
--------------_ . . --~ 

RADIO SCIENCE Journal of Research NBSjUSNC-URSI 

Vol. 69D, No.8, August 1965 

Resonances of the Earth-Ionosphere Cavity Observed at 
Cambridge, Eng land 1 

M. J. Rycroft 

Cavendish Laboratory, Cambridge, and Space Sciences Division, NASA, Ames Research Center 
Moffett Field, Calif. 

(Received Februa ry 3, 1965) 

A progra m of observations of the na tural ve rti ca l e lec tri " fi e ld in the atm osp he re in the ba nd Ito 
30 Hz is di scussed . After rejection of un wa nted s ig nals, th e ELF (extre me ly-low-frequ e nc y) s igna l 
is a mplifi ed, its waveform be ing prese rved as a photographi c record whic h can be digiti zed a uto ma t
ica ll y. The powe r s pec tral de ns it y of the fi e ld is co mpu ted, a nd at all times shows stati s ti ca ll y s ig
nifi cant peaks at 8 a nd 14 Hz, with evide nce of o the r peaks at 20 a nd 26 Hz. T hese a re the reso nant 
fr equ e nc ies of modes of the e lec tro magne ti c fi eld in th e I"a rth -ionosp he re cav it y, exc ited by radiat ion 
from lightning d isc hargf's . A co mpa ri so n is made be tween suc h s pec t ra a nd those observed e lse whe re. 

The s pec tra a re al so co mpared with th ose ca lc ul a ted theore t ica ll y. Th e agree me nt is onl y fair 
for a s ha rpl y bounded , homogeneous, isotropic ionosp here co nce ntri c with the ea rth , bu t bl" tte r for 
Ga lejs' mode l ionos p he re with an exponf" nti a l condu c tivit y ve rsus he ight profi le. From th e de rived 
propagation cons ta nt , the a tt e nu ati on rat e in t he ba nd 7 to 30 Hz is found to be approx imat e ly 0.25 
dB/Mm, i.e., 0.25 dB/ IOOO km , a nd th e ph ase velocit y 0.77 c. The ha lf widt h of the thunders torm be lt 
abou t an eq uator (with res pect to a pole at Ca mbrid ge) is found to be 44°± 12°, in agree me nt with 
thunde rsto rm s ta ti s ti cs. Di urn al and seaso na l vari a ti o ns of th e power in the various modes are inte r
pre ted in te rm s of nodes of the fi eld a nd the move me nt of thunder storm cen te rs . Th e fi ne s truc ture 
of the s pectrum is inves ti gated. A typical meas ured fi e ld s tre ngth of 0.34 mV/m in a I -Hz ba ndwidth 
at 8 Hz is s hown to be reaso nable . 

T he e ne rgy in the background s pec trum , whic h overwhe lms th at in the cavity reso nance s pec
trum be lo w 5 Hz, may be due to nearb y lightning ac ti vit y, 10caJ e lec tros tati c e ffects, or ext rate rres t ria l 
phe nome na. 

"The re is mu s ic in t he s pac ing of the s ph eres," P ythagoras. 

1. Introduction 

Schumann [1952] sugges ted that modes of the 
electromagneti c field in th e dielec tric she ll betwee n 
the ear-th and ionosphere might be excited to reso
nance by radiation from li ghtning discharges_ His 
theory indicated that the observed resonant fre
quencies of the cavity would be 

f,'. = r; Vn(n + 1)/2, with 1'1 <': C/V21TR = 10.6 Hz, (1) 

in which n is an integer (n being 1 for the fundam e ntal 
mode), c is the velocity of li ght, and R is the earth 's 
radius_ The firs t positive evide nce for the exis te nce 
of this resonant cavity was published by Balser and 
Wagne r [1960] . At that time an observat ional pro
gram concerning natural radio noise below 40 Hz was 
initiate d in Cambridge , England. A full description 
of the apparatus used, together with a discussion of 
some preliminary res ults and a brief review of related 

1 So me of the result s reported in this paper were prest!nt ed at the Symposium on Ult ra 
Low Freque ncy Electro magnetic Fields, Bou lder , Colo. August 17- 20,1964. 

inves tiga tion s, was presented by R yc roft andWor
mell [1964a]. The aim of thi s paper is to prese nt a 
sample signal spec trum (having de monstrated how 
this is ob tained experime ntall y), a mean spec trum of 
some 30 records, together with their interpre tation in 
the light of c urrent theories on earth-ionosphere ca vity 
resonances. 

Natural electromagnetic phenomena in the fre
quency range of interest have been reviewed recently 
by Kleimenova [1963]. 

