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The compari so n of vo lt boxes within uncertainties of±O.Ol percent or less has, in the I)as t, bee n a 
long and difficult task at the NBS Boulde r Laboratories. A console for thi s purpose rece ntl y put in 
use has reduced the time and labor to a great extent and, at the same time, has reduced the unce rt a in · 
ties associated with the measureme nt c ircuitry to less than 0.001 pe rcent, thu s a llow ing rea li zab le 
calibrat ion uncertainties of less than 0.005 pe rcent. The console was des igned as part of a s ys te m in 
which the operator was considered to be the decis ion-makin g link in th e meas ure me nt cha in . The 
circui try, through the use of a contained comput e r and associa ted c ircu it s , provid es the ope rator with 
the data h e requires in the form he chooses. The operato r is thu s freed from the need to co nside r 
minutiae, and there by is ab le to co ncentrate on those fac tors requiring judgment. 
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1. Introduction 

A volt box is a carefully constru c ted voltage divider 
having a number of fixed ratios be twee n input and 
output terminals. Th ese ratios are co mmonly in 
multiples of the integers 1 through 5. A vo lt box is 
normally used to exte nd the e ffective ra nge of a po· 
tentiometer so that voltages up to 750 or 1500 V may 
be measured. 

As a volt box is a ratio de vice, th e absolute resistance 
of its elements is not of great importan ce and und er 
ordinary circumstances need be known only in a 
nominal sense (i.e., 750 D/V, etc.). Howe ver, before 
a volt box may be us ed for accurate meas ure ments, 
the actual ratio must be de termin ed. There are two 
characteristics inherent in volt boxes that manifest 
themselves in a depe nd ence of the ratio upon the 
applied voltage. One is the c han ge in the resistance 
of the elements with heating. In the large "master" 
volt boxes fabricated in accordance with NBS RP1419 
[1],1 the changes in ratio resulting from self·heating 
are usually quite small, being in the order of 5 to 20 
ppm (parts per million) at rated voltage. In the less 
complex, general purpose boxes, however, the differ
ence between the ratio at reduced voltage (under 30% 
of rated) and that at rated voltage may be as great as 
200 ppm. The other characteristic is the variation 
in the resistance of the insulating parts of the box. 
Even when using the new, high-resi s tance insulating 
materials, small currents across the surface of the 
insulator can result from surface contamination. 
When these currents are in parallel with resistance 
paths, the ratio is disturbed. These c urrents are not, 
in general, a linear fun ction of appljed voltage , and 

*Radio S tandard s Laboratury, Na tional Bureau uf S ta ndards, Boulde r. Colo. 
I figures in brackets indica te the lit era ture refere nces on page 180. 

the c urre nt paths cannot be well·defined. To reduce 
the effec ts of th ese c urrents, th e more complex, 
master boxes have guarded c irc uits wherein the 
voltage across th e leakage path is reduced co ns ide rabl y 
with a corresponding reduction in leakage curre nts. 

When these charac teri s ti cs are cons idered, it be· 
co mes apparent th at th e ratio s hould be meas ured at 
the voltage for whi c h th e box will be used. This may 
be done mos t easily by co mparing the box with another 
volt box havin g known c harac teri s ti cs. Two meth ods 
of co mpari so n are described in RP1419. (The second 
me thod is di sc ussed in appendix I of th a t paper.) Th e 
first method is th e one lI sed at NBS. 

The rece ntly co mpl e ted co nsole lI sed for thi s meas
ure me nt at the NBS Boulder Laboratories in corpo' 
rates many new features that co ntribute to th e accuracy 
and efficiency of th e measureme nt. With this console, 
un certainties associated with th e meas urement circ ui· 
try are less than 0.001 percent, which allows realizable 
calibration uncertainties of less than 0.005 perce nt. 
This paper describes the console and includ es, as 
appendices, an evaluation of the uncertainti es that may 
be expected in its use. 

2. Comparison Measurement 

As a comprehensive description of this measurement 
may be found in the literature, [2] only a brief treatment 
will be undertaken here. The circuit is shown in 
figure 1. In the course of the measurement, the values 
of V3 , v~, VI, and V4 are measured in microvolts. (V3 is 
normally measured first because it is the voltage most 
sensitive to changes in ratio caused by heating and to 
wrong connections in the measuring circuit.) When 
these values and the supply voltage, V, are known, it 
can be shown [3] that the corrected ratio of the box 
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FIGURE 1. Basic volt box measurement circuit. 
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undergoing comparison (within the limits of uncer
tainty in the measurement) is 

X=X [1 +( .+ V4-V, + V2 -V:l) 10-6] 
11 /-Ls V VIS" ' (1) 

where X" is the nominal ratio of the unknown, 

/-Ls is the correction to the ratio of the standard volt 
box in ppm, 

S" is the nominal ratio of the standard volt box, and 
is equal to XII' 

V is the supply voltage, in volts, and 
V1, V2, V3, and V4 are the measured voltages , In 

microvolts .. 

