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The purpose of this paper is to find inequalities between the L%norms of a function and its Ath
and mth derivatives.
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1. Introduction

In 1955 [2]2 Fan, Taussky, and Todd discovered discrete analogs of certain integral inequali-
ties involving functions and their derivatives. They considered inequalities of the Wirtinger type:

2w 2
f x(t)2dtSf x'(t)?dt, where x has period 27 dndf t)dt=0. By taking limits they were

0 0
able to derive continuous inequalities by matrix techniques and avoided the differential equations

of the calculus of variations. We have attempted to generalize the techniques of [2] to polynomials
in the derivatives of x. We have also considered analogs of inequalities of Miiller [5] and Red-
heffer [7] and have used these inequalities to derive a necessary and sufficient condition on ordered
pairs of numbers so that the first number is the square norm of the kth derivative of some periodic
function and the second number is the square norm of the mth derivative of the same periodic
function. This last result is the L, analog of a result of Kolmogoroff [4] on the uniform norm.

2. General Technique

The following is the basic technique of Fan, Taussky, and Todd [2] and will be used to derive
most of our inequalities. Let S be a real symmetric n X n matrix with eigenvalues A\; =\,
= .. .=MNandlet v, v2, . . ., v, be the corresponding linearly independent eigenvectors:

Svi=)\ivi(i=1,2, 5 o o n).

If P is a polynomial with real coefficients, then P(S) is a real symmetric n X n matrix and we know
that P(S) has eigenvalues P(\;), P(\2), . . ., P(\,) with corresponding eigenvectors vy, vz, . . ., Uy
so that P(Syvi=PM\)v; =1,2, . . ., n).

By a well-known property of symmetric matrices
min max
[1<i<n{PN)}]" (x, 2) < (x, PO)x) < [1<i=<n{P\)}] - (x, %)
for every n-vector x, where (x, y)=x"y for n-vectors x and y.
Now we must have
inf min

[\ <t < M{P@O} <1< n{PN)}]

*
Ins!mﬁ: ;?‘{Il‘ze:hs(?l’;;; P'}l‘"hg vtv}(]);:lswa;;;pponed by the National Science Foundation and the Office of Naval Research. Part of this was included in a California
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and

sup max
<t < M{PO}<[1=<i<n{PN)}],

hence

inf sup
[ =t<M{PO}] - (x, 2 < @ PO)x) < M <t<M{P(1)}] * (x, %)

for every n-vector x.

sup
We note that equality is possible in the last expression if and only if P(\) =\, < t < M {P(¢t)}
inf
for some i between 1 and n or P(\)) =\, <t < \{P(t)} for some i between 1 and n. If equality
does occur then the set of extremal vectors must be the space spanned by the eigenvectors corre-
sponding to A;.
For reasons of simplicity we will only consider vectors with real components and real sym-
metric matrices, in all cases the extension to complex vectors and Hermitian matrices will be
apparent.

3. Periodic Boundary Conditions

Because of the absence of troublesome boundary conditions the periodic case is easiest to
handle. We may periodically extend any n-vector x=(x1, x2, . . . , xa)7 by setting x;4,n=2x; for
i=1,2, . .. ,nand r any integer.

DEFINITION: If x is a periodically extended n-vector then for m=0, 1, 2, . . .

M= (Amx;,, Amx,, . . ., AMx,)T,

where
m m .
Amgy= 3 (— 1)”‘"’( r)xi_[mm” =1,2, ..., n).
r=0

We call ™ the mth difference of the n-vector x.

It is clear that x+9)=(x")® for r, s=0,1,2, . . . .