2. Experiments 

The ante nna used to measure the natu ral ve rtical 
electri c field consists of a n insulated horizontal wire, 
of rad ius 0.15 e m and le ngth 190 m, supported at an 
average height of 4_5 m above a meadow some 2 km 
from the center of Cambridge_ The signal induced 
is fed to a seri es of filters that re move ex traneous 
signals du e to powerful local trans mitters, oscill ations 
of th e antenna excited by wind , and the main power 
sup plies_ The signal in the band 1 to 30 Hz is ampli
fi ed by a low noise, high gain feedbac k amplifier, the 
freque ncy response of whic h is shown in figure 1. 
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FIG URE 1. Frequency response of the amplifying system. 
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Note that the respo nse measured with a s igna l ~eneralor directl y feeding the amplifier 
input differs conside rabl y from that measured when a represent ation of the ante nna is 
incl uded. 
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A comparison of the response obtained when a low 
impedance signal generator feeds the amplifier (upper 
curve) with that obtained when a representation of 
the antenna is used (lower curve) reveals that it is 
difficult to optimize the coupling between antenna and 
amplifier. Examples of the extremely-low-frequency 
(ELF) waveform obtained when an oscilloscope spot 
is photographed by film moving at 7.06 cm/sec are 
given in figure 2. Above each trace appears the sig
nal in the band 0.5 to 8 kHz; only for the strong at
mospherics at the left side of figure 2b does the ELF 
waveform appear correlated with impulses recorded 
on the kilohertz channel. In general, there is no 
correlation between individual atmospherics and the 
ELF trace. 

It is evident from figure 2 that there are no pre
dominant frequency components in the signal wave
form. In order to search for cavity resonance effects, 
the amplitude of the ELF trace has to be digitized at 
intervals of 1.18 mm (corresponding to 1/60 sec), 
from which the power spectral density of the record 
up to 30 Hz has to be computed. An automatic 
digitizer, constructed in the laboratory, is used. Its 
modus operandi is to scan the film record with the 
well focused image of a spot of light, the scanning 

1 second 

FIGURE 2. Atmospherics and ELF traces. 
Not e th at in general there is no cor re lat ion be tween individual atmosp herics and the 

ampl itude of the ELF waveform. 
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mechanism being a rotating plan e mirror actuated by 
a linear cam, cyclically each 3.60 ± 0.03 sec. While 
the spot scans between a mask at the edge of th e film 
and the trace, light shines through the tran sparent 
part of the film on to a photomultiplier, during whi ch 
time pulses of a standard freque ncy are counted by 
eight binary counters. Whe n the s pot reaches the 
opaque part of the film, counting is s topped. The 
count, represen6ng the amplitude of the ELF wave
form, is transferred to a tape punc h. The counters 
are reset to zero before the next cycle commences. 
As the film moves continuously slowly past the scan
ning region , the amplitude of the radial electric field 
as a fun ction of time, Er(t) , modified by the transfer 
function of the recording equipment, is obtained on 
paper tape as desired . Each film is digitized at le as t 
twice to elimin ate possible eccentricities and mal
function s of the digitize r. Records of different 
straight lines a nd sine waves of various frequencies 
are also digitized . The tapes are translated into the 
language of the EDSAC co mputer, either with or with
out a cubic correction for the nonlinearity of the cam. 

3. Computations 

The power spectral density fun ction of the digitized 
waveform is co mputed as the Fouri er transform of its 
autocovariance fun ction [Swinn erton-D yer, 1963]. A 
program , developed by Swinnerton-Dyer, re moves the 
mean from the time series, which is the n convolved 
with chosen prewhite ning a nd s moothing fun c tions, 
and computes th e es timated autocorrelation a nd 
smoothed power s pec tral de nsity. The output es ti
mate of the power spectral de nsity is compensated 
for the prewhite ning factor. 

It is important to co nsid er the reliability of eac h 
estimate. Every record analyzed is at least T = 10 
sec long, composed of N ~ 600 points at 1/60 sec 
intervals . The power spec tral density is required 
at (M+l) interval s from 0 to 30 Hz; with M =30 the 
spectrum is found a t W = 1 Hz intervals . The num
ber of degrees of freedom of the syste m is de fined as 
k=N/M= 2TW and is always ~ 20. Zukerman [1961] 
has shown that, for k ~ 20, and 80-percent confidence 
limits, the es timate of the power spectral density is 
correc t to within + 2.0 'dB or -1.5 dB. A similar 
conclusion is reached by Swinnerton-Dyer [1963] , 
who shows that the estimate may plausibly be supposed 
to behave like X2 on k degrees of freedom, and by 
Balser and Wagner [1960], who find the standard 
deviation of random fluctuations. 