(V" V2, and V3 are considered to be positive when of 
the same polarity as vd 

3. Measuring System Requirements 

In order to achieve a high degree of accuracy, the 
measuring system must, of course, be fabricated of 
stable, high-quality components and must be guarded. 
However, the use of good quality equipment alone is 
not a guarantee of highly accurate measurements. 
The success of the measurement is dependent to a 
very large extent upon the operator. Human opera
tional factors contributing to degradation of accuracy 
are primarily fatigue, both muscular and nervous, 
and inability to copy figures indefinitely without error. 
In the design of the console, these factors were care
fully considered, and as a result the following re
quirements were formulated: (1) The operator should 
be able to change ratios quickly and easily. This 
will not only reduce irritation but also will minimize 

the time during which no power is applied and thus 
reduce uncontrolled cooling of the volt boxes. It is 
important to minimize this cooling because volt boxes 
are calibrated under temperature equilibrium condi
tions_ (2) Controls should be centralized as much 
as possible. (3) The digital form of indication is to 
be preferred over the analog form. (4) All readings 
and settings should be capable of being checked. 
(5) As much of the computing as possible should be 
done automatically. (In the calibration of a volt box 
eq (1) may have to be calculated as many as 32 times_) 
(6) Recopying of data should be reduced to a minimum_ 

In addition to the requirements listed above, the 
fact that voltages as high as 1500 V dc may be present 
during calibration dictates the use of adequate safety 
measures. 

4. Features 

The console was designed from the human engi
neering viewpoint to as great an extent as was tech
nically and economically practical. The operator 
was treated as a decision maker, and the console was 
designed to automatically handle those functions not 
requiring decision and to supply the operator with the 
appropriate data in a clear and concise form (fig_ 2). 
As a result of this viewpoint, and of the requirements 
listed above, the following features were included. 
(1) A plug-panel was designed to allow the operator 
to quickly change ratios on the standard volt box. 
(2) All controls are grouped in front of the operator. 
During the measurement of a given ratio, the operator 
does not need to leave his seat, and no control is more 
than 18 in. away. However, the operator does need 

FIGURE 2. The volt box calibration console at the NBS Boulder 
Laboratories, now at NBS laboratories, Gaithersburg, Md. 
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FIGURE 3. A. Main cOlllrol pallel; B. Outpul display pallel. 

to get up and move around the end of the console to 
change ratios. (3) All important control settings and 
displays are in digital form (fig. 3). (4) The basic 
measuring circuit includes provision for reducing the 
measured voltage to parts per million continuously 
and automatically. The value, in ppm, is recorded 
by the operator on an adding machine. (5) The tape 
from the adding machine, when complete, is cut into 
appropriate lengths and photographically reproduced 
on 8V2 X 11 inch sheets which become the permanent 
records. Thus the data need be recopied by hand 
only once, onto the summary sheet from which the 
Report of Calibration is typed. To comply with the 
safety requirements, the area in which the high voltage 
is exposed is protected by a two-stage photoelectric 
fence. If the illumination to either of two photocells 
is interrupted, the high voltage is disconnected. 
Also, a prominently mounted, high-voltage sign is 
illuminated whenever the high voltage circuit is ener
gized. To provide an indication of high voltage even 
if all other safety circuits were to fail, two neon bulbs 
are connected, in series with suitable dropping re
sistors, across the high voltage leads. One of these 
is mounted on the front panel, and the other is mounted 
at the top of the plug-panel in the high-voltage area. 

Initially a digital printer was connected to print the 
position of every control on the main con trol panel 
and the output from the measuring circuit. The tape 

from the printer was to be used to chec k the validity 
of the recorded data. However, th e action of the 
printer adversely affected the measuring ci rcu it , and 
it proved to be impractical to reduce this circuit inter
action to a tolerable level. The use of the printer 
was therefore discontinued. The c hecking of re
corded data is accomplished by the making of multiple 
measurements. 

5. Measurements Procedure 

In the measurement of a given range of a volt box, 
the operator first connects the box as shown in figure 2. 
The main function switch (the large, rotary switch 
in the lower center of the main control panel, fig. 3A) 
is rotated to the "Enter 51!" position. The operator 
enters the nominal value of the ratio into the console 
circuitry by adjusting the switches in the upper right 
of the main control panel. He then rotates the main 
function switch to the "Enter and Set V" position. 
(In so doing he moves the switch through the "Print 
5,," position which originally caused the printer to 
record the values of the 5" dials. This position no 
longer has any meaning.) After having turned the 
four "V=" dials to the desired value of applied voltage 
(the fourth dial controls the position of the decimal 
point), he adjusts the high-voltage supply until a null 
is obtained on the Set-V meter. By rotating the main 
function switch to the "Read V3" position, he makes 
those circuit connections necessary for the measure
ment of the difference voltage shown in figure 1. He 
records the values of V and 5" on the calculator, and 
then proceeds to measure V3, then V2, VI, and V4. As 
the measurement of each difference voltage is com
pleted, he enters the value displayed on the output 
display panel (fig. 3B) into the calculator. After having 
completed the four measurements, he enters the cor
rection to the standard into the calculator. By de
pressing the totaling key, he com pletes the calculations. 