The following lemma, which is crucial for our inequalities, was proved by Fan-Taussky-Todd
[2] for m=0, 1, 2.
LEMMA 1. If x is a periodically extended n-vector, then (x™, x™)=(x, P"x) (m=0, 1, 2, . . .),
where P is the n X n symmetric circulant

2 -1 0o . . . -]
1 2 -1 . . . 0
1 0 1 2
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PROOF:
== 0% AP AR
Px= . =—x®, hence Px¥=—x0+2),
= AT s

By partial summation

n n
(2, x®) =3 20(xx—1 — 2%+ e ) == >, (o1 — )2 =— (), xD),
k=1 k=1

yielding
(x9, Px0)= (xU+V, xG+V),
Thus if m is even we have
(xm) ) M) = (P%x, P%nx)z 6z, 1759,
while if m is odd

(xm), xm) = (xn=D, Pxor-0)=(P 2 x, P-P % x)=(x, P"x).

Rutherford [8] has shown that P has eigenvalues 4 sin? (kTTr) (k=1,2, . .. ,n), hence \,=0,
An—1=Ay—2=4 sin? (%), . . ., A\y=4 sin? ({g] %) The eigenvector corresponding to A, is
a1, ...,

At this point we have two alternatives open to us. If F is a polynomial with real coeflicients
then we may use the method that we have described in section 2 or else we may also add the

auxiliary condition E xi=0, which is equivalent to the requirement (x, e¢)=0, where e=(1,
k=1

1, ..., 17 Since e is the eigenvector corresponding to A\, =0, the auxiliary orthogonality condi-

tion implies that we need only take our maximum and minimum over {F(\;), F(\2), . . . ,F(\u—-1)}.

The following example should illustrate the differences in the two approaches.
Let P(t)=t™ for m=1. Since P(t) is increasing for nonnegative ¢ and since 0=\, < A\, _,

min min T
<...=<M,wehavel <i<n{P\)}=0and 1 <i=<n—1{P(\)}=P(A,—1)=4" sin?" (;)
Thus if x is a periodically extended n-vector then we have the trivial inequality (x(™, x(™)
n
= 0(x, x)=0; however if we add the auxiliary condition E x;=0, then we obtain (x™, x(m) = 4m
SN2z (71> (x, x).
n

We note that the above inequalities are best possible and we include a discussion of the possi-
bility of equality. For brevity this will be the only case where we discuss equality in the discrete

i=1

case.
If (xm, xm)=0, then x must be in the subspace spanned by the eigenvectors corresponding

to \,=0. Thusx=a-(1,1,. .., 17, where a is a real number.
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n
If 2 x;=0 and (x™, x(M)=4m gin?" (E> - (x, x), then x must be in the subspace spanned by the
=1 n
o o ffa 5 . :
eigenvectors corresponding to Ay—1=>MA,-2=4 sin? (;) It is known, [2], that this subspace is
0 T 27rj
spanned by the vectors u=(u1, u2, . . . , un)’ and w= (Wi, wz, . . . , wa)7, where u;= cos 5

and w;= sin <gﬂ> Thus x=a - u+b - w, where a and b are real numbers.
n
Hence we have established the following extension of Theorem 10 of [2].
n
THEOREM 1. If x is a periodically extended n-vector and if E x;=0, then
i=1

. T
(x(M), x(M) = 4™ gjn2™m (;) - (x, x).

Equality holds if and only if x is the periodic extension of a vector of the form a -u+ b-w.
b
-COROLLARY 1.1. Ifx(t) € C™[a, b], x(t) has period b—a, and f x(t)dt =0, then

f : {x™(r)}2dt = (Bz—j—a)zm f ’ {x(t)}2dt.

a

PrOOF:

If we let A=

b—a
n+1

n
and y;i=a(t;) — % z x(tj), where t;=a +iA, then
j=1

4m sin2m (E)
m) m)
O A > 0, YA

The result now follows when we let n — oo,

A careful inspection of the proof of Theorem 1 will show that we only used the periodic exten-
sion property of the n-vector x on xl—[%], xz—[%], oo ox0and Xn i1, Xnsz, . . . o Xntm— %] Hence
we may weaken our requirement x(t) has period b —a to a condition on the end points, namely
x(@)=x(), x'(@=x'0), . . ., 2" V(a)=x""1(b).

