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The purpose of this note is to point out how a certain type of approximation to functions of one
real variable gives rise to similar approximations to functions of several variables. Information on
the rapidity of convergence in the one dimensional case, yields at once corresponding information for
the multidimensional case.
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1. The purpose of this note is to point out how a certain type of approximation to functions
of one real variable, gives rise to similar approximations to functions of several variables. In
fact, we show how information on the rapidity of convergence of the approximation in the one
dimensional case, yields at once corresponding information for the multidimensional case.

2. Let —©»<a<b<w, and for n=1, 2, . . ., let ¢V, ¢, . . ., ¢ be points of [a, b],
and K{("(x), K{"(x), . . ., K{"(x) polynomials which are = 0 throughout [a, b], and such that

3 K@) = 1.
i=0

We set, finally, for every real function £, continuous in [a, b],

Pulf, ) =3 fEMKP(x)  (1=1,2, . . .. M
=0

3. The purpose of constructing such polynomials P,(f, x) is to obtain polynomial approxima-
tions to f. Here are two examples.

I. Leta=0,b=1,andforn=1,2, . . ., letc"=jn, K{(x) = (Mx (1 — 2" (j=0,1, . . .,n)
Then 3% KM(x)=1 (r=1, 2, . . .). If fis any real function, continuous in [0, 1], then for
n=1.2, .. ..

Pulf, x)=Z1 f(&K(x) = 2 f(j/n) (a1 — )= @)

is the Bernstein polynomial [1] of order n of £ If, furthermore, w(8) is the modulus of continuity
of fin [0, 1], then ([7, 10]) the polynomial (2) satisfies

max |f(x) —Pu(f, x)| <(5/4)w(n-12)  (n=1,2, .. .).

O=r=1
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II. Let a=—1, b=1, and forn=1,2, . . . , let c™W=cos [ peiil w],
) 2An+1)

K{"x) = 1= cP0)[Tori@/{(n+Dx—cP}F  (G=0,1, ... ,n),

where T+ 1(x) = 2172 _ (x — c®) is the (n+ 1)th degree Chebyshev polynomial of the first kind satis-
fying Ty 1(cos 0) = cos[(n+1)0]. If fis any real function continuous in [—1, 1], then

Pu(f, 2) =2 =0 f(cM)K D (x) =Zf= o f(c) (1 — W) [T 1@)/{(n+ 1) (x — c®)}]*

(n=1, 2, . . .) are the well-known [3] Hermite-Fejér polynomials converging uniformly to f'in
[—1,1]. AgainZPLKP(x) =1(n=1,2,. . ). Iffisa real function, satisfying throughout [—1,1]

|f@)—f@)|<\v—u]
where \ is a positive constant, then [11] for n=1, 2, . . .

max |f(x)— Pa(f, x)| <4Aw(n+ 1)~ [a+log(n+1)]

—1=sx=<s

where a=1 +C—log2=0.384 . . . , C being Euler’s constant. Fu1ltherm0re, if fis a real func-
tion, continuous in [—1, 1], and if «(8) is the modulus of continuity of f there, then forn=1.2, . . .
we have [11]

max | £(x)— Pu(f, x) | <[2+ 47+ »,,n]w<1ggn(;l__7;1)>,

—1lsr=s

where 71, depends on n only and n, — 0 as n—> oo.

4. THEOREM 1. Assume the hypotheses and notation of section 2. Assume also that if fis a
real function satisfying for some positive constant N, throughout [a, b], |f(v)—f(u) [ <X |v—u],
then forn=1, 2, . . .

max |f(x)—P,(f, x)| <axn

asxsb
where ay, , depends on N and n only. Let f(x1, X2 . . . , Xp) (p = 2) be a real function, defined on
the cube C: a<x,<b,k=1,2,. . .,p. Supposethatforr=1,2,. . ., p, \; is a positive number
such that throughout C
[£(X1y X2y « « o 5 Xeo1s Vy Xpgts « « 5 Xp)—f(X1, Xoy « + o ) Xpm1, Uy Xpt1y - - - Xp) | SN |v—u]. (3)
Let ny, nz, . . . , n, be arbitrary positive integers, and set
nl np
| o (f, x1, xo, o To) = E C.. E f(Cg;I), e, C%:;)D))Kg‘nll)(xl) .. Ki(xp). (4)
hy =0 hp=0 °
Then throughout C:
D
If(xl’ XZ’ SRS XD)_PHI,HZ ..... np(f7 xlv Xz, CHEACRE = 9] xp)|< 2 a)\r, nr-
r=1
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lll n