6. Computer Principle 

If eq (1) is rewritten as shown in eq (2), the correc
tion to the ratio of the box undergoing calibration is 
seen to be the sum of five terms, each of which is in 
parts per million, provided the conditions listed under 
eq (1) are met. 

As only multiplication and division are needed to 
convert the measured voltage to parts per million, 
an electrical analog is easily constructed. Consider
ing the V3 term of eq (2), 

(3) 
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Correspondingly, in a voltage divider circuit, 

(4) 

where R2 is the portion of RI across which Eo appears. 
It remains only to determine the circ uit that allows 
the relationship 

(5) 

to hold , considering that V and 5" are independent 
parameters. 

If R2 is allowed to vary in such a way as not to change 
the value of R I, the two values will be independent and 
eq (5) may be realized in fact. This is done as is 
explained in section 7.3. The result is a simple, 
comple tely passive computer, the accuracy of which 
is limited only by the accuracy of the contained 
resistors. 

In the actual design , no attempt was made to retain 
the decimal point in the voltage divider circuit, as 
that would require excessive voltages in the computer. 
Instead , a separate switching circuit is used to place 
the decimal point. 

7. Circuit 

7.1. Block Diagram 

Figure 4 shows a block diagram of the circuit. 
The output from the 0- 1500 V supply is monitored 
by the set-volts pote ntiometer. This potentiometer 

is also used to enter the significant figures of the value 
of V (eq (2)) into the computing potentiometer such 
that RI of eq (5) is proportional to V. The signi
ficant figure of 5" is similarly entered by adjusting the 
value of R2 in eq (5) appropriately. Decimal infor
mation is suppli ed to the decimal point computer as 
shown. (The value of V may be anywhere between 0 
and 1500 V, to three significant figures. That of 5 11 

may lie anywh ere between 1. X 100 and 9. X 104, 
but in practice it does not exceed 1 X 104.) The four 
difference voltages (VI, V2, V3, and V4) to be measured 
are connected to the co mputing potentiometer by 
means of a relay switching circuit. The output from 
the computing potentiometer is connected to a digital 
volt-meter which has been modified to read only signi
ficant figures . The decimal information proceeds 
directly to the digital display from the decimal point 
computer. The printer monitored both the computing 
potentiometer (which included, for the purpose of 
printing, the settings on the set-volts and 5 11 dials) 
and the digital display. The printer output included 
codes indicating the nature of the display (ppm, 
microvolts , etc.) as well as the value and sign. 

7.2. Set-Volts Potentiometer 

a. Signifi~ant Figures Section 

The set-volts potentiometer circ uit is shown in 
figure 5. The significant figures section comprises 
a one-volt zener source supplying a Kelvin-Varley 
voltage divider. Each decade of the divider is 1000 n 
per step with 2500 n resistors used for compensation. 
This type of design allows aU decades to be of a high 
(and easily procured) resistance which reduces the 

Ir=------------: 
,.F:::E:~~~~:::;::::::;;::~ DECIMAL I 

I SECTION SECTION 
I I 

l2..E_T -V~L TS !'OT~NTI0!v1ET~~ 

POINT 
COMPUTER 

FIGURE 4. Block diagram of console circuit. 
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F IGU HE 5. The set-volts potentiom.eter. 

effect of contac t res is ta nce. Each decade is physi
cally ganged to, but guarded a nd shielded from , a 
corres pondin g decade in th e co mputing poten tiome te r. 
Thus, as the value of V is se t o n th e three decades in 
the se t-volts pote ntiome te r, the va lu e of RI in eq (5) 
is simultaneous ly adjusted to be proportional to V. 
It s hould be noted that th e s ignificanl fi gures of the 
lowes t value that can be se t on th e se t-volts pote n
ti ometer dial s are 100. This is necess itated by the 
need, in the co mputer , fo r R I(min) = 10 kD > R2( ma x) 

= 9 kD. A more de tailed explanation is given in sec
tion 7.3. 

It will be noted that the galvanom eter , C1 (which is 
of the chopper-amp lifier Iype), is protected by three 
fu ses U;, j~ , and Ii) in se ri es . The possibi ljty, how
ever remote , of the operator inadvertently applying 
] 500 V directly across the galvanometer circ uit neces
sitated this, and the fusin g system has been found to 
be entirely adequate. 

b. Decimal Point Section 

The decade voltage divider connected across the 
high-voltage terminals divides that voltage by integral 
powers of ten. The switch used for thi s purpose is 
the fourth s witch to the right in Ihe "V=" section on 
the main control panel (fi g. 3). This switc h a lso e nters 
the appropriate powe r of te n in the Decimal-Point 
computer and li ghts th e appropriate dec imal point 
light on the main control panel (fig. 3) . The rela
tionship between the decimal p oint section of figure 5 
and the "V =" dial s of fi gure 3 is as follows. The 
10- 1 position causes th e decimal point light preceding 
the fir st significant fi gure to ]j ght; hence the reading 

of th e V = sec tion, as s how n in th e fi gu re, would be 
.J 50. The 100 position causes the light be twee n th e 
first a nd second significa nt fi gures to li ght ; he nce 
the reading would be 1.50, etc. When the dec imal 
poi nt s witch is rota ted to th e 103 pos ition, a ze ro ap
pears in th e fourth window of th e V= sec ti on a nd the 
dec imal point li ght to th e ri ght of th at window will 
li ght. With th e switc h in thi s position th e read in g 
would be 1500. If a pote nti a l of 1500 V was now im 
pressed across th e decim a l-po int-sec tion divider, th e 
voltage to the right of C would be 

1500.(103) 

107 
0.1 50 volt, (6) 

which is equal to the voltage to the left , and the gal
vanometer would be at null. 