Halperin and Pitt [3], Miiller [5], Nirenberg [6], and Redheffer [7] have developed inequalities
of the form:

b b b
f {x’(t)}zdtSaf {x"(t)}2dt+H(a)f {x(t)}2dt,

where x(t) € C2[a, b], « > 0. Redheffer obtained the best possible value of H(a). We will now
develop generalizations of the form:

b b b
f {x®(t)}2dt < a f {x"")(t)}zdt+Hk,m(a)f {x(t)}2dt,

1 <k < m under the further restriction that x(a)=2x(b), x'(a)=x'(d), . . . , x™~V(a)=xMm-1(p).
These inequalities will be established by taking limits of the appropriate discrete inequalities.
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Incidentally we observe that H,,s(c) for our periodic case is much smaller than Redheffer’s general
value of l-i-—l-g——
e

If we let P(t)= 6%tk — af™™, then we wish to maximize P(t) on [A,, A\{]= [0, 4 sin? ([g] E):I

n

Since P'(t)= k0¥tk-' — ma®™t™ 1, if we aglslgme that @ > 0 then the maximum value of P(¢) on ¢t = 0

1/m—k 1/m—-k k/m—k
occurs at t=l (L> Thus M <tsM{P@)}=< P(%) {i} >= (L> (1 —i) .

0 \ma mao mao m

An inspection of the graph of P(t) will yield the following cases:
1/m—-k
IfA\ = L <L) then

6 \ma
sup _p(L[ kPR kMR RN,
oy MO} =P (G [z&] )—(;a) (1=3)

1/m—k
If A, < % (L) then

mao

An Sstusp MiP@)} =P (\)= P4 sin® ([2] E))

2| n
:4k0k Sinzk (I:E] E) {1 _4'm4k0m7ka Sin2m72k ([E] E)}
2|n 2| n

If n is even then P(\;)=4k0k{] —4m-kgm-kq}

Hence we have the following result.
THEOREM 2. If x is a periodically extended n-vector, a and 0 are positive constants, 1 <k < m
then we have the following inequality:

k/m—Kk
B5(x09, x9) < QBM(xm), x(m) | (;]k;) A

1177 i s . . .
Ifd < 7 <m) , then we may improve the above inequality to:

O (x®), x0)) — afh™(x(™, x(M) < 4kgk{]1 —4m-kgm—kq} - (x, x).

Proor:
We note that

4<

k \Vm-k
()
4 sin? ( [2] z) 1 ( A )WH.
2 i 0 mao

3 /m—k
and P(t) is increasing on the interval [0’ ; <L>l k]'

1
0

certainly implies that

6 \ma
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+1\
If we take 6= (n___(;) and let n — % then we obtain a continuous analog of Theorem 2.

b

COROLLARY 2.1. If x(t)€ C™[a, b], 1 <k <m, x(a)=x(b), x'(a)=x'(b), . . ., x™ D(a)=x™-(b), and
if @ >0 then we have the following inequality:

b b k k/m—Kk b
f (OO}t < o f {x(m)(t)}zdt-i-(;l;) (1—k/m) f {(x@)}2dt.

If we let k=1, m=2 then our constant has the value e as compared to the-Redheffer value of

4o
1 12
a + (bega)2
One may now inquire about the possibility of equality in Corollary 2.1; by our previous

discussion we see that this is possible if and only if

-\ kK/m—k A
lim [1 27X n{0"\k— a0} |= <i> (1— ~>-

n—x mao, m,

However a brief investigation shows that the above expression is not always satisfied, hence Corol-
lary 2.1 is in general not best possible. A little more work will yield the best inequality.