The power sp ec tral densities of two series of 600 
random numbers generated by the computer are 
plotted in figure 3. They are indepe ndent of fre
quency, but have a statistical scatter due to the finite 
length of the sample of ~ ± 1.5 dB . A 1.5-.dB peak 
standing out above the backgrou nd level IS there
fore s tati s ti cally significant. The power spec tral 
density of a sample record is plotted in fi gure 4, the 
points being marked by crosses; peaks are evident at 
0,8.7, 13.1,20.1, and 26.0 Hz. To tes t whether these 
peaks may be s purious ones associated with the do c 

peak, a numerical rejection filter at 0 Hz constructed 
by the co mputer is applied to the digitized waveform. 
The powe r spectral de nsity of this series is computed 
and p lotted with open circle points in figure 4. The 
higher frequency peaks occurring at resonant fre
que ncies of modes of the field in the earth-ionosphere 
cavity are s tati s ti ca lly signifi cant. 

From th e tes t waveforms that are digitized, it is 
concluded tha t the noise introduced by the digitizer 
is typica ll y 30 dB below that in the signa l. Power spec
tral de nsities co mputed with and without the correc· 
tion for the nonlinearit y of the cam differ only in· 
significantly. 
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FI GU RE 3. Spectra of two series af 600 random nu.mbers, 0 with a 
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FIG UHE 4. S pectnun of th e digitized signal waveform. abserved at 
16 .1 8 GMT an J anuary 12, 1963. 

The c rosses s how the spec trum as normally co mpu ted, and the open c ircles, that com
puted with a numerical rejection filt er at 0 Hz. S tati s ticall y s ignificant peaks are observed 
at resonant frequenc ies of various modes (fl = ], 2. 3, and 1) of the field in the earth -ionos
phe re ca vity . 
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FIG URE 5. Spectrum of the natural vertical electric field observed 
at 16.18 GMT on January 12,1963 . 

This is the spec trum preseut ed in fi gure 4 correc ted for the receiver noise and frequ ency 
response. The power ordinate is on a linear, rather than a logarithmic, scale. 

4. Spectra 

The power spec tral density of a sample of receive r 
noise obtained with the amplifier input grounded, 
which is typically > 20 dB below that of the ELF signal 
when new high-tension batteries are used in the a m
plifier, is subtracted from that of the signaL This 
spectrum is corrected for the rece iver response (fig. 1) 
and is plotted in fi gure 5_ The linear power scale 
emphasizes the peaks in the spectrum more than th e 
logarithmic one_ In fact, this second harmonic peak 
is the sharpest one, having the highest Q value, ob
served during the experiment. P eaks are noted at 
8.5, 13.1, 20.2, and 26.2 Hz, which are identified as 
resonant frequenci es of the earth-ionosphere cavity_ 
Spectra are obtained for records taken randomly dur
ing meteorologically calm periods in June and Decem
ber 1962, January, March, May, and July 1963. The 
first two resonant modes of the earth-ionosphere cavity 
are clearly shown in all records , together with evi
dence for the next two_ From the best attempts at 
digitizing 31 records , the mean ELF spectrum is cal
culated and plotted in figure 6_ 

Knowing the amplifier gain, its fr equency response, 
and the electrostatic characteristics of the antenna, 
the absobte power calibration shown in figures 5 and 
6 is derived. This is checked having measured the 
signal induced by GBR transmissions. At 8 Hz the 
mean power spectral density is 0.117 (mV/m)2/Hz, 
with a standard error of the mean of ± 0.008 (m V /m)2/ 
Hz. This may be expressed as an equivalent ampli
tude of 0.342 ± 0.012 m Vim in a I-Hz bandwidth at 
8 Hz_ This value is in agreement with earlier quoted 
values [Large and Wormell, 1958; Balser and Wagner, 
1962; Rycroft and Wormell, 1964a]. It is equivalent 
to a Poynting flux of the order of lO- IOW /m2/Hz. 

