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This e quat io n of s tat e may be use ful fo r int e rpolation a nd for co mput a tions whi c h inc lude th e rmu· 
d ynamic properties of pa ra hydrogen. A prin ci pa l advantage is t ha t it e mploys on ly one se t of 24 
coe ffi c ie nt s fo r al l fluid s ta tes. Th e bas ic fo rm is re latively s imple. An adju s t me nt term for t he c riti ca l 
region leads to good agreement with publis hed PVT da ta and s pec ifi c hea ts in thi s es pec ial ly diffi c ult 
a r ea . The form s of fittin g function s we re deve loped by sys te matic tri al me thods us in g least squares 
tu find the coe ffi c ie nt s. 

Key Word s: Equatio n of s ta te, h ydroge n . pa rah ydrogen, PVT-re lations , the rmod yna mic prope rti es. 

List of Symbols and Units 

A(p) , B(p) , C(p) de nsity-de pe nde nt parame te rs. 
Co, spec ifi c heat at cons tant vo lum e; C~ for ideal gas 

states. 
d, dens ity. 
dc, dl, criti cal-point , and triple-point densities. 

/I 

I::!./J == ( lOOl n) 'LIP/Pea te- l l for n data. , 
J, the jo ul e. 
t , the lit er, de fin ed as 1000 c m:! (12th Gen. Conf. Wt s. 

Measures, Pari s, October 1964).** 
P, pressure. 
Pc, p(, c riti cal-point , and triple- poi nt press ures. 
PI = 0.0695 atm [61 . 
TI(p) , a density-dependent, parame tri c pressure. 
R, the gas cons tant, 82.0597 cm:l atmlg mol deg [31 . 
p == d/d(, density reduced at the triple point. 
cr == did,., density reduced at the critical point. 
T, te mpe rature, deg Kelvin (NBS 1955 low-temp. scale). 
Te , T( critical-point , and triple-point temperatures . 
T == T/Te, temperature reduced at the critical point. 
v == l id , molal volume. 
x == T/T( , temperature re duced at the triple point. 
Y, a defined fun ction of P, TI , T, d. 
Z (cr , T) , a de fin ed function. 
cp(cr, T), a defin e d fun c tion. 
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1. Introduction 

Our initial co mputation s of th e rmodynamic prope r
ti es of parah ydrogen [II' were accompli s hed by use of 
the Be nedic t- We bb-Rubin equation of s tate as modified 
by Strobridge [21 . To obta in th e required acc uracy, 
however, it was necessary to evaluate two se ts of con
stants for two region s of th e P-V-T surface. Serio us 
co mputational co mplica tion s the n arose from the need 
to es tabli s h a prac ti cal co ntinuity of th e rmodynamic 
properties over th e bound a ries of th ese region s. 
Partly for thi s reaso n, we used polynomial methods in 
our formal publi cation on th e the rmodynami c prope r
ti es [3 1. Des pite th ese tabulation s, there remain s a 
need for an equation of s tate wh ich can be used fo r 
interpolation , and for a multitude of computational 
investigations. A prerequisite of the following work 
has been that the equation of state s hall require but a 
single set of constants for all fluid states of the sub
stance (to avoid the above-mentioned problem of 
continu ities) . 

W ell-behaved descriptions of P- p-T behavior are 
obtained with the form P(p, T) , that is, with dens ity 
and te mperature as arguments or param e te rs. De n
si t y-de pende nce of s pecific hea ts th en is obtain ed from 
P- p- T data via the th e rmod ynami c relation, 

Thu s an exac ting re quire ment upon any equation of 
state is to give the c urvature of isoc hores, (a 2p /a T2)p , 
accurately as a function of density and te mperature. 

We have e lec ted to develop an isochoric form of 
equation , i.e. , an expression for pressure in te rms of 
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te mperature . As any accurate equation for hi gh 
de ns ities must be e mpirical , we cons idered that tem
perature de pendence along isochores (fixed mean 
intermolecular distance) probabl y would be less com 
plicated than density-de pen dence along isothe rms [4J . 
We have allowed the de nsity-dependence of parame ters 
in the eq uation to be given by P- p- T data on isochores. 
These data are interpola ted from experim e ntal 
isoth erms [5]. 

2. The Behavior of P - p - T Data on 

Isochores 

In thi s sec tion we survey the set of interpola ted data 
on isoc hores with a view to discoverin g any useful 
ge neraliti es. Thi s survey is possible because the 
experime ntal data on iso therms are de nse, covering a 
wide range of co nditions, and because they have bee n 
interpolated quite accurately on isochores [5]. For 

conveni ence in obtaining derivatives for this survey, 
we take values computed from polynomial representa
tions of the isochores with coeffic ients given by [31 . 
The derivatives therefo re may be of low accuracy in 
some region s. 

Plots of P versus T at consta n t density (isochores) 
appear to be a family of straight lines. (This empha
s izes th e need for extreme accuracy in P - p - T data 
used to obtain derivati ves.) First derivatives (a p /aT)p, 
however , reveal useful characte ri sti cs. Figure 1 
gives dimensionless slopes, v' (a PlaT)/R , versus T on 
isochores. For d > 0.013 g mol/cm3 each plot has a 
maximum , corresponding to an infl ection in the P(T) 
relation. C urvatures, (a 2p /a p)p , are positive at low 
temperatures and negative at high temperatures. 
The locus of these inflections is important for the 
co mputation of specifi c heats on isotherms, due to 
the inve rsion of sign of the integrand. Figures 2 and 
3 give the a pproximate P- T and T - p coordinat es of 
th e locus. On isotherms from 33 to about 52 OK we 
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F I GURE 1. Slopes of selected isochores versus T. 
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see that (a 2p/ap)p might have th ree inversion s of 
sign as the density increases from zero to very high 
values. Part of this behavior already is known [16/ . 