The possible errors introduced by the circ uits in the 
set-volts potentiometer are disc ussed in appendix A. 

7.3. Computing Potentiometer 

The computing potentiometer (fig. 6) is basically a 
modified Lindeck-Rothe circuit connected to a voltage 
divider. The ammeter normally used as an indicator 
has been replaced by a 10 kD resistor. Hence the 
output from the potentiometer is a voltage rather than 
a meter deflection. As is explained below, this voltage 
is operated on by the voltage divider comprising RI 
and R2 such that 

(7) 

177 



o 
COMPUTER 

HUNDREDS 
DECADE 

IOkll/STEP 

TENS 
DECADE 

Ikll/STEP 

ONES 
DECADE 

IOOll/STEP 

FIGU RE 6. Cornputing potentiorneter. 

where Vd is the voltage to be measured by the poten
tiometer , and M is a multiplier determined by the 
values of Ra and Rb . 

the "V =" dials are adjusted to 325, for example, the 
resistance of RI becomes 32.5 kD and the result is 
shown in figure 7b. The value of Eo in figure 7b is 
equal to that of figure 7a divided by 325 (ignoring the 
decimal point). Thus the "V =" value is entered as a 
divisor. If the 5" decade is adjusted to 4, the circuit 
is as shown in figure 7c, and Eo is four times that of 
figure 7b. Thus the value of 5" is entered as a multi
plier, and the circuit of figure 6 meets the requirement 
of eq (5). 

The errors associated with the computing poten
tiometer are discussed in appendix B. 

7.4. Decimal Point Computer 

The decimal point is placed by means of the circuit 
shown in figure 8. Placement is determined by three 
switches, as shown. It will be noted that as the value 
of the Lindeck shunt selected is increased, the decimal 
point moves to the right. This is true also when the 
5" decimal point switch is changed to select a larger 
value. If the decimal point switch on the set-volts 
potentiometer is adjusted to a larger value, however, 
the decimal point on the digital display will move to 
the left. Thus the Lindeck shunt and 5n decimal 
point switches serve to multiply by powers of 10, and 
the set-volts decimal point switch divides by powers 
of 10. In the actual circuit, provision is included for 
bypassing the 5" switch when VI and V4 are being 
measured. 

7.S. Switching Circuit 

The three decades shown under " V =" in figure 6 
are ganged to the corresponding decades in the set
volts potentiometer. It will be noted that when these 
decades are adjusted to the minimum value (V = 100) 
there is still 10 kD of resistance in the circ uit. It is 
this feature that allows Rz of eq (5) to vary independ
ently of RI • 

When both the "V =" and "5,," decades are adjusted 
to minimum , the circuit is as shown in figure 7a. If 

The measuring circuit is connected to the voltages 
VI, Vz, V3, and V4 by means of double-pole, single-throw 
relays, as shown in figure 9. It will be noted that the 
movable and stationary contacts of any relay are sep
arately guarded . This is necessary to minimize the 
effects of leakage currents flowing between the con
tacts when the relay is deenergized. With the circuit 
as shown, any leakage currents of this type flow directly 
from the high-voltage supply and hence have no effect 
on the ratio. To implement the guarding shown in 
figure 9, it was necessary to modify commercially 
available relays to the form shown in figure 10. 

E 

" { 9kn 

E " { 

31.5 kn 

E " { 

28.5 kn 

IOkn 32.5kn 32.5kn 

R2 Ikn Eo=.£. R2 Ikn 
E 

4kn 
4E 

10 EO=32.5 R2 Eo= 32.5 

A B C 

FIGURE 7. Computer circuit showing "V=" and "Sn" adjustments . 
A: V ~ 100. 5,, = I 
B: V = 325.5 .. = 1 
C: V = 325. 5,, = 4. 
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FI GU RE 10. Switch.ing circuit relay. 

7.6. Guard Circuit 

In keeping with personnel safety require ments, the 
cabinets of the console are connected to a low-im
pedance ground. Grounding the cabinets also pro
vides the measuring circuit with shielding. The 
measuring circuit guard is grounded also as shown 
in fi gure 9. The power supplies are isolated ; one side 
of the high-voltage line is grounded (see fig . 9). Whe n 
VI , V2, or V:l is being measured, the side connected to 
VI is grounded. W hen V4 is measured , the side con
nected t(l V4 is grounded. 

8. Conclusion 

The in corporation of thi s console into the measure
ment facility at the Boulder Laboratories has resulted 
in a significant reduction in the Ii mits of un certainty 
associated with the calibration of volt boxes. The 
results of measure me nts made on a box of the type 
described in RP1419 are well within the predicted 
worst-case uncertaintly of ± 8 ppm (see appendix C). 