The shapes of the spectra diffearom those of sample 
spectra presented earlier [Rycroft and Wormell, 1964a, 
(figs. 8, 9, and 10)] because at that time differences 
between the frequency response shapes (fig_ 1) were 

ignored. The spectra presented here are similar to 
those of the magnetic field recorded in France by 
Gendrin and Stefant [1964] and Stefant [1963]. The 
main difference between these spectra and those pre
sented by Balser and Wagner [1960] from observations 
made in Massachusetts is that the power spectral 
density at the minima between peaks is not inde
pendent of frequency, but decreases with increasing 
frequency. This point may be made in another way 
by noting that only when the background spectrum 
shown by the dashed line in figure 6 is subtracted from 
the ELF spectrum do these observations compare 
with those of Balser and Wagner [1960]. Although 
some of this background noise is introduced by the 
averaging process, it is probable that part represents 
a real noise source. This could be due to com
paratively nearby lightning activity, energy propagated 
along a geomagnetic line of force, or extraterrestrial 
phenomena. 

Below 5 Hz, the relatively immense power spectral 
density cannot be explained solely by energy from 
lightning and is ascribed to local electrostatic effects 
(as mentioned by Rycroft and Wormell [1964a]), fluctu
ations of the fair-weather field, or distant geoelectro
magnetic phenomena. In figure 7, the power spectral 
density of the natural vertical electric field in a I-Hz 
bandwidth at 1 Hz is plotted against the fair-weather 
vertical elec tric field measured by a field mill at the 
time of the record. An association between the two 
quantities is apparent. At a certain value of the 
fair-weather field, the power at 1 Hz tends to be larger 
the greater the wind force. This could be explained 
by the wind exciting harmonics of the oscillating 
antenna, or by clouds of space charge drifting past the 
antenna. Based on their observations of the natural 
magnetic field, Lokken, Shand, and Wright [1963] 
have asserted that lightning dominates the spectrum 
down to 1 or 2 Hz. 

A few observations were made with an antenna con
sisting of three coils , each of 110,000 turns of 0.132-mm 
diam wire which was enamel coated, mounted on a 
mu-metal rod 1 in. in diameter and 36 in_ long. The 
induced signal was amplified and recorded as de
scribed in section 2; sample spectra showed the cavity 
resonance effect. On one occasion, at 21.00.13 
GMT on May 14, 1963, the waveform changed in 4 sec 
from a typical cavity resonance waveform to a large 
amplitude (off-scale) wave at 8.0 Hz. This may be a 
manmade signal or an example of the ELF "noise 
storms" or "emissions" reported by Llanwyn Jones 
[1963]. 

Throughout the course of the experiments, the Mie 
scattering standing wave patterns required by Boyer's 
[1961] theory for the formation of the Van Allen trapped 
radiation belts were not detected. 

5. Theoretical Considerations 

In this section a review of the theories concernino
earth-ionosphere cavity resonances, indicatino- thei; 
limitations, is attempted_ Rationalized MKSA units 
are used. 
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The simplest model, used by Schumann [1952] 
and Wait [1960], is that of a perfectly conducting earth 
of radius R, surrounded by a thin dielectric shell of 
height h, h being ~ R. This is surrounded by a con
centric, sharply bounded, homogeneous, isotropic, 
good conducting model ionosphere of infinite extent. 

A current I flowing vertically in the air near the 
ground forms, with its image in the ground, an electric 
dipole of infinitesimal length ds. The dipole moment 
M is given by 

d~;w) exp (iwt) = I ds(w) exp (iwt) . (2) 

Near a Hertzian dipole, for which ds ~ A, the free space 
wave equation for the Hertz vector must be satisfied. 
Near the source, where neither the ionosphere nor the 
earth's curvature is considered, the vertical electric 
field is given as a sum of electrostatic, induction, 
and radiation fields [Pierce, 1960]. It is obviously 
invalid to use the radiation field approximation of this 
equation in relation to cavity resonances. 

A solution of the wave equation in spheri~al polar 
coordinates is the transverse magnetic (TM) wave 
with zero radial magnetic field. For example, in the 
air layer, 

E,,(w, t)=- i • ~ 
vk3~ 

in which k = w/c is the free space wave number and 
v+ t is the order of the Hankel function; v is deter
mined by the boundary conditions. The Debye
Watson representation of the Hankel function, which 
is really a W.K.B. approximation to the radial part of 
the wave equation, is used. The approximations are 
only valid for Iv+ tl > 1 and kr » 1; the latter in
equality is not met at cavity resonance frequencies. 
Hence Wait [1960] obtains a waveguide mode con
dition in terms of Fresnel reflection coefficients. The 
sine of the complex angle of incidence is given by 

_V+t_v'V(V+1) _ 1 __ £_'_=I_~~ i3 

5 - kR - kR - 2khNI 2h /LOWUI 

(4) 

in which NI is the refractive index of the ionosphere, 
which may be approximated in terms of the conduc
tivity UI above 55 km (see, for example , Goldberg 
[1963]). Equation (4) may be rearranged, using 
p = iw, to give the modal equation 