We notice that the smaller eigenvalues of P approach zero as 1/n* and the positive root of
0%tk — a@mt™ exhibits a similar behavior:

2 2
An=0, \u_y =4 sin? <3> ~ ‘Lnlz, Au—s =4 sin? (27—T> &
n

n n2’

root=

(b—a) (1)1/m—k_

n+12 \a

Hence if we set

()

where [ ] is the greatest integer function, then L is the limiting number of distinct eigenvalues of
P which are greater than 0 and less than or equal to the root.

b— q\2m—2k
If L=0, which occurs when a > ( o ) , then

max
lim [1<i<n{6k\k—afmA\"}]=0,
7 == (e

yielding the best possible result:

— 2m-—2k
COROLLARY 2.2. Let x(t), k, m be as in Corollary 2.1 and let o > (b Wa) , then

5 b
f {x‘k’(t)}zdtﬁaf {x(m>(t)}2dt.
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b
If we add the auxiliary condition f x(t)dt =0, then

a

max ™ R
lim [1$i$n—l{Ok)\{.\‘_a(}m)\;n}]:< 2 ) —a( 27 ) LS

n—> o 1= o) b—a

and we obtain the best possible result:

b
COROLLARY 2.3. Let x(t), k, m, a be as in Corollary 2.2 and let x also satisfyj x(t)dt=0, then

a

b b 277- 2k 277 2m b
®(N2dt < (m)(1)12 zur W . 2
L {x®)(t)}2dt < afa {x(m)t)} dt+{<b_a> a (b——a) } L {x(t)}2dt.
If L =1 then there are limiting eigenvalues between zero and the positive root. Hence if
. b_a /‘ 1/m—k
=5 (Vaa) |

then J is the limiting number of distinct eigenvalues of P which are greater than 0 and less than or
equal to the maximum of 6%tk —afme™.

Thus if
|:b —a ) ( -L)l/m-—k:l :b_ a ) ( L)l/m—k
2 mao 21 mao

we set

then

. max k k/m—k
lim [1<1i<n{6\E—ab™\"}]= <_0¢> (1—k/m)
n-—> o m

and Corollary 2.1 is best possible. Otherwise we may replace

™t (5 ()" 2 (227

mao b—a b—a b—a b—a

We may summarize the above results by the following best possible inequalities.
COROLLARY 2.4. If x(t)€ CM[a, b],1 <k < m, x(a)=x(b), x'(a)=x'(b), . . ., x(M"V(a)=x"-D(b), and
if @ >0 then

fbhmmvmsafbhmmvm+Hmamfbhum,

where

_ b_a 2m-2k
Hk,m(a)—Ofora>< 5 ) ,

mo

Hy, m(a)= (ﬁ)k/m_k(l —k/m) if bg; a ( L)l/m—k
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is a positive integer, and otherwise

2Jm )%_a (2J7r )2"" (2(] + 1)7T>2k_ . (2({) = l)vr)z'“},
il

Hk,m(a)=max{(b_a b_ b T ROy

b
COROLLARY 2.5. Let x(t), k, m, a be as in Corollary 2.4 and let x also satisfyf x(t)dt=0, then

a

b b b
f {(x09()}dt < o f (X0} 2dt + Gy, m(@) f (x4t

where

_ 21 2k_ 2 )zm b— 2m—2k
Gk,m(a)_<b_ ) a(_b—a fora>( 277) s

a,

and otherwise
Gk, m(@)= Hk, m(@).

It is not difficult to see that Hy, () and G, m(c) are piecewise linear functions of a, which are
monotonic decreasing, and that the jumps in the derivatives of Hx, » and Gi, » occur for those posi-
tive numbers «; which yield

(27Ti )Zk_a_ (2771' >2'"=<27ri+27r)2"_a. (27'ri+27r>2’"
b—a ‘\b—a b—a ‘\ b—a ’

where i is a nonnegative integer. We have ®*>ay>a;>. . .>0 and lim o;=0. Note that
I —> 00

b : 2 b ; 2 b . 2
f {sin(k) (27nt ) } dt=a f {sin(m) (27nt ) } dt+ Hy, m(a)f {sin (27nt ) } dt
@ b—a @ b—a a b—a 2

for a; < a < a;_;. This accounts for the piecewise linearity of Hx, » and Gk, » and will be a great
importance in section 4.

