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A. J . Goldm an (On measurable se ts and fun c tions, J. Res. NBS 698 (Math. and Math . Phys .) 
Nos. I and 2, 99- 100 (1 96.5)) conjectured tha t the Borel se ts are c harac te ri zed by the ir propert y of 
having meas urable inverse images unde r a ll Le besgue measura ble func tions : he re it is po inted out tha t 
the e xi s t e nce of analyti c non· Borel sets refut es th is and a re la ted conjeclure. Also an error in 
Goldm an 's T heore m :2 is correc ted. 

"Ke y Words: Measure, in legra tion, rea l fun cti un. 

W e de al exclusively with s ubse ts of the real line 
R, a nd with re al-value d fun c ti o ns hav ing R as d o main . 
Le t (BS) a nd (BF) d e note the respec tive fa milies of 
Bore l se ts and Bore l-me asurable fun c tions, whil e 
(LS) and (LF) d e note t he respec tive famili es of Le bes­
gue-me as ura ble se ts and func ti ons. The n j E(LF) if 
and onl y if 

j '- I(B)E(LS) for all BE(BS) . (1) 

Recently Goldman 2 as ke d whe ther (1) c harac te r­
ize d (BS), in the se nse of th e following 

C ONJECTU RE: II S is not in (BS), then there is a ll, 
fE(LF) such that f - I(S) is not in (LS). 

W e can disprove thi s conjecture as follo ws . Le t 

n = {ne l l, n(2), ... } 

be gene ri c notatio n for an infinite seque nce of pos itive 
intege rs . If I\' is a famil y of se ts, the n a n y se t 

u n F (n(l ), . . . , nCr)), 
n. r= 1 

whe re e ac h F (n(l) , . _ . , n(r)) E 1\' , is said to be "ob­
taine d from I\' by ope ration (d )". If d (~) cons is ts 
of all sets obtainable fro m ~ by operatio n (d), th e n 
fo r an y fun c tion I, 

(2) 
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Whe n I\' = (BS), d(l\') is c alled th e class of analy tic 
sets, a nd it i kn o wn 3 tha t 

(BS) c deBS) but (8 5) ~ deBS). (3) 

For a ny j E(LF), it follo ws fro m (1) a nd (2) th a t 

j'- 1(d(BS)) c d(LS) . (4) 

It is also kn own 4 that (LS) is closed under o pe ra tio n 
(d), so tha t (4) implie 

1- I(d(BS)) c (LS) for all j E(LF). (5) 

Considering SEd(BS)-(BS), as pe rmitt e d by (3), we 
a re led via (5) to a contradi c t ion of the conjec ture. 

De note fun c ti ona l co mpos itio n by an as te ri s k 
(if*g)(x) = j(g(x))) , and le t (Le F ) be the class of fun c ti o ns 
I s uc h th a t 

gE(LF) implies l'*gE(LF ). 

Goldman (Theore m 4, op cit) also s howe d th a t we 
s hould ha ve 

(BF) = (L CF ) (6) 

il the Co njecture we re true. Th a t (6) fail s toge the r 
with th e Conjecture can be prove d by c hoosi ng as I 
th e cha rac te r is ti c fun c ti on of so me SE..J;i(BS) - (BS); 
clearl y I is not in (BF), but for a ny BE(8S) we have 
I - I(B) a me mbe r of ..#(BS), namel y R or c/> or 5 o r R - S, 
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so that for any gE(LF) it follows from (5) that 

provingj* gE(LF) and hence jE(LCF). 
Thus the problem of finding a satisfactory charac· 

terization of (LCF) remains open. If (QS) is the class 
of sets Q such that 

g- I( Q)E(LS) for all gE(LF), 

then jE(LCF) if and only if 

for all BE(BS). 

Hence characterizing (LeF) is closely related to 
characterizing (QS). 

Finally, Goldman's Theorem 2 (op cit) should be 
amended to read as follows: 

THEOREM: For any BE(B5) and LE(L5), with sole 
exceptions (B = </>, L oF- </» and (B = R, L =!= R), there is 
an fE(LF) such that L = f- I (B). 

PROOF: If B=cp and L=</>, or B=R and L=R, 
then any jE(LF) will do. If B = </> and L oF- </>, or B = R 
and L oF- R, then no j will do. Finally, if B oF- </> and 
B oF- R, then we can define jon L so that j(L) C B, 
and on R-L so thatj(R-L) C R-B. 

(Paper 70B 1-169) 
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