Since only the zero-order waveguide mode is im
portant at cavity resonator wavelengths, the resonator 
mode equation, of order n, is obtained, 

Ids(w) 00 v(v+ 1)(2n+ 1) 
Er(w, t) = 47rhR2EoW ,~ P" (cos 8) n(n + 1) - v(v + 1) 

exp (iwt). (6) 

The nth resonance of the radial electric field occurs 
when 

1 v(v+1)(2n+l) 
hw n(n+ 1)- v(v+ 1) 

is a maximum, v being determined by (4) or (5). 
For a perfectly conducting ionosphere, the resonant 

frequencies, j", are determined by (4): 

Hence (1) is derived: 

j" = 2;R v' n(n + 1). (7) 

For an ionosphere of conductivity UI the resonant 
frequency is complex; thus the height of the model 
ionosphere is found to be frequency dependent, which 
is physically untenable. Equation (5) may be solved 
under the approximation that 

I 1 pl /21~lpl 
hv' /LoUI 

as 

p = iW:,-nll (8) 

where ow;" the observed resonant frequency, is less 
than w", calculated for a perfectly conducting IOno
sphere, 

(9) 

and nil is the amplitude damping coefficient, 

(10) 

This analysis, used by Cendrin and Stefant [1964] 
and Rycroft and Wormell [1964a] to explain' their ob
servations, leads to a sharply bounded model iono-
sphere at about 76 km, where the conductivity is 
- 5 X lO- li mho/m. It is not strictly valid because the 

(5) the approximation necessary to derive (8) is not met. 
The Q values of the resonances calculated from (10) 
are lower by a factor of 2 than those estimated as the 
ratio of the observed resonant frequency to the fre
quency difference at the half-power points. 

Row [1962] derives the modal equation by another 
method. 
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Besides fitting experimentally observed values of f;' 
with theoretical ones, the theory based upon a particu
lar model ionosphere must explain the observed Q 
values, of the order of 4, which te nd to increase with 
increasing n_ One more variable is required to de
scribe the ionosphere. Llanwyn Jones [1963] and 
Chapman and Llanwyn Jones [1964] have achieved 
excellent agreement for a two-layer model ionosphere. 
Because the skin depth, v'2/l-/-o(Tw, is large at these 
extremely low frequencies, the higher ionosphere re
gions play a significant part in determining the prop
agation of ELF electromagnetic energy. 

Sharply bounded models do not consider the region 
where II/EoW = 1, typically near 50 km, where displace
ment currents and conduction currents are of com
parable magnitude and where the W.K.B. approxima
tion is not valid. Harris and Tanner [1962] consider 
this transition region to be as important as the upper 
region in determining ELF propagation. Galejs 
[1963] has reviewed his work on a model ionosphere, 
bounded at a height where (T/EoW = 1, and having an 
exponential conductivity versus height profile in agree
ment with observations. Maximizing E,. and using 
the condition that Re(S» > IIm(S)I, it is found that 
(compare (7)) 

f~ = R:(S) 2;R v' n(n + 1). (11) 

Wait [1964] obtains a more general form of this 
equation. 

Cosmic ray-induced ionization in the atmosphere 
contributes to the absorption of ELF radio energy; 

. it is shown [Galejs, 1963] that 

1 Q = - 2Re(S)Im(S). (12) 

TABLE 1. Calculated and observed resonant frequencies of the 
earth-ionosphere cavity 

Mode order 
Frequenc y (Hz) 

n = l n = 2 n =3 n=4 

Resonant frequency.!,. from (7) 10.60 18.35 25.96 33.52 
Resonant frequency, 0.7642 times 

row I; see (1]) 8.10 14.03 19.85 25.62 
Observed f;, June 27 and 28, 1960" 

Balser and Wagner [\960r - _. 7.8 14.1 20.3 26.4 
Observed f~ , mean 1961 , 1962, 

Chapman and Llanwyn Jones 
[1964J , 8.0 ± 0.1 14.1 ±0.2 2O.0±0.4 26.0 ±0.8 

Observed f;, July 13 and 14, 1962, 
Stefant [1963J 7.85±0.2 14.2±0.3 19.9±0.3 26.25±0.3 

Observed f~ ~ me an spectrum 1962, 
1963, obse rvations at Cambridge, 
England 7.8 ±0.2 14.1 ± 0.2 2O.0 ± 0.2 26.0 ±0.4 

than th e calc ulated value . Hence it is deduced that 
the Q value te nds to increase with increasing n. This 
dedu ction is confirmed by es timating the Q values 
from the s pec trum . 