At this stage it is apparent that there is an unlimited number of possible inequalities, in fact
every polynomial will give discrete inequalities and polynomials in 6¢ yield continuous analogs.
It is known, see for example [1], that if f(¢) is represented by a power series with real coeffi-
cients and if 4 is a real symmetric matrix with eigenvalues A1, A2, . . . , An which lie strictly within
the circle of convergence of the power series for f{¢), then f(A4) is real symmetric and has eigenvalues
F\), f(N2), . . ., f(A»). This result enables us to extend our polynomial inequalities to discrete

inequalities on analytic functions.

THEOREM 3. If x is a periodically extended n-vector and if f(t)= 2 ant™, where the a,, are
m=0
real numbers and the series converges on a set containing [0, 4] in its interior —if n is odd then we
. S . nllam\i . .
need only require convergence on a set containing [O, 4 sin? ([5] —)] in its interior —then
n
sup

inf =
[0 2 t <4{f()}](x, x) < 2 ap(x™, xM) < [0 < t < 4{f(t)}](x, x).

m=0
The following inequalities are examples of the application of Theorem 3.
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COROLLARY 3.1. If x is a periodically extended n-vector then

E”: L (xm, xM) < (e4 —1)(x, x).
m!

m=1

COROLLARY 3.2. If x is a periodically extended n-vector and 6 > 0 then

—(x, x)< E — l)"‘ (20m—+1)' (x(2m+1) x(2m+1)) < (x x).

m=0

ProoF:

R s ) .
sin t= Y ——"— 2™+ and|sin ¢|< 1.
2 Gm+1)!

COROLLARY 3.3. If x(t)€ C*[b—a]and x(t) has period b —a then

© b b
[ opas 3 G [ e opans [T opa

4. Inequalities of Kolmogoroff Type

In analysis one frequently wants to obtain inclusion regions for the norms of functions; i.e.,
if M is in the inclusion region, then there exists a function £, from a certain set of functions, with
norm of fequal to M. Kolmogoroff [4] established a result of this type using the uniform norm over

sup
the function set C™[0, ©]. If we set M{x)=0 <t <o {|x*)(t)|} (k=0,1,2,. . . , m), then Kolmo-
goroff [4] gave a necessary and sufficient condition “in order that to a triple of positive numbers
M, My, M,,(0 <k < m) there should correspond a function x(t) for which

M()—M()x) MA_MA(x) Mm Mm(x)

In this section we will establish a similar result on a triple of positive numbers relative to the
square norm, where our set of functions will be C™[a, b] N {x|x(a)=2x(b), x'(a)=x"(b),

b
xm=D(q)=xm-1(p)}. We will also add the restriction J' x(t)dt =0 in order to eliminate the con-

a
stant function.
If x(¢) is an element of our function class, then we set

b
A;\{x)=f {2 ®)(2) y2dt (k=0,1,2,. .. ,m).

We may assume without loss of generality that we have normalized x so that A¢x)=1. We
will establish the following result:
THEOREM 4. In order that to a pair of numbers ay, ay there should correspond a function x(t)

€CM[a, b] N {x|x(a)=x(b), x'(a)=x"(b),. . . , xX™ D(a)=x™"1(b), fb x(t)dt =0} for which

a

Adx) =1, Ax(x) = ax, Ap(x)=an
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it is necessary and sufficient that

2 2k 9) 2m
a, = (b —Wa) T <b fa) , and

a,— aay < Gy () for all a > 0.