A furth er important characteristic of isochores is 
seen only by carefu l exami nation of differe nces in the 
data. The terminating ra nges near saturation (low 
temperatures) exhibit sharp c urvatures (a 2p/ap)p as 
T---'? Tsat , appropriately named " hook s." In the criti· 
cal region these curvatures are negative for p < pc 
and positive for p > pc. 

3. A Preliminary Equation 

We at first sought a n elem e ntary form for the sig· 
moid behavior of isochores. It should reduce to 
perfect gas behavior at low densities and also at high 
temperatures. We may include the purely density· 
depe ndent, parametric pressure found in the van der 
Waals and Beattie·Bridgeman equations, us in g the 
sym bol ll(p) [41. 

Assume that the inflection·point te mperature, (J(p ), 
is known for each isochore . For each, defin e a new 
temperature scale, t(p,1) == T/(J, and assume that 
(J(O) = 0, (fig. 3). The s imple form , 

[P + ll(p)]/(R' (J. d) =t· exp [(l-m) / (m' till)], 

with 0 < m 01= 1, then yields a derivative , (a 2p/ap)p, 
which is positive for T < () and is negative for T > (J. 

Woolley e t al. , used an expone ntial form for hydro· 
gen at high temperatures, omitting the term Q(p) [6J . 
We have, therefore, investigated the general form 

.Y - IIi 

loge Y=L Ai' T (1 ) 
i = ! 

using the de fi nition, 

Y == (P + II) / (R . T . d). 

One must discover necessary values for exponents, 
ni , and the corresponding number of terms, N. Den· 
sity-dependence of the Ai then is obtained from peT) 
data by least squares under an iterative search for 
ll(p) on each isoc hore. 

Le ngthy investigations failed to yield a behavior 
for ll(p) which was sufficiently regular to permit ana
lytical representation. With more than three terms 
(of the numerous powers in T investigated), the be
havior of II(p) and all Ai(p) was exceedingly irregular. 
With three terms , the behavior of ll(p) above 0.01 
g mol! cm3 was in rough accord with the Beattie· 
Bridgeman description, which we adopted for the con
strained form of ll, 

(2) 

When PI and P 2 have been found (by iterative meth
ods) , the Ai have a regular dependence on p. The 

lowest deviation , d p (see list of symbols), was obtained 
with the equation 

loge Y=A·p ·x- I/4+ B·p·x- I + C·X- 3. (3) 

where x == T/T(, and symbols A, B, C, replace th e Ai 
of eq (1). 

In each of the first two terms on the right one power 
of p has been introduced explicitly to diminish density
dependence of A and B. We note that exponent 
nl = 1/4 is required for description of virial coefficients 
at low densities [7] , and exponent n3 = 3 is found in 
the Beattie-Bridgeman equation. At sufficiently low 
densities, the term with n2 = 1 combines with ll(p), 
independent of temperature. With PI = 703.2813 atm 
and P2 = 88.3125 atm, one obtains the behavior for 
A(p), B(p), C(p) shown by figure 4. 
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FIGURE 4. Parameters of eq (3), II constrained. 
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Data needed for developing analytical descriptions 
of the parameters A(p), B(p), C(p) were obtained as de
scribed in appendix 6.1. The form of each descrip
tion , given below , is the result of a considerable in
vestigation, imposed by the need for high percision 
(appendix 6_2). In each, the number of terms and th e 
values of exponents were explored systematically. In 
brief, the behaviors of figure 4 have been described 
as follow s : 

A(p) =A , +A2 - P - exp (-A3' p), 

B(p) =B, +exp (B2+B3 ' p 
+B4 · p2+B5 - p4+B6' p5), 

C(p) = C, . p+C2 - p2+C3 - p3+C4 - p4 
+Cs ' pS+C6 · p7 + C7 - p,o+Cs ' p' 4. 

(3-a) 

(3-b) 

(3-c) 

We found cons tants for eqs (3-a) to (3-c), omlttmg 
one datum at the lowes t te rn perature (near saturation ) 
from each of 85 isochores of inte rpolated data , l.0 

- _ .. _----

,,:; d ,,:; 43.0 g mol/liter [5 J. Mean de viation for th e 
re maining 2002 points was Llp = 0.026 pe rce nt. Ex
cessive deviations near the critical point , however, 
precluded calculation of s pecific heats in thi s region. 

Anticipating an adjustment function for th e criti ca l 
region , we redetermined a set of 19 consta nts for eq (3), 
excluding an additional 59 data in the domain , 32 
,,:; T ~ 35 oK, 8.5 ,,:; d ,,:; 22.5 g mol/liter. The pressure 
was constrained at the liquid triple-point by means of 
a relatively small adjustment to the value of con
stant Cs. 

These 19 constants, p" ... , Cs , are given in 
table 1. Mean deviations for eq (3) appear in table 2 , 
and individual deviations (P - Peale) / Peale appear in 
table 3, given in parts per ten-thousand at tempera
tures through 42 oK. For higher temperatures they 
do not exceed a few parts in ten-thousand. (Where 
data do not exist, as in two-phase region s, or at P > 350 
atm , tables 3 and 5 co ntain ze ro e ntri es .) Figure 5 
gives the differe nce be twee n left a nd ri ght sides of 
eq (3), multipli ed by 104 , on the 33-deg iso therm. 