TABLE 1. Comparison of measurements made by the 
selfch.eck meth.od wit h. those made on the console 

A 
RUIlJ.!t· 

- --

3 /1.5 
4.5/ 1.5 
6 /1.5 
7.5/1.5 

15 /1.5 
30 /1.5 
45 /1.5 
60 /1.5 
75 / 1.5 

150 / 1.5 
300 / 1.5 
450 / 1.5 
600 / 1.5 
750 / 1.5 

8 
Sf,l f c lw('k 

-

- 2 
- 4 
- 6 
- 7 
- 9 
- 9 
- 7 
- 7 
- 7 
-3 
- I 
+ 2 
+ l 
+ 1 

Corr('(' lions in ppm 

( :ull!'t ll" tlH'as un'I1H'IlI ... 

C D 

+5 + 1 
0 + 1 
0 0 

- 4 - I 
- 8 -7 
- 9 - 10 
- 6 - 6 
-5 - 6 
- 4 - 6 
- 3 - 2 

0 0 
+ 1 0 
+ 1 + 1 
+3 + 3 

I ( :l •. l nl,arj ~ . l n 
~1I1PPIll 

" F 
1\ "'1> fJfC& f) ('; - 11 

+ .J +:) 
0 + 4 
0 + 6 

- 2 + 5 
- 8 + 1 

- 10 - I 
- 6 + 1 
- 6 + 1 
- 5 +2 
- 2 + 1 

0 + 1 
0 - 2 

+ 1 0 

~ + 2 

These results are shown in table 1. Column B shows 
the results of measureme nts made by the "self chec k
ing" technique described in appe ndix II of RP1419. 
Columns C and D are the results of two independent 
measure ments made by comparing the unknown 
(previously self-ch ecked) volt box with the standard 
by means of the console and, in fact, reflect not only 
the console uncertainties, but the uncertainties in 
the correction to the standard ratio and any uncer
tainties introduced by the operator also . The com
parisons were made at 20 percent of rated voltage on 
each range to approximate the conditions under which 
the self check was made . Column E is the average of 
columns C and D. These conclusions are corrob
orated by the results of a second experiment that 
involved measurements of three master volt boxes 
in the following manner. 
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First V.B . 1 was meas ured against V.B. 2, 
then V.B. 3 was meas ured against V.B. 1, and 
finally V.B. 3 was mea sured agains t V.B. 2. 

In the first and third measure ments , V.B. 2 was con
sidered the absolutely perfect standard. In the second 
measurement , V.B. 1 was considered the absolutely 
perfect standard. 

If the corrections, in ppm, to V. B. 1 resulting from 
the first meas ure me nt are called A; those to V. B. 3 
resulting from the second measurement are called B; 
and those to V. B. 3 resulting from the third measure· 
ment are called C, the following relationship should 
exist [5]. 

A+B-C = O, (8) 

provided the correction s to the three volt boxes did 
not change between me asure me nts, and provided no 
errors are introduced b y the measuring system - in 
thi s case , the con sole . To insure unchanging cor· 
rec tions in the volt boxes, measure ments were made 
at reduced voltage. When the data from the measure· 
ments were applied to eq (8), the results we re as 
shown in fi gure 14. 

The author is indebted to Joseph 1. Barth, who de· 
ciphered the many schematics and wiring diagram s 
and reduced them to operating hardware. 
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10. Appendix A. Evaluation of the Set-Volts 
Potentiometer 

10.1. Kelvin-Varley Circuit (See Fig. 5) 

The rigorous mathematical analysis of a Kelvin
Varley divider is quite complex, and has appeared 
in the literature .[4] 

As the divider in the Set-Volts Potentiometer is to 
be used without applying corrections, the maximum 
e ffective uncertainty that will be introduced by the 
divider is the only thing that must be de termined. 
Individual errors in the several sections are important 
only in their contribution to the overall error. As a 
recently calibrated digital voltmeter having combined 
uncertainties within 0.01 percent was available for 
the purpose , it was simpler and easier to measure this 
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overall error than to calculate it. Accordingly, the 
900 settings on the set-volts divider were measured 
against the digital voltmeter, and the data were 
checked at 19 points with a commercial potentiometer 
(in which the combined uncertainties were within 
0.01 %). The results of these measurements are shown 
in figure 11. As can be seen, the largest error intro
duced by the nonlinearity of the divider is roughly 
equal to one digit on the third (least significant) dial. 
When the applied voltage is adjusted to a value equal 
to one division in the third place higher or lower than 
the value to which the Set-Volt Potentiometer dials 
are set, the resulting difference in measured ratio, 
from that determined when the applied voltage and 
dial setting are equal, is smaller than the random 
errors encountered in the measurement. The results 
of such an experiment are shown in figure 12. 
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FIGURE 13. Decimal divider in set·volts potentiometer. 