Proor of THEOREM 4:
The necessity of the conditions is a direct consequence of Corollaries 1.1 and 2.5.
The proof of the sufficiency will be divided into several cases and we will use the notation of

) by S{t). We recall that on the

; . . . (2mit
section 3 throughout. We will denote the normalized sin <b
=@
interval o; < a < a;_; we have AKS;) — a An(Si) =Gk, ().
CASE 1: ar— aan= G »(x) for at least two values of «, say a=t¢, and a=t.,.
We immediately have that ar— aam=Gy, n(a) for all a€[t1,t:). Since we know that the S;
are maximizing functions there is an integer ¢ with a; <t <ty < a;—; and ar— aan==Gp, n(a)

=Ak(Si)—aAm(Si) for i< a<aij_;. Thus akZA;\-(Si), am:Am(Si).

CASE 2: ar— aan= Gy »(@) for only one value of a, say a=t,.
We immediately have that ¢;= «; for exactly one integer ¢.

Thus
ap— diam= Gk,m(ai) ZAI\{Sl) —aid m(Si) =AKSi+1) —oud m(Si+ 1)-

Also since ar—oaam < Gy n(o) for all @ >0 we must have 4(S) < an<Aw(Si+1). Thus there
exist bi, bi1 with 0 < bi, bi+1 <1, blz 5F b?+1 =1, and an =Am(biSi = b,-HSm) = blZAm(Sz) =F b?+1Am(Si+1).
[Note that the last equality follows from the orthogonality of S; and all its derivatives to Si;; and
all its derivatives.] Now,

ArbSi+bis1Siv1) — aiam=AbiSi+ bis1Si+1) — aid m(biSi+ bis1Si+1)
= b%[AA(Si) — i m(Si)] ar b%+1[Ak(Si+ )= oA m(Si+ 1)] = (b? ar b?+ 1)[GA-— aiam]-

Hence ar=AlbiSi+ bi+1Si+1).

2m
CASE 3: ar— aan < Gi, () for all @ >0 and an = lf—_ﬂ-a = An(S2).

: 2m 2 ; — 2 2m
We know that there is exactly one integer i = 2 with ( 21_7:1) <an< <(L__)E )or Anl(S)

b b—a
< an<AwSit+1). If we repeat the construction of Case 2 we can find b; and b;+; with an=A4(b:Si
+b6i+1Si+1) and  since  ar—ai@m < G, m(@) =AbSi+ bi1Si1) — idm(bSi+ bis1Si1) =AKbS;

+bi+1Si+1) — aiam we have

ar < Ar(biSi+ bi+1Si+1).
By our conditions on ai and an there is an integer j>i+1 and an a> 0 such that 4x(S))

o &Am(sj) :Ak(sl) '—(—IAm(Sl) < ap— aam. Now Am(Sl) = Am(Sl) san< Am(si o 1) = Am(Sj), hence
there are by, bj with an=An(b:S:+ b;S;j) and since

ax— Gam > Gr (@ = Ax(0:S1 + b;S) — FAm(b1S1 + b;8)) = Ax(b:S1 + b;S)) — &am
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we have
ar > Ar(b1S1 + b;S;)).

By the orthogonality of b:S:+ b6;S; and b;S;+ bi+1Si;1 there are constants ¢ and d with c2+d?=1
for normalization and

am=— A",(Cl)lsl == CBij = d[)iSi -+ de- |Si+ 1),
ar =AA-(Cb|S| aF ijSj AF dbiSi aF dbi+lSi+ |).

2m
CASE 4: ar— aan < G, n(a) for all « and an, < (1;4_—77(1) = An(S>).
If we repeat the process of Cases 2 and 3 we can find by, b» such that a, = A4,,(b:S + b2S,)
and ar < Ai(b1S; + b2S»).

We cannot simply repeat the process of Case 3 because 6,S; + .S, will not be orthogonal to
2
biS: + b3S.. However we note that the normalized multiple of cos (b—m—>, which we denote by
=@

Ci(1), also satisfies Ax(C;) —aAdn(C)) for a; < a < a and is orthogonal to all the S;. Hence we can
find ¢y, ¢j such that

am=Am(ciCi+¢;S;) and ar > Ax(ciCi+ ¢;S;))

and we continue as in Case 3.
Thus we have proven Theorem 4.
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A note on the numerical evaluation of thermal radiation
characteristics of diffuse cylindrical and conical cavities,
B. A. Peavy, J. Res. NBS 70C (Engr. and Instr.) No. 2, 139-147
{Apr.—June 1966).