TABLE 1. Constants for eqs (3) and (4) 

Equal ion (3) 

Constant Value Consta nt 

T, ........... . ...... oK .... . 13.803 [6] 8 ., 
Tc .................. oK . ... . 32.976 [12] 8 ., 
d, ........ g mol/e m" ..... (1/26. 176) [6] 8,. 

P, ................ atm ...... 697.0 C, 
P, ............... atm ...... 81.0 C, 
A, ....... ....... ......... .. . 2.1350 2896 C" 
A, .. . ........ . . . . . . . . . . . . . . 1.0170 4119 C, 
A3 ....... . .. ................ 1.4268 4000 c., 
8, ....... ..... ... ... ..... .... - 1.1427 1000 C,; 
8, ......................... 1.9682 301 6 C, 
B" ........ . .......... ... .. -2.2337 9180 C. 

TABLE 2. Mean deviations for eqs (3) and (4) 

Eq uation number. ......... . .. .. ... . (3) (4) 
N um ber of constants ........ .. . .. . 19 19+6 
No. of points used ................. a 1943 h 781 

Value of expone nt n ....... . ...... . . . . . . . . . . . . . . . . . . . . . . . . . 8 

No. of points for dev iat io n Mean de viation . 6.,,, % 

c 88 0.3576 0.0252 
78 ] ...... ................. .0456 

1943 .0223 . .. .. ..... . ......... 
2087 . 0497 .0305 

a On e po int omitted at lowes t te mpe rature of each of 85 isoc hores, 
a nd all point s in domai n, 32 ~ T ~ 35 OK, 8.5 ~ d ~ 22.5 g mol/lit e r. 

h Fo r the s ix consta nts in Z(a , T), data used in the domain, 17 ~ T 
~ 40 OK, 1.0 ~ d "" 36.0 g mol/lit e r. 

C P o ints in th e a rbitra ry c riti ca l doma in , 32 ~ T ~ 35 OK, 8.5 ~ d 
"" 22.5 g mol/liler. 

Value 

- 0.2410 0077 
1.8319 9451 

- 0.9445 7676 

- 2.0176 0851 
- 13.9844 7635 
128.3251 2808 

-294.2851 87 10 
239.1130 5168 

- 67.1458 8122 
10.7210 8689 

- 0.7702 5591 

8 

4 

<J 

Equat ion (4) 

Cons tant Value 

11 8 

d, .. g mol/(' m" 0.01 54 
C. 
D, 
D, 
D" 
D, 
E, 

T , 
• I , 

, .. . 

-.7702 
.0004 
.0166 
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Difference between left and right sides of eq (3), multi
plied by 10., on 33-deg isotherm. 
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4. The Adjusted Equation 

The de viation plot (fig. 5) shows behavior of an ad· 
justme nt on isotherms whic h mus t be made to the pre· 
liminary equation in the critical region. We see that 
it may correspond at leas t to an incipie nt level spot or 
shelf in the P(p , T) surface in three·dime nsions, and 
we should not expect the preliminary equation to de
scribe this sharp irregularity. W e have, the refore, 
added an adjustment term, Z (a- , T), a func tion of re
duced variables a- = d/dc, T = T/Tc, as follows, 

loge Y = A . p . X - I /4 + B . p ' X - I + C . x - 3+ Z (a- , T). 
(4) 

The adjustme nt dimini shes rapidly at de nsiti es away 
from the criti cal point , and at temperatures above the 
criti cal point. 

Recent work suggests nonanalyti c PVT beha vior 
at the criti cal point , corres ponding to a logarithmic 
infinity in Cv [8 , 9, 10, 11]. The form of adjustme nt 
needed here, however, already is restri cted by the pre
liminary equation of state. We have chosen an ana
lytic form , with the jus tific ation th at it describes the 
experimental fac ts quite well in the range inves tigate d. 

The form of Z, below , pe rmits representation of 
the deviations in table 3 and also yields an acceptable 
se t of s pecific heats in the criti cal region. With five 
coeffi cients D I ,. . . , E I the fun ction is 

Z(a-, T) = D(a-) . exp [-<t>(a- , T)] , (4-a) 

D(a-) = DI . a-+ (D 2 • a- + D:) ' a-2) ·(a- - l), 
(4- b) 

<t>(a- , T) = D-I' (a--l) 2+ EI ·(T"-1) . (4-c) 

We di sc uss brie fl y the basis for eq (4-a) . Devi a
tions at 33 deg (very near the c riti cal iso therm at 
32.976 deg) require a t leas t a cubic polynomial in 
density , with roo ts at a- = 0 , a- = 1, a- > 1; yet these 
de viation s dimini sh ra pidly at the highes t densities . 
Equ a tio n (4-a) describes thi s behavior on isotherm s. 
T e mpera ture-depe ndence of these deviations is strong: 
wh en T = 1.1 the dev iati ons have a bout vani shed. For 
this reason we introduced the factor exp( - EI . Til). It 
gives the sharp isochore c urvatures or " hooks" whic h 
contribute to calculated spec ifi c heats in the criti cal 
region. It also allows the calcula ted deviations to 
persist a t te mperatures below criti cal at de nsities 
near the saturation envelope . 

On the ri ght of eq (4-c) we selec ted the form of the 
first term , D-I '(a- - l)2, following so me tedious work 
with the form D4 . (a-'" - 1). Using the latter a t m = 4, 
it was necessary to increase the powers of a- in eq 
(4- b) by two or more, e .g. , 

to obtain a dev ia tion , D. /h comparable with that found 
via eq (4-b) a bove. Even so th e magnitudes and the 

signs of coeffi c ie nts D I , D2 , D3 exhibite d radical be
ha viors, and we abandone d thi s search. 