10.2. Decimal Divider 

The decimal divider is shown in fi gure 13, which 
corresponds to the circuit of the Decimal Poin t Section 
in figure 5. In fi gure 13, the relationship of Eo to E; 
for any given switc h se tting, n, is 

( R\ ) Eo= E;, 
R\ +R2+ . . . + Rn 

(AI) 

where Eo and RJ, R2 , ••• R" are (he nominal values. 
The true value, E~, however, is 

E' - E (1+ )- R,(l + r,)E; 
0- 0 eo - II • (A2) 

2: Rk(l + rk) 
I 

Dividing eq (A2) by eq (AI) gives 

" (1 + rd 2: RA-
\ 

1 + ea = -,-, ----=-- (A3) 

2: Rk(l + r..) 
I 

or 

1/ /I 

(1 + rl ) 2: R k - 2: Rk(l + r..} 
2 2 eo = ----=,-, - ---"----- (A4) 
2: Rh(l + rh) 

which reduces to 

n 
2: Rk(r\ - rk) 

2 ea=-n-----

2: Rk(l + rk) 
I 

(AS) 

Equation (AS) will be maximum when n=5 and r2, r3, 
r4, and r5 are opposite in sign to rl. In this worst case, 
assuming the corrections to all the resistors are maxi
mum, i.e., 0.0005,2 eo is found to be 

eo == 0.001. (A6) 

11. Appendix B. Evaluation of Errors Asso
ciated With the Computing Potentiometer 

As explained in the text, the milliameter of the 
Lindeck-Rothe potentiometer has been replaced by a 
resistor (Rb) of 10,000 0 nominal value (see fig. 6). 
The voltage across Rb will (nominally) be 10\ 105, 

106 , or 107 times Vd depending on which value of Ra 
is switched into the circuit. If this value, VRb , is ap-
plied across the divider circuit, RI , the nominal value 
of voltage, Eo, applied to the digital voltmeter would 
be found by the relation: 

(Bl) 

2 The res istors used were ind ividuaUv meas ured and found to have correc tions well 
wit hin the limits of ± O.OOOS. . 

o ;:: 
<t 
0:: 

~ 5f-------------

E 
a. 4 
a. 

~ 

u 
I 

aJ 
+ 
~ 
(f) 0 
0:: 
0 
a:: 
0:: 

-I 
W 
o -2 
w 

• 
• • 

• 
• • 

~ ~ . 
<t 
Y -4 • 
w 

• 

c3 -5f------------
(f) 

z 
8 7.5 15 30 45 60 75 150 300 450 600 750 

VOLTAGE RANGE IN VOLTS 

FIGURE 14. Console·caused errors as determined by intercompari· 
son of three master volt boxes. 

181 



where Vd is anyone of the four difference voltages 
(VI, V2, V3, or V4), Rl and R2 are the displayed (i.e., 
nominal) values proportional to V and S" respectively, 
see eq (1), Rb is nominally 10,000 fl, and Ra is nom
inally either 1, 0.1, 0.01 , or 0.001 fl as determined 
by the position of the Lindeck Shunt switch. How
ever, it is not practicable to measure VRb without chang
ing its effective valu e (because of the loading effect 
of the measuring system) and hence disturbing the 
ratio of multiplication, RdRa. Therefore, to prevent 
this disturbance, the voltage is measured across 
Rb + Ra. With a circuit of this configuration, the 
voltage applied across RI is not V Rb , but VRb + V Ra , 

and the actual value, Eo, is related to Vd by the equation 

(B2) 

In eq (B2) the primes indicate actual (as opposed 
to nominal) values. 

As providing automatic correction for the effect of 
Ra in the numerator of eq (B2) would have appreciably 
increased the cost of the console, it was decided to 
treat the circuit as though the voltage applied across 
R I is VU b even though in fact this is not the case. 
This will, of course, introduce an error in addition to 
that caused by the errors in R1 , R2 , Ra, and Rb. It is 
the purpose of this appendix to determine the relative 
error (eo) in Eo, for any given Vd, resulting both from 
the errors in the component values and from the pre
sumption that eq (BI) is the circuit equation. 

If the circuit of figure 6 is examined rigorously it 
will be found that the actual value of each of the com
ponents differs, although slightly, from the nominal 
value. If we consider each actual value (designated 
by a prime) to be comprised of the nominal value and 
the small difference between nominal and actual (i.e., 
R~ = Ra(l + raj), the circuit equation for determining 
the actual output voltage for a given Vd is 

where eo, rl , r2, ra, and rb are the relative differences 
between the actual values, Eo, R;, R2, R~, and R;' and 
the nominal values Eo, RI, Rz, RIl , and Rb , respectively. 

Equation (B3) may be more readily analyzed if it 
is considered to be of the form 

If, in eq (B4), the following relations hold , 

Rz(l + r2) 
TI(l + tl) = RI(l+ rl)' (BS) 

K, 
TI = R-I' (B7) 

and 
Tz=R b (BS) 

R" 
then eq (B4) may be rewritten as 

From a comparison of eq (B9) and eq (BI) it is imme
diately apparent that 

(BlO) 

It is now possible to examine each of the component 
errors, tl and t2, individually; this possibility greatly 
facilitates the analysis. 