The real and imaginary parts of S at the four resonant 
frequencies are thus found. The propagation con
stant y is related to S: 

y = ikS = a + i<l>. (13) 

Hence the attenuation constant 

a=-kIm(S) Np/m=-0.182fIm(S) dB/Mm (14) 

and the phase velocity is 

W c 
<I> Re(S) (15) 

The attenuation rate is found to be approximately 0.25 
dB/Mm, but is only poorly determined because of the 
uncertainties in Q. The phase velocity is found to 
vary from 0.75 c at 8 Hz to 0.78 c at 30 Hz, with an 
es timated standard error of ± 0.01 c. 

It is important to consider the effect of the geomag
ne tic fi eld which makes the ionosphere anisotropic. 
In the quasi-longitudinal approximation the attenua
tion is somewhat increased [Wait, 1962]. By con
s idering a radial geomagneti c field and a multilayer 
s tratified ionosphere above 85 km, Thompson [1963] 
has shown that e nergy would be los t from the high 
ionosphere, resulting in Q valu es decreased from - 16 
to - 8, especially at night. Madden [private com
munication, 1964] has extended Thompson's analysis 
to includ e the lossy region below 85 km where dis
placement currents become important. In the quasi
transverse approximation, Wait [1962] and Galeis anc\ 
Row [1964] have calculated differences between the 
attenuation rates for E-to-W and W-to-E propagation. 
The effect of-ions on the attenuation con;;Lant.l!t cavity 
resonance frequencies has been considered by Galejs 
[1963] and found to be small. 

TABLE 2. Electrical properties of materials forming the earth's 
surface 

Percentage of Average Skin d epth 
Material earth's surface depth crE at 8 Hz 

covered 

% km. Mho/m 
Sea water } 0-3 5 80 m 
Basalt, ocean floor 71 3- 12 10- ' No effect 

Rocks } 0- 35 10- 2 10 10-6 2 to 200 km 
Mantle [Lahiri and 24 

Price, 1939J 35- 2900 1O -~ to lO- ti - 100 km 
Snow, ice 5 0- 1.5 10- ' 200 km 

It has been assumed that the resonances are excited 
From the mean spectrum presented in fi gure 6, the by vertical lightning discharges . The ratio of the far 

series for f~ is found to be 7.8 ± 0.2, 14.1 ± 0.2, 20,0 zone radial electric fi eld excited by a vertical dipole 
± 0.2, and 26.0 ± 0.4 Hz. These observations are to that excited by a horizontal dipole of the same 
compared with those of other workers in table 1 and moment (representing an intracloud or intercloud 
with the series 0.764_2 times (7). The observ~d funda- lightning flash) is > 105~E [Wait, 1960]. Typical 
1nentaF- resonant fr~quencies are _~!l.less than the ""- values for the conductivity of the earth lIE are shown 
calculated value in row 2, but f~ is in all cases greater In table 2, drawn from the paper of Watt, Mathews, 
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and Maxwell [1963]. The effect of horizontal flashes 
is thus negligible at extremely low frequencies. 

It may also be concluded from table 2 that little 
ELF energy is absorbed by the earth's surface and 
therefore that the Q values of the earth-ionosphere 
cavity are determined entirely by losses in the atmos
phere and ionosphere. 

6. Discussion 

The detailed shape of ELF spectra may now be 
considered, bearing in mind the limitations in the 
theory mentioned in the p~evious section. 

Equation (6) shows that the spectrum of the radial 
electric field depends on the spectrum of the exciting 
lightning discharge. Based on the statistics gathered 
by Williams [1959], Galejs [1963] has assumed that the 
return stroke excites the resonances. Pierce [1963] 
has contended that other processes in a lightning dis
charge contribute to the ELF noise. These ideas 
have been extended by Rycroft and Wormt;ll [1964b] 
who consider the spectrum generated by a "mean" 
lightning disc harge. Accounting for the prepon
derance of cloud discharges, the result that the 
spectrum differs little from that of a median return 
stroke is rather surprising. The spectra computed 
by Galejs [1963] may thus be used with confidence. 