The constants of eq (4-a) have bee n de te rmined for 
781 data in the domain 17 ~ T ~ 40 OK; 1.0 ~ d ~ 36.0 
g mol/liter , as described in sec tion 5, below. Our 
general method was the following: W e assume d values 
for exponent n, and the n fo und D4 , EI by iterati ve 
procedures whic h minimize D.p. In every ste p we 
used DI for constraint to the assigned criti cal-point 
pressure, and Dz, D3 to ensure tha t ap /a a- = a2 p /a a-2=0 
at the assigned critical point. (An es timate of n = 10 
at firs t was obtained by assuming that exp [-E I' (T"--l )] 
= 0.02 at T = 1.1 , and that its maximum positive c urva
ture shall occ ur near T = 1.) 

W e have used the criti cal te mperature es tablis hed 
by Roder e t al. , Tc = 32.976 OK [12]. The criti cal pres
sure is computed at thi s te mperature by means of 
the vapor-pressure equation of W e ber e t aI. , for ac
c urate cons istency, Pc= 12.759263 atm [13J. The 
critical de nsity has been varie d within limits of un
certainty [14] to obtain consistency be tween specific 
heats from eq (4) and those tabulate d in [3], as de
scribed below. 

5. Examination of the Equation 

An exac ting tes t of the equation is behavior of calc u
lated s pecific heats , Cv = C~ + C:, where the " residual 
s peci fi c heat" is 

C~ = cons t. . (- T) ·fP (a2P/a p) pdp /p2, 
o 

(5) 

with cons t. = (0.101325 J/cm:! a tm)/(d/) wh en d/ is in 
g mol/c m:! . As a rough guide, deviations within 5 to 
10 percent of Cv ofte n are considered sati sfactor y. 
In thi s work we use the tabulations of [3] for compari
son , as they are in good agreement with experimental 
data. 

W e have vari ed parame ters n and de of eq (4), 
examining behavior of the mean deviation D. p and also 
of the me an deviation D.C v betwee n 470 specific heats 
from eq (4) and from [3]. Table 4(A) presents these 
results . In general, a minimum in D. p does not coin
cide with the best minimum in D.Cv . W e have made 
an arbitrary selection of n = 8, de = 15.44 g mol/liter. 
Corresponding values for Cg , D I , Dz, D3 , D4 , and EI are 
given in table 1. 

Table 5 presents residual s pecific heats from eq (4) 
with above constants and compares the m with values 
from [3]. The first row at d=O gives C~ fro m [6]. At 
T < Te the reference s tates for liquid are saturated 
liquid (not ideal gas), with properti es given by table 6. 
Mean deviation for the 470 points of table 5 is 0.077 
J/g mol deg, or rou ghl y half of 1 percent. The greatest 
devi ations are about 3 percent in ne ighborhood of the 
critical point. 

It is inte res ting to see that integration on the 33 OK 
isotherm (within 0.02 °C of the criti cal point) yie lds 
sati sfac tory specific heat s at the higher de ns ities . 
Nevertheless, the maximum in C/, on thi s isotherm 

208 

~---- ~-- --- -- --



T , ...:; = 
() E~ 

1 . 0 
1 .5 
2 . U 
2 . 5 
] . 0 
3 . 5 
4 . 0 
4.~ ,.0 ,.5 
b . O 
6 .~ 

7.0 
7 . '5 
• • U 
•• 5 
9.0 
9 . 5 

111 . a 
11) ,5 
11 . 0 
11 . 5 
12 . 0 
12.5 
D·O 
13 . 5 
1 c. . 0 
14 . 5 
15 . 0 
l~. ~ 
Ih.() 

16.~ 
17 . 0 
17 . ~ 
1i'5 . 0 
It;. ~ 
If,l . 1J 
l~ . 5 
i(} . u 
2u · ~ 
21 . 0 
21.5 
,a.u 
2£. ~ 
23 . U 
23 . 5 
tit . () 
2 4. ~ 
25.0 
I~. !) 

2h . !) 
26 . ~ 
~1 . 0 
27 . 5 
ZH.() 
2n . ~ 
24 . U 
24 . :, 
3v . O 
JlJ . ~ 
31 · 0 
31.5 
32 . 0 
3? . ~ 
.33 , U 
33 . 5 
3 4. 0 
] 4. ::, 

J~ .0 
3, . 5 
30 . 0 
.lb.:' 
37 . U 
37 . :, 
3k . O 
3~ . 5 
3' . 0 
1'~ . ~ 

4 0 . 0 
lo U . ~ 
41.0 
41. 5 
42. 0 
42. 5 
43 . () 

Table 3. Individual relative deviations irolTI eq (3). 
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TABLE 4. Effects of parameters in eq (4) 
Part A, Tc=32.976 oK 

(~p, %). 100 
dc, 

g mol/l 

88 a 781" 2087 c 

15.40 3.05 4.37 2.97 
15.42 2.51 4.45 3.00 
15.44 2.99 4.54 3.04 

15.36 2.68 4.47 3.01 
15.38 2.38 4.40 2.99 
15.40 2.32 4.40 2.99 

15.42 2.36 4.47 3.01 
15.44 2.52 4.56 3.05 
15.46 2.70 4.67 3.09 

15.36 2.90 4.54 3.04 
15.38 2.52 4.46 3.01 
15.40 2.41 4.46 3.01 

15.42 2.32 4.54 3.04 
15.44 2.41 4.62 3.07 
15.46 2.43 4.72 3.11 

!lCv , 

J/mol deg 

470 d 

0.106 
.092 
.089 

.104 

.092 

.086 

.079 

.077 

.078 

.094 

.089 

.092 

.095 

. 098 

. 106 

TABLE 4. Effects of parameters in eq (4) (continued) 
Part B. n=8 

(!lp, %) · 100 
Tc dc, 

deg K g mol/l 
88 a 781" 2087 c 

32.982 15.40 2.51 4.41 2.99 
32.982 15.44 2.60 4.57 3.05 
32.982 15.48 3.11 4.78 3.13 

