a,+i+ —7)
n n n)tL n o n

11 I <p1+%—f> i) -rtde

by (10).
Thus the first part of the main transform pair (24) and (25) is proved. The case with —n in

stead of n can be dealt in a similar way.
4. Derivations of Hankel and K Transforms

When n=2. the transform pair (24). (25) becomes

g(x) :fx (xy)*E(p: ar: q: ps: x 2y 2) f(y)dy. (29)
1 N
. q: 1*Pr+§: (xy)*®
f(x) :4f (xy)~*E | . g(y)dy. (30)
! 1;§])+1; ]—a,»—i-i.l

In (29) and (30). take p=0. g=1. with p;=v+ 1, apply (15) and so obtain a generalization of

Hankel transform namely:

2(x) :f/' (xy)i =2 (xy) f(y)dy. (31)

&
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f(x) =jx (xcy)=F+v+1], (xy) g (y) dy.

1
When k= V+§.. then (31) and (32) reduce to the Hankel transform pair (1) and (2).

To derive the K-transform (5) and (6), we have the integral equation
y) :f’- Ky (xy) (xy)'*f (x) dx
0

Thus

e rig(y) = f eI, (ey) () 12 ) .

s

g (ye™) f K, (xye™)e f( )dx.

Subtract the last two equations using the relation
Tl (2) = e’z (2= (zeTl))

so getting

"L () )y dx = ® LB —eem)),

0 T

. : . .
In (33) write e2™y for y and get after using the relation

Apply Hankel transform to the last equation and get

Tnvl

mif (x) f Jo (o) (o) V2t~ T e ) T g (ve? )}dy.
0
e y for vy, apply (34) and get

mif(0) = [ 1) () e e )+ by

[t ey [ 1) vy

:ﬁ;x 1, (xy) (xy) "g(y)dy

=f_x L (xy) (xy)"2g(y)dy,

29

o ’T{;(_y;?)—(ﬁ- r(yem 'mf Jo (xy) (xy) V2 f(x)dx.

(32)

(33)

(34)



provided that there are no poles of the integrand between the two contours. Thus

== f e

and the K-transform pair is obtained.

To derive the Y-ransform, take in (24) n=—2, p=1, ¢g=2 with o, =1, plzg, pgzg—f— v,
apply (22), (23) and so obtain a generalization of the Y-transform pair namely:
£ = [ ) )y 35)
then
1) = [ Gn -2y, gy, 36)
which reduces to the Y-transform pair when k= V+%)'
5. Applications: Generalized Hankel Transform
In (24) and (25) write n=2m (m=1, 2, 3, . . .), take the (—) sign and apply (16) so obtaining
another generalization of the Hankel transform pair namely
ex) = | G, 2y 1) dy, @)
f(x) = 4’712]; (xy) mv+2m—1—chV [2xmym]g(y) d}’. (38)

where m is any positive integer and the integrals are convergent. When m=1, k=v+ % it reduces
to Hankel transform pair (1) and (2). When A= mv+ m— 3, the last transtorm pair becomes:

o _1
= f G 2y (39)

e _1
f(x) =4m? L (xy)" 2, [2x™y™] g (y) dy, (40)
where m is any positive integer. It may be noted that (39) and (40) can be deduced from (1) and (2)

by a change of variable.
If £=0, then (31) and (32) give another form of Hankel transform namely:

A=t f Ty EL Va0, @)

flx)=x f R 42)

0
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Again Hankel transform pair (1) and (2) can be written in the form

g(x) :Lx ¥Jo (xy)f(y)dy.

S(x) =f0x vlo (xy)g(y)dy.

Equations (43) and (44) can be extended to the case for n variables thus

{."(X]. 88 o o og Xu):fx o o o fx |: yr./u'.(xr)"r)}/‘(}'1. Wi o o ag V\’,,)([_Y](I}'g o o
0 0 Ly

r=1

f(x1, 2, - - ., Xn) ZJ;Z S f(,x [l—'[ »“"-,",-(X"."")]g(-"l* Vou o v o yu)dyidys ..

(44)

. dyy.  (45)

cdyn.  (46)

Other particular cases of the transform pair (24) and (25) are the following new-integral transforms:

ExampLE 1. The KJ-transforms: From (24), (25) and the formula

g1 1.1 1 1 1
0: 3.4 Vg TV T3 TV

g 1l

= (2m) 223K, (2V2x) ], (2V 2x) : 47)

1 = ; .
g(x)= 1 5] f (xy)*oF5, (1 A | +% v, §+% v: —x"ﬂ) f(y)dy.
l‘(l+u)l‘<]+§ v) I’ <E+Z 1/) !
(48)
(49)

fx)=16 V2x fx () =5 (2 \/Qx_\'),/,.(Z \/Q.r)‘)g()')(li\'.