PROOF. Observe that ' . . . ﬁ Kf) . . . KS,’;P)(xp)E 1l

hy=0 =0

Hence, throughout C,

f(xl, G o "xp)_P'll,"z,. . ~v"p(.f’ X1y X245 « - -’xl')

ny
= E %[f(x,, 5 xp) f(‘("‘ 5 0 0y C;lnp))]K;"')(xl). a o K’f",)(x,,)
hy=0 hp=0 p H P
ny n p
= __ {ztf (O oy ol ey« ey ) =S L O, Xy - .,x,,)]}
=0 h,=0i ‘r=1

P

= E E { 2 [f(c(h':l S el =lely CSI';.T:II), Xry « o oy xll)—f(cnll), o el ey C;,':]"), Xr+ly o o o9 x,,)]

=1 hq:O,l,. < g h,.=0
q=1,2 . D, qgFr
Kg,nr)(x,.)} 1T Kpo).
r o] 8
ST
(f(cS,"ll’, e ('5,"'3':]1 ), Xr, . . ., xp) means f(xi, . . ., xp) if r=1, and
(f(cf,"ll’,r. R c$,"rr), Xrs1s » - -5 Xp) means fctV, . . ., CS,’;p’ if r=p).
Thus, throughout C,
|f(x1, e ey xp)—Pn,,nz,. . .,np(f, X1y o o oy x[))l
» n,
<y D ey oo e, oL )= AR, o, e, s Xp)
r=1 hqzo,l, s ""q hr:o
q=1,2, s Dy QFr
K | [T Ko
i
s=1
S#T
< i 2 a)‘r’ ny IEI KS'ZS)(xs) = i a)‘r' e
r=1 hq:O,l, S s=1 r=1
q=1,2, . . ., D, q#T Ligll
5. EXAMPLE [11]. Let flxi, x2, . . ., 2p) (p =2) be a real function defined on the cube C:
—1l<xx<1, k=1,2,. . ., p. Suppose that for r=1,2,. . ., p we have, for some positive con-
stant \, and throughout C, the inequality 3). Forj=0,1,. . .,n;n=12,. . ., let c¢{” and K{"(x)
be as in II, section 3. If ny, ns, . . ., ny are positive integers and Py, »,, . . ., np(f, X1y - o .y Xp) 1S

defined by (4), then by Theorem 1 we have, throughout C,

Ax1, . . ., 2p)—Pn,, .. B, x)| < i aN,7(ny+ 1) [a+log (n,+1)].
=1
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6. Similarly to Theorem 1, one can prove the following
THEOREM 2. Assume the hypotheses and notation of Section 2. Assume also that forn=1,2, . . .,
&y, Bu(Bn<b—a) are numbers such that if f is a real function, continuous in [a, b], with modulus of
continuity w(8) there, then

max |[f(x) —Py(f, x)|< apw(By).

as<x<b

Let f(x1, X2, . . ., Xp) (p = 2) be a real function, continuous in the cube C:a<x,<b,k=12,. . ., p.
For every 8¢[0, b—a] and every r=1,2, . . ., p), let

wr(5)=maxlf(x1, o o o9 Xp—1y Vo Xpt1y o o oy xp)_f(xl’ oo e Xp—1, Uy Xpt1y o . oy XD)I (5)
where the x;, u, and v vary in [a, b] with 0<v—u<$§. Letny, ng,. . ., n, be arbitrary positive

integers. Then with the notation (4), we have throughout C,

D
Ifxs, . . ., Xp) = Pu oy, .. _,np(f, X1y o . .y Xp)|S ;1 anrwr(ﬁnr). 6)

7. EXAMPLE. Let fix;, . . ., xp) (p = 2) be areal function, continuous in the cube C: 0 < x;. <1,
k=1,2,. . .,p. For every 8¢[0,1] and every =1,2,. . ., p) let w/8) be as in Theorem 2
(with a=0, b=1). Let ny, . . ., np be arbitrary positive integers. Then by Theorem 2, and by I,
section 3, we have throughout C:

. (n,,) LT e

flen, . . ., xp)— 2 2f< .. :Z)(Z:)

hy= h =0

A=xpotn|< S (/).

=1

~

8. We consider now an analog of the situation considered in Theorems 1 and 2, sums being re-

placed by integrals.
9.Let—o<a<b<w, and for n=1,2,. . .let K,(x, t) be areal function which is = 0 and con-

tinuous in the square ¢ < x < b, a <t < b, and which satisfies for every xe[a, b],

b
f Ki(x, t)dt=1.