Let us first determine the relative error, tz. If we 
divide eq (B6) by eq (BS), the result is 

(Bll) 

If Ira I and Ifbl are small (i.e., < 0.001), eq (Bll) reduces 
approximately 3 (i.e., to first degree terms) to 

(Bl2) 

In the circuit, the resistors RIl and Rb have been chosen 
such that Iral < 0.0004 and Irbl < 0.0001. From figure 
6 it will be seen that 

RIl 
Rb :;;; 0.0001. (BI3) 

Thus tz will be within the limits 

(Bl4) 

The evaluation of tl may be handled in a similar man
ner. The division of eq (BS) by eq (B7) gives 

1 + r2 
l+tl=--· 

l+rl 
(BlS) 

:Iff Ira ! and Irb l are each less than O.OOl , the difference between the right-hand side of 
eq (812) and the true value, 

(Fl) 

is 

(B6) I rq\r+~:q)l< 2 X 10-' (F2) 

and hence is so small as to nol sigl,lificantiy ~ffec t the value of t2_ 
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If iTt I and hl< 0.001, eq (BlS) becomes 

(BI6) 

From fi gure 6, RI is see n to co mpri se many resis tors 
in series. These res is tors and switches have been 
chosen so that the actual value of the res is tance added 
by any decade, on any position , does not differ from 
the nominal value by more than ± 0.03 percent. Also 
the two 1 kO resis tors have bee n s imilarly c hosen. 
He nce the circ uit of RI may be realist ically re pre· 
sented by e q (B17). (As R 1 is the total resis tance of 
the network, it is represented by Rt in the following 
analysis.) 

" Rt(l + rt ) = 2: RI.'(l + r,.), (BI7) 
k = 1 

where R 1 , R2 , ••• , R" are th e resis tors in the S" 
switch, the 1 kfl resis tors co nnected to e ither end of 
that switch, and all other resistors that have been 
switched into the circ uit by the settings of the three 
"V =" dials . Equation (B17) may be rewritte n in the 
form 

/I II 

Rt(l + rt ) = 2: R,. + 2: R,J, •. (BI8) 

Since 

(B19) 

eq (B18) may be divided by Rt to give the equation 

(B20) 

That is, r( is dependent upon the sum of the differences, 
in ohms, between the actual and nominal values of 
the resistors Rk in ratio with the sum of the nominal 
values. If, as previously stated, all values of h-I are 
within some limit, r, then the value, r, as substituted 
for hi may be factored out of eq (B20) to yield the 
bounds to rt ; i.e., 

n 

2: R h-

h i ~ r -:I--= I"· 
2: Rh-

1 

(B21) 

Therefore, the bounds to 1"( (i.e., to the relative differ· 
ence between the actual and nominal values of Rl 
in fig. 6) are 0.0003. Similar reasoning 4 can be used 

to determine the bounds to the relative error of R2 
(fig. 6) with the result: 

(B22) 

Hence, the bound s to tl are found , using eq (B16), to be 

(B23) 

However , the validity of this value is ques tionable 
since the interde pe ndence of the errors of R 1 and R2 
was not cons idered in the analysis . A more rigorous 
analysis results whe n the resistan ce network RI is 
considered to co mprise the independent resistances 
R3 and R 2 such that 

(B24) 

If thi s is done, eq (BS) becomes 

iB2S) 

The determination of the error introduced by R3 and 
R2 may be found by operating on the relation 

R 2 (1 ) = R2(l + r2) +e,. 
R 3 + R2 R3(l + 1"3) + R2(1 + 1"2) 

(B26) 

Dividing eq (B26) by R2 /(R3 + R2) gives 

1 + e,. = (R3 + R2)(1 + r2) . 
R3(l + r3) + R2(1 + 1"2) 

(B27) 

If hi and Ir21< 0.001 (thi s has already been demon· 
strated as the reasoning used in the determination of 
rt applies with equal validity to r3), eq (B27) may be 
approximated by (the reasoning of footnote 4 applies) 

(B28) 

being more than adequately acc urate for the purpose 
intended. Subtracting 1 from both sides allows eq 
(B28) to be reduced to the more usable form , 

R:!( 1"2 - r:l) e,. = . 
R2 + R:ll + r~- r2) 

(B29) 

From eq (B29), le,. 1 approaches the value 

1"2- r3 

1 + r:l - 1"2 
(B30) 

~ As R2 is in paralle l with the input impedance of the digital voltmeter, the actu al re 
sistance may differ from nominal by as much as 0.09 percent unless co mpe nsa ting tech· 
niques are used. These techniques. in the form of trimmer res istors, we re used o n R2 • 

Hence the resistances shown are the effec tive values including the input impedance of the 
digital voltmeter, adjusted to within ± 0.03 percent (300 ppm). 
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as a maximum limit as the ratio R3/R2 increases without 
bound. Using bounds of±0.0003 for ra and T2 

Hence 

I 1'-< 0.0003 + 0.0003 . 
e,. ~ 1- .0003 - .0003 

lerl ~ 0.0006. 

(B31) 

(B32) 

A comparison of statement (B32) with statement (B23) 
shows that (B23) is indeed valid. 