The following table illustrates some examples of the last transformation.

TABLE 1
f(x) 2(x)
i A+ 1) )
et - S X
l(]+u)| <]+EV>[ (E+§V)

ol k2 k3 ktd

1+v I+l j+l
. 2V2 2V

R(k) >—1

il

i) == 1l R(k—4v) > 0. R(A—2v—2)>0.



TABLE 1—Continued

f(x) &(x)
_lharipar N R AREN - A N =S
| < | ( I ( |
) ! 4 4 4 4 :
K, (x) 2651 x
(2 )I‘(l+l/)l‘(l+lv) I (§+lu>
TR 2 272
aioar b fiaripars h=mparll h=nars
A g 3 =t
4 4 4 4
lP‘ﬂ
|
1+V. I+EVE+EV
Rkxn+1)>0 Rv)>—1. R(k=n—4v) > 0. Rk=n—2v—2)>0.
CL@k+y+ DUk +8+1) ,_
e "E(y. 8::x) 1 3 1 x
I(A+’)’+3+l)l(1+l/'[ (1+§V)l <E+El/)
k+y+1 k+y+2 k+y+3 b+y+4
4 ’ 4 : 4 : 4 ’
sFz
kty+8+1 k+y+8+2 k+ty+d+3
4 . 4 ) 4
k+6+1 k+6+2 k+8+3 k+6+4
. 5 y — gyt
4 4 4 4
k+y+8+4 1 31
1 .1+V.]FA2V.2+2V
Rv)>—1. R(k+vy—4v) > 0. R(k+86—4v) > 0.
R(k+y+1)>0, Rk+86+1)>0 Rk+y—2v—2)>0. He=rO=2p=2) = (),
r 1+ r ! I(k+ +3 (4 +3
(5+7) P G=n) T (4+nrg) T (1=nt3)
2
Fe+2ra+or (Lo+1) 1 (1042
2 2 2
Vim == = 2k+2n+3 2k+2n+5 2k+2n+7 2k+2n+9
e2h, <‘> 8 : 8 : 8 : 8 :
cos nw 2
k+2 k+3 k+4 k+5 v+3
4 4 4 4 2
2k—2n+3 2k—2n+5 2k—2n+7 2k—2n-1+9
. . : ; —44xt
8 8 8 8
I+ 1+lv
v, 5
1
R(V)>—1.R</.’+§inf4y>>0.
3 3
R A'+§in >0 R(/\’—Eill‘zv>>0.
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TABLE 1— Continued

f(x)

&(x)

1
r (%—l;' +m) I (E—l." = m)

3 3
=Pt = By Al
F(2 k—k +m)F(2+A k m)

k

T(k+2 — 26T (1 + )T <1 +%V) r (%L%»)

2k—2k'+2m+3 2k—2k'+2m+5 2k—2k+2m+7 2k+2k'+2m+9

8 8 8

. sF7
x—*e 2 Wy, m(x) k—2k'+2 k—2k'+3 k—2k"+4 l.'—ZI."+5.
4 ’ 4 ’ 4 ’ 4
2h—2k'=m+3 2h—2k'—2m+5 2U—2'—2m+T 2%h-2'—m+9 .,
8 ’ 8 ’ 8 ’ '
1+ l+1 é+1
1 2V, 2 21/
1
Rwv)>—1,R (§+k—k'im—4v) >0,
3 , 3
R(§+/.'~l\"tn1)>() R(/.‘~A‘im—2v—§)>0.
k1 k41 53
E<—T+V+].——4—+§+l, 2-1x2 ZKfﬂ‘(ZXZ):
4
k+1 3,
273 ")
Rwv)>—1,R(7T+8v+k >0
Rv)>—1, R(h<—1 R(T+4v=+k > 0.
3
x#vflﬁ--'i(l +x4)2 ixl\“-ujv(zl‘x)
Rv) >—1 Rv)>—1.
EXAMPLE 2. The Y -transform: From (24), (25) and the formula
1
0 2;1—21/,1-—1/;;
), (Vx) Y, (Vx)=—a"12E ; (50)
1
g 1l || %2 ==, Il
%
| 33
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we arrive at the transform pair

r ( ) é-&v:—xy

T+ 20)1(1 . " a)hEs 1420, 1+)

[\

&) =5

flx) =—m"2 [ " (@)L (V) Y (Va)e(y) dy.