For every real function f, continuous in [a, b], set

P.(f, x) = Lbf(t)K,,(x, t)dt n=1,2,...). )

10. Such P,(f, x) are constructed again, like their counterparts (1), in order to obtain approxi-
mations to f. Here are a few examples of such P,(f, x) prominent in Analysis.
I. Let a=—, b= and for every real x, ¢, let

Ku(x, t)== [——+2

cos {](t—x)}] (n=1,2,. ...

If t—x is not an integral multiple of 27, then

K. (x, t)=sin? {’2—L (t—x)}/ [2n7r sin? {%(t—x)} ] n=1,2,. ... ‘
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Also the properties in the first sentence of section 9 hold. For every real function f continuous in
(— o, «) and of period 27, and for n=1,2, . . ., Pu(f, x) of (7) is in the present case the arithmetic
mean

(Tn(_fs x) =p-1 "21 Sj(x)’

j=0
where

So(x) = ao/2, Sj(x) =(ao/2) +$ [ax cos (kx)+ bx sin (kx)] Gg=1.2,...),

k=0
(aof2)+ S, [ax cos (kx)+ by sin (k)]

k=0

being the Fourier series of f, and by a classical theorem of Fejér [2] o(f, x) converges uniformly
to f{x) in (— %, ). Furthermore, suppose that a real function f(of period 27) satisfies throughout
the real line, for some constant A\,

|f(w)— flw)| < Ao—ul.

Then by a theorem of S. N. Bernstein ([6], p. 61; [9], p. 162) for every n > 1, P.(f, x) = au(f, x)

satisfies

max If(x)—‘Prz(ﬂ X)l = Co)\ log n,/n,

—o< < ®

Cy being an absolute constant.

II. Let a=—, b=, and for every real x, t, let
3 n—1 . . 2
Ku(xs t)—m[—n-f-zj; (n—j) cos {_](t—x)}] n=1,2,. ...

If t —x is not an integral multiple of 27, then

3 sin {g (=27 } =
Kl )= | — (t_x> =12, .. .).
"2

The properties in the first sentence of section 9 hold. For every real function f, continuous in
(—o0, ©) and of period 27, and for n=1,2, . . ., Pu(f, x) of (7) is now a trigonometric polynomial
introduced by Jackson ([4, 5, 6]). If fis a real functien of period 27, satisfying for every real u, v

| flw)—flw)| < Nv—u]
A being a constant, then by a classical theorem of Jackson ([4, 5, 6]) this particular P,(f, x) satisfies .

max | f(x) — Pu(f, x)| < (c\/n) n=1,2,...,

—o <X <oo

¢ being an absolute constant.
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III. Let a=—m, b=, and for every real x, ¢, let

2n)!! SRl 4
Zr(z_:—lTCOS (Tx) n=1,2,.. ).

Here, m!! denotes 2:4-6- . . . m for every positive even m, and 1-3-5-. . . m for every posi-
tive odd m. Again the properties in the first sentence of section 9 hold. For every real function
/, continuous and of period 27 in (— =, ©) and for n=1,2, . . ., Py(f, x) of (7) is in the present case
a trigonometric polynomial introduced by de la Valée-Poussin [12]. If w(8)(0 <8 < =) is the
modulus of continuity of such an £, then ([8], [9]) for n=1,2, . . .

Ku(x, t)=

s =1
_max |f(x)=Pu(f, 2)| < 3w(n-1/?).

11. An analog of Theorem 1 is
THEOREM 3. Assume the hypotheses and notation of section 9. Assume also that if fis a real
function satisfying for some positive constant \, throughout [a, b],

|f(v)—f(u)|$ )‘Iv—ul’

then for n=1,2,. .. max [f(x) = Py(f, x)|< ax, n
where ay, , depends on N and n only. Let f(x, X2, . . ., Xp) (D = 2) be a real function defined in the
cube C: a<xy<b, k=1,2,. . ., p. Suppose that for r=1,2,. . ., p, \; is a positive number

such that throughout C
|£X1, Xy - « op Xr—1s Vs Xpt1s o « oy Xp)—E(X1y X2y o « o) Xp—1, W, Xpt1y - - -5 Xp)| = Ay|v—ul. 8)
Let ny, ng, . . ., n, be arbitrary positive integers, and set

b b
P”v"z’ . .,np(f» 5650 o og Xp) Ej o o o f f(t1, 5 o .’tp)Knl(xl, tl) &dla Knp(xp’ tp)dtl 5 o a dtp. (9)

a a

Then throughout C:

p
|f(x1, CICEEY) Xp)_Pnl,nz, .. .,np(f9 D S xp)|< 2 ax, n,
=

T
PROOF. Observe that throughout C,

b b
J DY f Knl(xl, tl) - o . Knp(xp, tp)dt] . e . dtp=1.