32.984 15.43 2.59 4.51 3.03 
32.984 15.44 2.67 4.56 3.05 
?2.984 15.45 2.74 4.61 3.07 
32.984 15.46 2.88 4.67 3.09 

32.986 15.40 2.55 4.42 2.99 
32.986 15.44 2.69 4.56 3.05 
32.986 15.48 3.24 4.78 3.13 

32.990 15.40 2.74 4.43 3.00 
32.990 15.44 2.88 4.56 3.05 
32.990 15.48 3.50 4.78 3.13 

a 88 Points, 32 ,,;; T,,;; 35 oK, 8.5,,;; d,,;; 22.5 g mol/liter. 
b 781 Points, 17 ,,;; T,,;; 40, 1.0 ,,;; d ,,;; 36.0 . 
c 2087 Points, 17,,;; T,,;; 100, 1.0 ,,;; d ,,;; 43.0 . 
d 470 Values of Cp , [3] and table 5. 

!lCv , 

llmol deg 

470 d 

0.086 
.076 
.083 

.077 

.075 

.076 

.077 

.086 

.076 

.082 

.088 

.079 

.079 

Table 5. Calculated specific heats from eq (4) with n = 8, d .. 15.44 g mol/If 
c 

SPECIfIC HEAT AT CONSUNT VOLU"" , JOlllElG"OL nFG. 
TEMPERATURE, OEG.' 

OENSTY 30·00 ]1.~0 32.00 33.0n '14.00 3~. 00 36.00 
G"OL/l C.4LeD REFfR eALeO REfER eALCD REfER CALeo REfER CALen REfER eAle~ REfER CALeD REfER 

0.000 12.47 12.47 12.47 12.47 12.41 12.47 12.47 12.47 12.47 12.47 12.47 12.47 12,48 12.48 

1.000 O.]~ O. ]1 0.33 0.29 O.:lO 0.28 o .?R 0.27 O. ?6 0.25 n.24 0.24 0.23 0,22 
2.000 0.75 0.70 0.69 0.66 0.64 0.62 0.59 0.5R 0.55 o.-;~ o.~n 0,49 0,47 0,45 
3.000 1.18 1.17 1.10 1.09 I.Ol 1.01 0.93 0.95 n,A6 o .AS O.7R O. 7~ 0.72 0.68 
4.000 1.&5 1.73 1.54 1.59 1.43 1 •• 7 1.31 1.37 1.1' 1.20 \.0,:1 1.06 o .9R 0."3 
5.000 2.15 2.37 2.02 2.16 1.119 1.98 1.72 1.85 1.55 1.5A }'3P l.l7 1.24 1.1. 
6.000 0.00 0.00 2.56 2.Rn 2.41 2.55 2.19 2.37 1.94 2.00 1.70 1.70 1.50 I.'~ 
7.000 0.00 0.00 0.00 c .00 3.01 3.19 2.7' 2.95 ~.1q 2.'5 2. O. 2.06 1.76 1,74 
8.000 0.00 0.00 0.00 0.00 3.72 3.70 3.38 3.60 2.R9 ;:».96 2.40 2.35 2.01 2.02 
9.000 0.00 0.00 0.00 o.no 0.00 0.00 4.11 '.33 3.'S ~h44 2.7" 2.66 ??f1 2.!'O 