JO

Some examples of this transform are given in the following table.

f(y)dy,

(52)

TABLE 2
flx) &(x)
l‘(l—i—].)r —+
. 8 ETTN (l+v)
1+k, %-&- o —x
oF»
FE2 Py
RU+1)>0 RB>v=3. R+2)>0.

TFOT(y+ k+ DEG+k+ )T (§+ V)

~I15% 53 xk
Setlibaia T TA+ 2T+ 9Ty + 8+ k+ 1)
3
'y+/r+l.6+/\'+1.§+vz—x
2Fs

a2, SE i, quartiar fhae

R +2v) >0, R(v—y—k)<7l).

Riy+k+1)> 0. RO+k+1)>0 R(v—ﬁ—k)<%~
3 - 13
N 75 al’ (2+I.+n) F<§+I.'—-n)l (§+V)
s
cos nmr © 2 K (2) * cos nwl(1+20) A + )2+ k)
3 3 3
3 k+n §+Iu—-n.;z+v =
IiFﬁf
1+2v, 14w, 2+k
R(%+kin)>0 R1+20)>0. R +k-v+n)>0.
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TABLE 2 — Continued

f(x)

&(x)

r (l—l."+m) r (%—k'—m) xe?

Wi m(x)

R <g+/{—l;'im> >0

1. 1. 3
kr<2 A+m>F<2 k m>r(2+u)

I +20)IA+v)I'2 -2k + k)

8 onan & o
I‘<§—A +I.+m)I‘<2 K+ b m)

3

bk S — R ks St g —
§—l. +A+m.2 k' +k m.2+v. o

IS S22 IEE NS

R +2v) >0, RA+k—k' —vEm)>0.

K (2Vx)

R1+k+n>0

IF'l+i+nl’(01+k—nl (g-FV)

k

. I+ 201+ )

1+k+n, 1+l\'_ll.%+ Uk =4

1+2v, 1+v

R1+20)>0. R <%+k~uin)>().

-1
I(2v— blw— k) {r G+ - —/.-)]

k1
2x27 2 Ky (2V):

R2v+1) >0, R2v—Fk+1)>0.

EXAMPLE 3. The {J2,— J2} transform: From (24), (25), and the formula

1
0 |2 14p,1—v:=
PR ATE Var

=——— {2, (Va3 (Va}s

2 sin var
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we arrive at the transform pair

<x)=—r® fx(x Voo g;"” )f( \d
EUTrara—nly N )T
f(x) =——\./; f " ()2, (V) — J2 (Vae(y)dy.

2 sin vy

Particular cases of this transform are given in the following table.

TABLE 3
f(x) 2(x)
3 :
B k r(§> 1+ k)
“n T Ta+wra—vy)
g.l+A';—x
2F 3
=k, l=m
1 |
R(A-+§)>0 R(A»+§>>0. R1+v)>0
3
B r (E) (1 + k4 )1+ k—n)
o/ .
Kan(2V): . T(L+ »)[(1—v)
, .
E.l+/;+n.l+/.'—n:—x
3"‘2
Iyl —v
1 1
R(§+Ain>>0 R(1+v)>0 R<*+A+n)>0
3 .
IFy+ki+DI@+A+1T <§> F(y)l ()]
o—I . = Kk
eElbaoR e T Toy+k+o+ I+ —»)
B b T, Sk by
oFa | ZYTETR ‘
== == aiAs@ar e |
, ; 1
R(y+k+%)>0.‘[€<6+k+%>>0 R(1%) >0, R(y+A~+%>>O. R<5+A-+§>>O‘
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TABLE 3 — Continued

f(x) &(x)
3 3 i p— 3
N (E) er(2+k+n)r(2.+k n)F<2)
cos nr© "\2/)° T os a2+ BT 1+ v)I(1—v)
§,§+k+n,§+k—n;—x
282 2
3F3
24k, 1+v, 1—v
R(A+kxn)>0 R(1=£v)>0, R(1+k=*n)>0.
r (e en) T (bt —m) 7 ()
r(l—k'+m)r<1_kf_m> o 2 2 2
2 2 Ire—2'+kIra+»)'d—v)
£ 3 5l
e 2 Wi m(x); r(—i—k'+k+m>r<§—k'+k—m)
3_ ., 8 e B
/2 k+k+m,2 K +k m,2. x
3l
2—=2k"+k,1+v, 1—v»
RA+k—k +m)>0 R(1+v)>0, RA+k—kK xm)>0.
I kI’ k -
LN G} N ol 922 2K (2V):
r(i=z
2
D=l == —l
x
oF
1_
2
R(k—%)<0 R(1%v)>0.
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