The geographical distribution of sources needs to 
be considered. Galejs [1961, 1963] has calculated 
spectra for a uniform distribution of sources over the 
polar angle 8 in the interval 90° - f:::. ",; 8 ",; 90° + f:::., 8 
being zero at the receiver. When the background 
spectrum shown in figure 6 is subtracted from the ob
served spectrum the resulting cavity resonance spec
trum is in good agreement with computed spectra. 
The ratio of the power at the fundamental (n = 1) 
frequency to that at the second and third harmonics 
is taken from Galejs [196l] and plotted in figure 8. 
The experimental values of Balser and Wagner [1960] 
are plotted, as are the Cambridge observations, both 
with and without the background spectrum removed. 
The observations fit for a half width of the thunder
storm belt about an equator with respect to a pole at 
Cambridge f:::., of 44° ± 12°. This value is in agree
ment with that derived from the yearly average 
geographical distribution of thunderstorms as may be 
seen from figure 9. This map presents the world 
in an azimuthal equidistant projection centered on 
Cambridge; a radius vector is a great circle path on this 
projection. Also shown are loci of constant 8, for 
8=90° where PI (cos 8)=cos 8=0, and for 8=55° 
and 125° where P2(cos 8) = (3 cos2 8-1)/2 = o. 
According to (6), the radial electric field is zero at 
these values of 8, for the fundamental and second
order resonator modes, respectively. Even if a source 
is present, its effect is not noted by a receiver situated 
at a certain angle 8 with respect to the source. 

It is well known that thunderstorms over tropical 
land masses occur preferentially during the local 
afternoon. These two factors which determine the 
inte nsity of the cavity resonance signals, termed 
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FIGURE 8. Ratio of the power. G" in the fundamental (n = 1) 
mode to that in the higher harmonic (n = 2 and 3) modes as a 
function of C!., the half width of the equatorial thunderstorm 
belt. 

The solid curve shows G1/C 2• and the dashed curve CdC3 • as comr)ul ed by Galejs [1961]. 
The open circle poi nts show these ratios observed by Balser and Wagner [1960]. For 
the Cambridge observations the crosses mark the rat ios derived from the mean ELF spec
trum; the squares show the ratios derived from the cavity re s.onance spectru m, the spec trum 
obtained by subtracting the background spectrum from the mean ELF spectrum. The 
effect of the error bars in figure 6 is also shown. 

YEARLY AVERAGE OF NUMBER 
OF THUNDERSTORM DAYS 

.50 TO 100 

FIGURE 9. Map of the world in an azimuthal equidistant projection 
centered on Cambridge, England. 

The areas of greatest thunderstorm activity averaged over a year are shown [Handbook 
of Geophysics , 1960]. Loci of constant 8, circles centere d on Cambridge, corresponding 
10 minima of the radiaJ elec tric field in the fundamental and second·order modes, are also 
shown. 
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"mode zeros" and "storm maxima," respectively, 
were discovered by Balser and Wagner [1962]. A 
specific example of the effect of these factors is shown 
in fi gure 4; presumably at this time thunderstorms were 
ac ti ve over Brazil. The diurnal variation of the power 
spectral density in the fundamental mode, presented 
in fi gure 10, is also explained by these two factors. 
It should be noted that the n = 1 mode zero at () = 90° 
masks the Southeast Asia storm maximum effect. 

The broad features of the ELF signal diurnal varia· 
tion, that is the afternoon (GMT) maximum and the 
nighttime (GMT) minimum, have been noted by 
Holzer and Deal [1956] (see their fig. 1) and Rycroft 
and Worm ell [1964a] from records similar to their 
fi gure 7. The nighttime minimum is explained by 
the pauc ity of thunderstorms over the Pacific Ocean. 
The solid curve in figure 10 shows a fifth-degree poly
nomial regression fitted to the points , with a dominant 
quadratic term . Although there is considerable devia
tion about the regression, the curve is significant at 
the 95·percent level. A searc h was made for seasonal 
variations in the spectra. The only noticeable feature 
is that the fundamental peak is relatively weaker 
than the higher harmonic peaks in winter. The ex
pla nation is that the thunders torm centers ove r South 
America and Africa move to the South in winter. 

A search was al so made for diurnal variations in the 
resonant freque ncies themselves . Co mplex variations 
have been reported by Balser and Wagner [1962] and 
Llanwyn Jones [1963]. The observations re ported 
here are too few a nd too scattered to allow co mparison 
with pre vious work. The mean resonant frequencies 
are 8.0 ± 0.1, 14.0 ± 0.2, 19.8 ± 0.2, and 26.1 ± 0.3 
Hz, which differ slightly from those deduced from the 
mean spectrum in sec tion 5. 

Neither the power in the fund amental mode nor the 
resonant freque ncies of the firs t two modes appeared 
to be correlated with the magnetic Kp index at the time 
of the record. 