Hence, throughout C,

ﬂxl, ... xp)_P 1 N2y . . .,np(f, X1y o+« oy xp)

b b
f 5 o o f [f(xl, 0.6 G xp)—ﬂtl, o o 0y tp)] Knl(xl, t) . . . Knp(xp, tp)dtl o o o dtp

Q

b
a

b .
f o 0 o f [i ﬂ[l, 5 o oglhiln %% o 6 of xp)—f(tl, o o oo Ui 854l o o og xp)] K,,l(xl, l])
r=1

Lana K,,p(x,,, tp)dty . . . dtp
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b b b
e f oo .J’ {f [f(t], el (5 X et Xp)
1 a a a

=

—fl1y -« o ey Xrsry - o oy Xp) | K (2, tr)dtr} ﬁ K (xs, tdty . . . dtr—dtrer . . . dtp.
=1
e
(f(try .« tr—1y Xry. . ., xp) means f(xi,. . ., xp) if r=1, and f(t1, . . ., try Xr41, . - ., Xp) Means

f(ts, . . ., tp) if r=p). Thus, throughout C,

b b
lf@1, - - -y 2%p)— Py, ny, . - NN T .,xp)|$if .. f lﬂtl" e s bre1y Xry « .« .y Xp)
=l é

b
_ f S, o oty Xrvry o o o Xp)Kin (2, tr)dtr ﬁ Kn (%5, t)dty . . . dtradtrir . . . dty
a s=1

S#ET

b b
= ﬁ f Ce f ax,,n, ﬁ Ko (xs, tdty . . . dtr—dtrsr . . . dt,,=i an,, n,-
a s=1

r=1 7@
ST

Similarly, one can prove the following analog of Theorem 2:
THEOREM 4. Assume the hypotheses and notation of section 9. Assume also that forn=1,2, . . .,
an, Bu(Bn < b—a) are numbers such that if f is a real function, continuous in [a, b], with modulus of
continuity w(d) there, then

max [f(x) = Pu(f, X)| < an(By).

asxs

Let f(x1, . . ., Xp) (p = 2) be a real function, continuous in the cube C: a<x,<b,k=1,2,. . ., p.
For every 8¢[0, b—a] and every r(=1,2, . . ., p) let w,(8) be as in Theorem 2. Let n,,. . ., n, be
arbitrary positive integers. Then with the notation (9), we have (6) throughout C.

12. The last two theorems can obviously be modified in the following way. Forn=1,2, . . .

let K,(x, t) be a real function which throughout the plane — < x < 0, —0 < ¢t < ® is =0, contin-
uous, and of period 27 with respect to x and to ¢, and such that for every real x,

fﬂ Ku(x, t)dt=1.

For every real function f, continuous and of period 27 in (— %, ®), set

Pu(f, x) = f_" FOKnx, dt (=12, . . ).

Let f(xi, . . ., 2p) (p = 2) be a real function, continuous and of period 27 with respect to each x;
in the (real) Euclidean p-space E,. Let ny, ns, . . ., n, be positive integers, and set

Pnl, .. .,np(f; xl, o« e .9 Xp) = f_ “ e e f f(t], e ey tp)Knl(x], tl) « e e Knp(xp, tp)dtl « o e dtp. (10)
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A. Suppose that if fis a real function of period 27, satisfying for some constant A, throughout
(—, ), |[f(v) —f(w)|< N|v—u|, then for n=1,2, . . .

max |f(x) — Pu(f, 2)|< ax, »

where ay,, depends on A and n only. Suppose that for r=1,2, . . ., p, A is a number such that
(8) holds everywhere in E,. Then throughout E, we have

2
[fecr, - - s %) =Py (s 215 - - @)Y arn,
r=1

For example, if for n=1,2, . . ., Ku(x, t) is as in example II of section 10, then throughout E,
we have

P
6o o o o T)=1P00 .0 o ,,p(f, Xiy - o -y Xp) Scz No/n,
7=1

¢ being the absolute constant mentioned there.
B. Assume that for n=1,2, . . ., an and B, are numbers such that if f is a real function,
continuous and of period 27 in (— %, ), with modulus of continuity w(8)(0 < § < ), then

max_|Alx) = Pu(f, x)|< aaw(Bn).

—o<IX<%
For every =0 and for r=1,2, . . ., p let w/(8) be given by (5) where now the x;, u and v vary
in (—o0, ), subject to 0 <v—u<34. Then (with the notation (10)), (6) holds throughout E,. For
example, if for n=1,2, . . ., K,(x, t) is as in example III of section 10, then throughout E, we

have

y4
ety o o of xp)_Pnl, 50 np(fy X1y - - -y xp) = 32 w(n;12).
r=1
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