Referring again to eq (B4), the value , eo, IS quite 
approximately determined by the relation 

(B33) 

provided Itll and It21 are < 0.001. That these values 
are less than 0.001 has been demonstrated. There
fore eo may be determined from eq (B33) (using the 
limits of tl and t2 listed in statements (Bl4) and (B23)) 
to be 

leol ~ 10.00061+10.00061 = 0.0012. (B34) 

This figure , found by direct addition, is cp.rtainly the 
pessimistic limit in the worst case (i.e., where 
RI /R2~ CXJ) . A more realistic appraisal might be to 
combine the different independent errors by the square 
root of the sum of the squares, as they are as likely 
to compensate for one another as to add. If this is 
done using eq (Bl2) and (Bl6), then with high 
probability 

(B35) 

the result is 

leol:;;; 0.0006. (B36) 

The actual limits of eo will lie somewhere between 
these two extremes. 

Hence the premise of eq (Bl) is found to be uncer
tain by about ± 0.1 percent of Eo. 

Total Measurement Circuit Uncertainty. An ad
ditional uncertainty of ± 0.2 percent (em) of the 
measured voltage is introduced by the digital volt
meter. Also the digital display has an inherent un
certainty of ± one digit in the last place. Because 
of the way in which the display is used , this ± one 
digit causes an absolute uncertainty (ed) of ± 1 ppm of 
the ratio (of the unknown volt box) in the worst case 
for each displayed value. 

12. Appendix C. Evaluation of the Measure
ment Uncertainty of the Volt Box Console 

This evaluation does not include the effect of the 
uncertainties associated with the corrections to the 
Standard Volt Box. 

The equation of correction for the unknown volt 
box as used by the operator of the console is 

where X1l is the nominal ratio of the unknown, x is 
the correction to the unknown in ppm, VI, V2 , V3 , and 
V4 are the computed results in ppm, and f-t s is the cor
rection to the standard volt box in ppm. 

The error in VI, V2 , V3 , or V4 is closely approxi
mated by the relation: 

e = ev - ev, (C2) 

where ev is the error resulting from the computer 
and ev is the error caused by the set-volts poten
tiometer. The difference in errors shown in eq (C2) 
is the · reason that the zener supply for the set-volts 
potentiometer need only be calibrated against the 
digital voltmeter. If the digital voltmeter is in error 
(absolutely) by some value, the set-volts potentiom
eter will be in error by the same value, and the two 
errors will subtract to zero. 

The uncertainties in e resulting from the dividers 
in the set-volts potentiometer, the resistors in the 
computing circuits, etc., must be considered as the 
signs of these uncertainties are not known. 

ev and ev are the actual values of the errors and, 
of course, are not known. It is possible to determine 
the approximate bounds within which these values 
must fall. 

The error, ev, is comprised of the contributing er· 
rors eo (the error in the voltage measured by the digital 
voltmeter), em (the error introduced by the digital volt
meter circuits), and ed (the uncertainty in the last 
digit of the display) (see appendix B). These com
ponents have been determined to have the limits 

I eo I:;;; 0.0012 of voltage measured by the digital 
voltmeter 

leml ~ 0.0002 of voltage measured by the digital 
voltmeter 

ed=± 1 ppm of measured ratio. 

The values of the limits of eo and em are functions 
of the voltage that is measured by the digital voltmeter 
and can be combined. Since eo and em are independ
ent errors, their uncertainties can be combined by 
the relation: 

(C3) 

to give the highly probable limits to this portion of 
ev. Thus 

le~ 1 ~ V(0.0012)2 + (0.0002)2 (C4) 

(C5) 

184 



However , there is a possibility that the compone nt 
errors could , under some circum stances be of suc h 
sign t.hat they would add, giving a value a~proximating 
the slmple sum of the limits of unce rtainty. Under 
these conditions 

le~l ~ 0.0014. (C6) 

The value of ed must be treated se parately. 
The error e,·, is also comprised of compon ent 

erro rs. These are ea, the error resulting from the 
divider of figure 13, (see appendix A) and the errors 
introduced by the Kelvin-Varley divider. 

The value of e" has bee n de termined to be within 
the limits ± 0.0001 of the applied voltage, V. The 
errors resulting from the Kelvin-Varley divider are 
somewhat obscure, but conservatively may be as
sumed to lie within the limits ± 2 ppm of the measured 
ratio . 

The accuracies of the values of VI, V2 , Va, and V4 

are directly depende nt upon the accuracy with which 

the applied voltage can be meas ured (see eqs (2) a nd 
(3) in the text). However, the e rror in the measure
me nt of the applied voltage will be the same for eac h 
value, and, though the s ign is not known, it will be the 
same also. He nce the uncertainty of the measured 
ratio will very probably lie within the limits 

where ekv is the value of the limits of the error intro
duced by the Kelvin-Varley divider in ppm of ratio. 
When the limits of the diffe re nt component uncertain
ti es are subs tituted in eq (C7), the limits of u are found 
to be approximately 

lui ~ 8 ppm. (C8) 

(Paper 70C3- 229) 
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