10.000 0.00 0.00 0.00 0.00 0.00 0.00 4,91 4.89 4.n5 3.8Q 3.16 2.99 ".48 2.55 
11.000 0.00 0.00 o.on 0.00 0.00 0.00 5.74 5.50 4, "5 4.37 3.51 3.31 2.1t" 2.n 
12.000 0.00 0.00 0.00 0.00 0.00 0.00 6.48 6.16 5.1Q .,R!; ~.q4 3.6, 2.~4 7.92 
13.000 0.00 0.00 o.on 0.00 0.00 0.00 7.03 6.81 5.58 5.lA 4.06 3.82 2.93 J.nl 
14.000 0.00 0.00 0.00 0.00 0.00 0.00 7.27 7.26 5.7. 5.54 4.] 4 3.88 2.9'i l.02 
15.000 0.00 0.00 0.00 0.00 0.00 0.00 7.15 7.36 5.6' 5.5~ 4.0C; 3.80 2. A7 2.<15 
16.000 0.00 O.~o 0.00 O. DO 0.00 0.00 6.66 7.16 5.~7 5.2' l.Al 3.32 2. 7~ ~.62 
17.000 0.00 0.00 0.00 0.00 0.00 0.00 5.86 6.3f1 4.68 4.7i 3.43 2.99 2.50 2.41 
18.000 0.00 0.00 0.00 0.00 0.00 0.00 4.88 5.23 3.95 ].9. 2.9~ 2.59 Z.::!4 2.17 
19.000 0.00 0.00 0.00 0.00 0.00 0.00 3.86 3.98 3.20 3.09 ?50 2.18 1.97 1.89 
20.000 0.00 0.00 0.00 '0.00 0.00 0.00 2.91 2.79 l.SO 2.2Q ? 05 1.79 1.71 1.61 
21.000 0.00 0.00 0.00 0·00 0.00 0.00 2013 I.A3 1.91 1.1'13 1·67 1.46 1·47 1.35 
22.000 0.00 0.00 0.00 0.00 0.00 0.00 1.54 1.42 1.46 1.31 1.37 1.23 1.2A 1.15 
23.000 0.00 0·00 o.oe 0.00 -0_07 -0.05 1012 1.17 1.1' 1.1 iI 1'1' l.n5 l'l~ 1.00 
24.000 0.00 0·00 0.00 0.00 -0.38 -0.29 0.85 ~ .97 0. 9 3 0.93 O·9A 0.90 t-OO 0.A7 
25.000 0.00 0.00 0.00 0.00 -0.58 -0.'8 0.68 0.81 0.70 0.19 n.~7 0.79 0.92 n.78 
26.000 0.00 0.00 -0.13 -0.16 -0.70 -0.63 0.58 0.69 0.70 0.69 O. !=In 0.70 O. R" 0.71 
27.000 -0.03 -0.04 -0.22 -0.29 -0.77 -0.74 0.52 0.60 0.65 o."~ I). 7~ o ."Ii o .Rt! 0.67 
28.000 -0.11 _0.15 -0.28 -0.39 -0.82 -0.81 0,49 0.54 0.6? o .5A n.71 o .6? O. Al O.M 
29.000 -0.17 -0.23 -0.32 -0.44 -O,R. -0.85 0,.7 0.52 0.62 0.57 0.71 0.62 0.'1 0.66 
30.000 -0.20 -0.27 -0.34 -0,47 -0.11' -0.86 0.'8 0.52 0.~3 0.5A o.7!=i 0.64 0.83 0.69 
31.000 -0.21 -0.28 -0.33 -0.47 -0.83 -0.85 0.49 0.53 n."~ o .6n ').77 0.67 0.86 0.72 
32.000 -0.20 -0.27 -0.32 ' -0.45 -O.RI -O.R) 0.52 0.57 n.IIA 0.6. 0.81 0.71 0.90 0.77 
33.000 -0.19 -0.25 -0.30 -0.42 -0.78 -0.80 0.56 0.60 0.7? 0.68 n.sf. 0.76 0.95 0.82 
34.000 -0.16 -0.23 -0.27 -0.39 -0.75 -0.76 0.60 0.65 0.77 0.73 0·<11 0.81 1.00 0.87 
35.000 -0.1' -0.20 -0.2. -0.36 -0.71 -0.72 0.6' 0.69 O. AI 0.77 O.9C; 0.85 1.06 0.92 
36.000 -0.12 -0.18 -0.21 -0.33 -0.68 -0.69 O.6R 0.72 0.86 0.81 1.00 0.00 1.11 0.97 
37.000 -0.10 -0.17 -0.19 -0.31 -0.65 -0.67 0.7I n.75 0 •• 0 0.85 1.05 0.9. 1.16 1.02 
38.000 -0.09 -0.16 -0.17 -0.30 -0.63 -n.~' 0.74 n.18 0.93 o .RA 1.09 0.9. 1.~0 1.06 
39.000 -0.09 -0.16 -0.16 -0.29 -0.61 -0.63 0.16 0.80 0.96 n.91 I. I? 1.01 1,;>' 1.10 
40.000 -0.09 -0.16 -0.16 -0·29 -0.60 -0.62 0.78 0.82 O,9A 0.9:.:. 1·15 1.04 1.27 1.14 
41.000 -0.11 -0.16 -0.16 -0.29 -0."0 -0.62 0.79 n.83 0.Q9 0.9. 1.17 1.06 It 30 1.15 
42.000 -0.12 -0.18 -O.IA -0.30 -0.61 -0.62 0.78 n.82 1.00 0.9' ,1'IA 0.00 1.31 0.00 
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Table 5 . (c ontinued) 

SPECIFIC HEAT AT CONSTANT VOLUME" , JOUlE/G"O!. m;: G. 
TEMPERAT URE, aEG.' 

aENSTY 40.00 50.00 110. On 70.00 M.OO QI') .no 100. no 
GMOL/L CALca REFFR CAlCO oEFER CALCD RFFER CAL CO REFER CALCf) RF:FFR CAl CO REFER CALCO REFER 
0.000 12.49 12.49 12.64 12.64 13.09 11.09 13 .99 11.99 15.11 1 '.3; 1 fJ .94 16.9' 18.6Q IF.! .6Q 

1.000 0.18 0.18 0.]2 0.]2 0. 09 0.09 (\. OR o .O~ 0. 07 O. O~ 0 ·0' 0.05 0·06 O. O. 
2.000 0.36 (\ .;:15 0.24 0.2' 0.\8 0.18 0 .1 5 0.13 Cd3 0.1; ~.]2 0.10 0.12 o.oB 
3.000 0.55 0.51 0.35 0.35 0. 26 0. 2 7 0. 22 0. 20 0.20 0-11 0.1 ~ 0.14 0_17 0.12 
4.000 0.74 o .M, 0.411 0.44 0.34 n .3~ 0. 29 0.27 (l.7~ 0 .22 0.24 0.18 1'1.23 0.15 
5.000 o.q2 o .AO 0.56 0.53 0,42 0.43 0 . 35 0.33 O. ':'!? 0.27 o .2Q 0.21 o .?R !).' q 
6.000 1.09 o.cn o. flfo, 0.61 0 .49 0 .51 0 .41 0.39 0.17 0.32 o. ')S 0.27 O.D 0.22 
7.000 1.24 1.05 O. 7~ o .6 B 0.56 o .5A 0 ,41 0 .45 O.4? 0.17 0.40 0.31 0.38 0.25 
8.000 1.38 1.21 o .R3 0.75 0."'2 0. 63 0.52 ~ .50 0.47 O.4? 0.41:; 0.37 0.43 0.32 
9.000 1.49 1.1A o .Rq 0.81 o • .r 0. 6 7 0. 5 7 0.54 0.52 0,47 0.50 0.4, 0.48 0.40 