The p ower spec tral de nsities of the longest signal 
records were computed from 0 to 30 Hz at 0.2 Hz 
intervals in order to investigate the fine structure of 
the cavity r esonance spectrum. One such spectrum 
is shown in fi gure 11 and may be compared with those 
presented by Madden et aI., [1962] and Chapman and 
Llanwyn Jones [1964]. These spectra are all extremely 
jagged. One interpretation is that the radial ELF 
electric field given by (3) should contain an azimuthal 
de pendence, in which case it would be proportional to 

n 

L P;;'(cos (}) exp (irrup)· 
m=-n 

Since the nth order mode is not observed to split into 
precisely Tn = 2n + 1 peaks, it must be concluded that 
the " fin e s tructure" is s purious, being brought about by 
statistical flu ctuations due to the finite length of the 
sample . 

As a final piece of evide nce that the observed spec
trum is the result of excitation of the earth-ionosphere 
cavity by lightning discharges, an order-of-magnitude 
calculation is performed to show that the observed 
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The crosses show the spectrum as normall y computed. a t I-Hz intervals. from fi gure 4. 
The " fine structure" is not sta tis tically sign iflcanl. 

field strength is reasonable. Inserting n = 1 for the 
fundamental resonance ; (6) becomes 

Ids(8 Hz) 3v(v + 1) 
Er(8 Hz) = 647T2hR2€O P1(cos 8) 2 - v(v + 1) . 

(16) 

For one "mean" lightning discharge, Ids(8 Hz) 
= 1.4 X 105 MKSA units [Rycroft and Wormell, 
1964b]. It is important to know how many dis
charges playa part in determining the value of the field 
at any instant. . To estimate this, an average value of 
100 for the number of discharges that occur over the 
earth' s surface per second is used, together with a 
valueJor the time constant of the cavity, 1/0,1, of 1/16.3 
sec [Rycroft and Wormell, 1964a]. In this time there 
occur about 100/16.3 = 6 flashes, which tend to excite 
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the cavity into resonance, but at random phase 
angles. Therefore, v'6 times the 8 Hz component 
in the spectrum of one "mean" flash may be inserted 
for the quantity Ids(8 Hz) in (16). Thunderstorms 
tend to occur in the range () = 30 to 140°, so a mean 
value for Pt(cos 8) might be 1/2. Using Galejs' 
[1963] analysis , 

Vv(v+l) = (V+~) = kRS = kR Re(S) = 1.74, 

forn=l. 

Taking a model ionosphere sharply bounded at h = 76 
km, with R = 6370 km , E,. is found to be approxi 
mately 0.2 m Vim in a I-Hz bandwidth at 8 Hz, which 
is in good agree ment with the measured value of 
0.34 ±0.01 mV/m , or 0.26 mV/m having subtracted 
the background spectrum shown in figure 6. 

7. Summary 

In this paper experimentally obtained e vidence has 
been presented which shows that resonant modes of 
the electromagnetic field in the dielectric cavity be
tween the good conducting earth and ionosphere are 
observed. At all times when observations of the 
natural vertical electric fi eld in the atmos phere could 
be made - at meteorologically calm periods - statisti
cally significant resonances of the fundame ntal mode 
at 7.8 Hz and of the second harm onic at 14.1 Hz are 
detected. The next two higher harmoni cs, at 20.0 and 
26.0 Hz, are often apparent. The standard error in 
these mean resonant frequencies, derived from 31 
records, is typically ± 0.2 Hz . The mean power in 
a I -Hz bandwidth at 8 Hz is observed to be 0.117 
± 0.008 (m V /m)2/Hz. Spectra recorded by Gendrin 
and Stefant in France show strikin!! similarities with 
those presented here, whereas thos~ taken in Massa· 
chusetts by Balser and Wagner are somewhat differe nt. 

These resonances are excited by energy from tropi
cal lightning discharges. Diurnal and seasonal 
variations of the power in the various modes are 
interpreted in terms .of the movement of thunderstorm 
centers and nodes of the field . The half width of 
a model thunderstorm belt, calculated for a model 
ionosphere with an exponential conductivity versus 
height profile [Galejs, 1963], is in agreement with 
thunderstorm statistics. With this model ionosphere 
the attenuation rate in the band 7 to 30 Hz is found to 
be approximately 0.25 dB/Mm , and the phase velocity 
0.77 c. 

For the longest records taken, the fine structure of 
the spectrum is inves tigated and found to be not 
statistically significant. 

Below 5 Hz, the power spectral density of the elec· 
tric field is relatively immense, and is mainly associated 
with windborne local space charges or mechanical 
oscillations of the antenna in the fair-weather electric 
field. 
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