Presented are methods that avoid the need to employ an extrapola-
tion technique in the region of the critical points for evaluation of
the apparent emissivity of diffuse cylindrical and conical cavities.
The methods involve appropriate substitutions in the integrands of
integral equations that are used in analytical solutions for determin-
ing the thermal radiation characteristics of diffuse and conical
cavities. Equations for either isothermal or nonisothermal surface
temperature conditions are provided in a direct form for compu-
tations. Numerical results are presented for a general linear tem-
perature distribution along the length of a cylindrical cavity. The
method is equally applicable for the solution of other problems in
integral equations where discontinuities are encountered.

Two-dimensional probability distribution in a turbulent
field, F. N. Frenkiel and P. S. Klebanoff, Phys. Fluids 8, No. 12,
2291-2293 (Dec. 1965).

Using high speed computing techniques measurements were made
for the first time of a two-dimensional probability distribution in a
turbulent field generated by a grid in a wind tunnel. The two-
dimensional probability distribution of simultaneous turbulent
velocities at two points separated transversely to the mean flow (in
the initial stage of decay) is presented, and the departure from the
customarily assumed Gaussian distribution is shown.

Propagation of electromagnetic pulses in terrestrial wave-
guides, J. R. Wait, IEEE Trans. Ant. Prop. AP=13, No. 6, 904-918
(Nov. 1965).

The propagation of electromagnetic waves over the earth’s surface
is considered under transient conditions. The source is taken to be
a vertical electric dipole whose current moment is suddenly estab-
lished. The build-up of the radiated field is calculated under
various assumed conditions. It is shown, even in the absence of an
ionospherically reflected wave, that the influence of earth curvature
has a pronounced effect on the distortion of the original pulse shape.
For great distances (i.e., d > 2000 km), it is found to be more con-
venient to regard the field as a sum of modes. Particular attention
is given to the transient characteristics of the dominant mode as a
function of the source waveform.

The analysis, synthesis, and description of biological images,
L. E. Lipkin, W. C. Watt, and R. A. Kirsch, Ann. N.Y. Acad. Sci.
128, No. 3, 984-1012 (Jan. 31, 1966).

There may be distinguished two approaches to characterizing the
properties of biological images: the statistical approach tradition-
ally used for mechanized image-processing, and the articular
approach generally used among biologists. We discuss both
approaches, but focus attention on the second, for we hold that an
articular approach allows the expression of much that is effectively
impossible to express in the form of numerical measurements; and
we know of no inherent reason why a computer cannot deal with
information of a nonquantitative nature.

The articulation of biological images necessarily takes place on two
fronts: the imposition of an articular structure on the image itself;
and the expression of this construal in English sentences. We will
study both kinds of articulation, and we will suggest how they may
be brought together, in the form of linked pictorial and linguistic
grammars. The computer system which this paper envisions will
be able to analyze a presented image with respect to a pictorial
grammar, and to formulate and accept descriptions of that image,
in English sentences, with respect to a linguistic grammar. It will

be able to present pictorial instances of English descriptions, and in
other ways to respond to English directives.

Status of linear relations among heats of transport, R. E.
Howard and A. B. Lidiard, J. Chem. Phys. 43, No. 11, 4158—4160
(Dec. 1, 1965).

It is shown that in situations where the fluxes of the various com-
ponents of a system are not linearly independent, previously de-
rived linear relations among the heats of transport contain no
physical information, but serve only to complete the definition of
these quantities. Other defining equations are possible but physical
predictions are unaffected by the choice so presented. This re-
solves the paradox of the apparent inconsistency of these linear
relations with kinetic theories of heats of transport.
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