10.000 1.58 1.51 0.95 0.86 0.7 2 0.70 0. 62 0 .57 0.57 0.52 0.154 0.49 0.53 i}.48 
11.000 1.~3 1.~2 0.99 0.90 0.7 6 0.73 0. 66 0.61 0.62 0.57 o ,CSa 0.56 O.SA O.Ii" 
12.000 1.67 1.6~ 1.0 2 0.92 1J.79 0.75 0 .70 0.64 0.66 0.61 (\ .f,4 0.61 0.63 o .~3 
13.000 1.67 1.73 1.04 0.94 o .A2 0.7 8 0.14 0.67 0.71 0.66 (-,,"9 o ,fl7 0.68 0.69 
14.000 1.66 1.72 1.05 0.95 0.85 0.80 0.7A 0.7J 0.7'5 0.70 0.74 0.72 0.13 0.16 
15.000 1.62 1 . IlR 1.05 0.9 6 a .A7 0. A2 o .Rl 0.14 0.7Q 0.74 0.7A 0.77 0.78 o ,In 
16.000 1.<;6 1.'2 1.04 0.95 0.90 O. ~ 4 0.85 ~. 78 o .R4 n .1Q 0.84 0.82 0.83 o .Ab 
17.000 1.49 1.52 1.0 3 0.95 0.92 0. 8 7 0.89 0.82 o .AR O.P3 o .Aq 0.86 o .A9 0.91 
18.000 1.41 1.40 1.02 0.94 0.94 0.90 0.93 0.8~ O.Q3 0.87 0.94 0.91 0.95 0.95 
}9.000 1.32 1. 2 8 1.01 0.91 0.96 0.9 3 C .97 0.90 t').9R o .9? 1.00 0.96 1.01 1.00 
20.000 1.24 101 6 1.01 0.93 0 . 99 n .96 1001 0.94 1.04 0.97 1·0' 1.01 1.0 7 1.05 
21.000 1.16 1.05 1.00 0.93 1.02 1.00 1.0' 0.99 1.00 1.0' 101' 1.06 1.1 ~ loll 
22.000 1.08 0. 0 6 1·00 , .93 1.05 1. 0 4 1 .11 1.05 1')~ l·OR 100R 10\1 1·7.0 1.17 
23.000 1.02 o . A8 1.01 0.94 1.09 1.08 1.16 1010 1.22 10 15 1.25 1019 1027 1.2' 
24.000 0.97 0."2 1.03 a . Q6 101 4 1.13 1.22 1.16 1.28 1.21 1. 3. 1.26 1·15 1. 3 2 
25 .000 n. Q4 0. 7 9 1.05 0.99 1.19 10\8 1.29 1.23 1.35 l·;?A 1.4i' 1.34 1·" 1.40 
26. a 00 0 .92 0. 1 7 1.0 0 I .O~ 1. 25 1.2 4 1.36 1.30 1.41 1036 1·47 1.42 1·~0 \.49 
27.000 0. 9 1 0.77 1 .]J 1 . 07 1.31 1.30 1.43 1.37 I.~I 1.44 1.56 1.51 I . SP; 1.58 
2R. 00 0 0.93 o .1A 1.19 1011 1·38 1.37 1.51 1.45 t.5Q 1.5? 1.64 1.60 1.~7 0.00 
29. 000 0.Q5 o .A2 1.25 1019 1. 46 1.45 1.60 1.53 1.6~ 1.61 1.73 1.69 1.76 0.00 
30.000 O.~9 o .~6 1.32 1.26 t.54 1 .~3 l.foIR 1.62 1.77 1.70 I.A2 0.00 1.~5 0.00 
31.000 1. 0 4 0.91 1.39 1.33 1.63 1. 6 1 1.78 1.71 1.86 1.A1 1.92 0.00 t,Q4 o. on 
32 .000 1010 0 . 97 1.47 1.41 1.72 1.70 1.87 I.A 1 1.91'1 0.00 2.01 0.00 2.n4 0.00 
33.00 0 1.16 1.Il4 1.56 1 . 49 1.81 1.79 1.97 1.92 2.06 0.00 20\1 0.00 2.t4 0.00 
34.000 1 .23 1.10 1.64 1.58 1.91 1.A9 2 .07 0.00 2.16 0.00 2.21 0.00 2.?4 0,00 
35.000 1.30 10\6 1.73 1.66 2.00 2.00 2011 0.00 2.26 0.00 2.31 0.00 2.34 0.00 
36.00 0 1.36 1.23 I.A2 1.75 2.10 0.00 2.27 0.00 2.36 0.00 2.42 0.00 2." 0.00 
37.000 1.43 1.29 1.90 1.85 2.20 0.00 2.37 0.00 2.47 0.00 2.5. O. 00 2.55 0.00 
38. a 00 1.49 1. 15 1.99 1.9. 2.29 0.00 2.47 0.00 2.57 0.00 2.62 0.00 2.65 0.00 
39.00 0 1. 5 4 1.4 2 2.0 7 0.00 ?39 0.00 2.51 0.00 2.67 0.00 2.71 0.00 2.75 0, 00 
40 .00 0 1. 59 0. 0 0 2 01 5 0. 00 2 .4R 0. 0 0 2 .67 0.00 2.1A II. 00 2.A3 0.00 2.86 0.00 
41 .0 00 1.64 0. 0 0 2 .22 0.00 2.57 n .00 2 .17 0.00 ?.RA 0.00 2.94 0.00 2.96 0.00 
42.000 1 . 6 7 0.00 2.29 0.00 ? .'5 0.00 2. 86 0.00 2.98 n. on 3.04 0.00 1.06 () .00 

FOR 47 0 PO I NTS, MEAN = 0. 077 J / GMOL nF G. 

tAt T<T c the r ef e r e n ce s t a t e s for liquid ar e th e satura t e d liq uid (not ideal gas) with 

pr o p e rti e s gi ven b y table 6. 

T ABL E: 6. Propert ies of saturated liquid used in the specific heat 
calculations 

T, OK d , g moi/lil e r [151 C" Jig mol deg [31 

30.0 26.753 13.07 

31.0 25. 103 13.33 

32.0 22.825 13.79 

near d= 14.0 g mol/liter may be an imperfection, e ven 
though it is consis tent with the estimated sign inver
sion of (iJ2P/iJTL) near 13.0 g mol/liter at 33 OK (fig. 3). 
Thi s could be the subj ect of another , le ngth y inves ti
gation , whi ch might include adjus tm e nt of data for 
gravitational effec ts , nona nalyti c fun ctions, e tc. [8J. 

Furth er to validate the behavior of eq (4), we have 
made the followi ng examinations. (1) A table of rela
tive deviations, similar to table 3 in thi s re port , shows 
that the y are comparable in the criti cal region with 
those elsewhere, and that many near the saturation 
envelope at T < Te have been appreciabl y diminished 
relative to table 3. (2) A table of press ures and deriva
tives iJ P/ iJ p , iJ2P/iJ p2 on the criti cal isothe rm shows 
that iJ P/iJp ~ 0, and that iJ 2P/ iJ p2§ ° as p § pc. Dif-
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fere nces in iJ 2P/iJ p2 give th e es tim ate iJ:IP /C1 p:1 = 9.0 
atm at pc (where p == did, ). (3) A table of ca lculated 
pressures at all p , T argum e nts of the int e rpolated 
data [5 1 shows monotonic increase of P with e ither 
p or T in single-phase regions. (4) A table 0 (' calcu
la ted de nsi ti es of the saturated vapor a nd liquid phases, 
and of the freezin g liquid ph ase, shows acce ptable 
agreeme nt with previously derived res ult s [1 5J. 

In conclusion, we mention a further examination of 
eq (4-a). Effects of varying Tc (Pc obtained from [13]) 
are in table 4(B). We do not feel that these results 
jus tify a change of Tc from [12J. Constants corre
sponding to the minimum deviation, LlCv =0_075 J/g 
mol deg, nevertheless are given in table 7 because the 
critical point constants are close to those determined 
initially by Hoge and Lassiter, namely Tc = 32.984 
± 0.02 OK, de = 15.27 ± 0.30 g mol/liter , Pc = 12.77 
± 0.04 atm [14]. 

The National Aerona utics and S pace Admini stra· 
tion has supported thi s work from the beginning. 
Mr. William J. Hall generously helped the a uthor with 
initial computer programs, a nd contributed the essen
tial iteration routine and the high-speed, leas t- squares 



TABLE 7. Constants for alternate Tc 
Equation (4-a) 

Constant Value 

n ... . ................................... . . ............ .... . 
~ ........ . . . ... . .... . .......... . .... ... .......... ~ ..... . 
d, ... .. .. ....... ..... ... .. ............... g mol/liter. .... . 
Pc, [13). ...................................... atm ..... . 
C, ................. ......... ... ... .. .. .. .. ..... .......... . 
D, ........... ..... ... .. ... .... .... ....... ........ ... ..... . . 
D,........ . ............... .. .............. .. 
D" ..... ... .......... ..... .. .. .. .... .. .... ....... .... . . 
D., ......................... ....................... ...... . . 
E, ... ......... .. ......... . ... .. .. . . ..... . . .. ...... ... ... .. . 

8 
32.984 
15.44 
12.774257 

- 0.7702 5576 
.00044993 
. 01614536 

- .01022498 
7.22 
3.32 

routine in machine language. Mrs. Levelt Sengers 
kindly suggested improvements in the manuscript 
and encouraged us to seek a form which would be non
analytic at the critical point. 

6. Appendixes 

6.1. Method Used To Find Data for A(p), B(p), C(p) 

With reference to eq (3) and determination of coef
fi cients on the right s ide by least squares on isochores, 
we used a method whereby deviations introduced by 
the arbitrary form of the first coefficient, A(p), will ap
pear in data for the second coefficient, B(p) , and so 
forth. After adjusting the constants in A(p) we used 
its representation on the left side, and redetermined 
data for B and for C by least squares on isochores in 
the transposed form, 

{log Y - A calc' P . X _ I/4} = B . p . X - I + C . X- 3 , 

and so forth. 

6 .2. The Requirement for High Precision in A (p), Etc. 

The explicit form of eq (3) for pressure , 

P=- II(p) + F(p, T) 

shows that P is obtained as a difference of two prin
cipal terms. At high densities the value of II may 
exceed 700 atm. At high densities and low tempera
tures the value of P may be as low as 0.0695 atm (triple 

point). Values for the parameters A (p), B (p), e tc., 
therefore may be required with a precision ten thou
sand-fold greater than desired in the calculated 
pressure. 
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