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This is a tutorial expos ition of the theory of ELF propagation in the eart h·ionosphere waveguide. 
Derivations are not give n; ins tead, the plau s ibility of the res ults a nd the physica l aspects of certain 
s pecial cases are discussed. A s implified trea tment of the Schumann cavit y reso nan ce phenomenon 
is a lso given. 

1. Introduction 

This is inte nd ed to be an introduction to electromagne ti c wave propagation in the freq ue ncy 
range below 3000 cis and above about 1 cis . This range has become known as extremely-low· 
freque ncy (ELF) to di stingui sh it from the very-low-frequency (VLF) band whic h is now regarded 
universally as the range 3 kc/s to 30 kc/s. Attention is confined to propagation in the earth-iono
sphere waveguide as this is by far the most important mechanis m for the transfer of energy at very 
great distances from the so urce. Includ ed in the di scussion is a s imp li fied treatment of the earth· 
ionosphere cavity resonance phenom enon with special reference to the pioneering work of W. O. 
Schumann. The influe nce of nonuniformities and surface irregulariti es on the cav ity reso nances 
is also considered in an appendix. 

References to past work in this fi eld will be made at the appropriate place in the paper. How
ever, at this point, the existe nce of two earli er review articles is me ntioned. One is a chapte r in 
a book [Wait, 1962], whi le th e other is a review paper give n at a NATO confere nce over a year 
ago [Galejs, 1963]. In both these articles, ex tensive references to related work are given . In 
addition, there has been a very ex te nsive bibliography, prepared under th e auspices of NATO, 
by Brock-Nannestad [1962]. Therefore, in the present review, only material is referenced which is 
actually used in the presentation. 

2. Formulation of the Waveguide Problem 

In this section, the salient features of the conventional theoretical approach are given. The 
model is a homogeneous conducting spherical earth of radius a surrounded by a concentric iono
spheric shell of inner radius a + h. Thus, h is the height of the ionosphere above the earth's 
surface. In what follows, it is convenient to introduce the usual spherical coordinate system. 
Also, unless stated to the co ntrary, the fields are assumed to vary as exp (iwt). 

Using the above model, and assu ming a vertical electric dipole source located at () = 0, r = a, 
the expression for the vertical electric field, at r= a, is 

JdsY} x v(v+ 1) 
E/"= .2kh 2 "011 . PvC-cos 8)· 

L . a ,£:0 s In V7T 
(1) 

I Paper was p resen ted a l the UI.F Symposium , Boulde r. Colo., August 17- 20. 1964. 
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Here, k = w/c is the free-space wave number; 8n is an excitation factor discussed below; I is the 
average c urre nt in the source dipole ; ds is the length of the source dipole; 1), the intrinsic impedance 
of the air space, ~ 1207T; Pv(- cos 0) is the Legendre function of argument - cos e and (complex) 
order v_ 

The cOII.1plex quantity v contains the crux of the propagation problem_ It is related to the 
propagation factor 5 n for n = 0, I, 2, ... by the relation 

v+ 1/2=ka511 • (2) 

The factor 5 11 is determined from the boundary conditions of the earth ionosphere waveguide. 
At ELF, nu merical values of 5 n may be determined on the basis of a flat-earth model. Assuming 
for the moment that the earth and the ionosphere are homogeneous isotropic media, it follows 
from previou s work [Wait, 1962] that 

{ (7Tn)2I [ ( . tlkh )1 /2]2}1 /2 
5n ~ 1- kh "4 I + 1+ 4l (7Tn)2 ' (3) 

where 

(4) 

in terms of the refractive indices, Ny and Ni , of the earth and the ionosphere, respec tively . This 
equation is valid subject to the condition JtlJkh < < 1. The sign of the radical is chosen such that 
the real part of 5 11 is positive and the imaginary part of 5 11 is negative. 

For the important case n=O, (3) simplifies to 

(Sa) 

Furthermore, since JtlJkh /(7Tn)2 « I, when n > 0, it follows that 

[ (7Tn)2 . 2tl] 1/2 
5 n = I - kh - l kh ' (Sb) 

for n=l, 2, 3, .. . . 

When the ionosphere is a homogeneous isotropic medium of conductivity cri and the earth 
IS a homogeneous isotropic medium of conductivity cry, it is well known that 

Nf ~ cri/(iEow) and N~ ~ cry/(iEow). 

Thus, 

tl == (l + i) (EOW) 1/2 (_1_ + _1_), 
2 cr! /2 crl/2 

1 9 

or, in most instances at ELF, 

tl ~ (I + i) EoW , ( )
1/2 

2cri 

because crg » cri. 
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It might be me ntione d in passing that this simple expression for ~ is only valid for the idealized 
model dis c ussed here. However, it is interes ting to note that a horizontally stratified ionosphere 
will give rise to a representation of the form 

~ = (1 + i) EoW Q, ( )
1/ 2 

2CT-; 

where the complex function Q has been tabulated and graphed for a wide varie ty of models [Wait, 
1962]' 

3. Peripheral Waves 

The physical significance of (1) may now be discussed. The Legendre function is we ll ap· 
proximated by 

(6) 

if I v I» 1 a nd 0 is not near 0 or 7T. Thu s , the indi vidu al te rm s (i.e ., modes) in th e se ri es in (1) 
are s impl y proportion al to 

1 
(sin 0)1 /2 cos [kaS,,(7T - 0) - (7T /4)] 

which, apart from a consta nt factor may be ide ntifi ed as the linear co mbinati on of two peripheral 
waves of the form 

1 
(s in 0)1 /2 exp [- ikaSI/O], 

and 

1 
(sin 0)1 /2 exp [- ikaSII(27T - 0)] exp (i7T/2). 

It is appare nt that these are waves traveling in opposing directi ons along the two respec tive great 
circle paths of respective le ngth aO and a(27T - 0). An interes ting feature is the 7T /2 phase advance 
which the wave traveling on the long path accumulates as it passes through the antipodal point 
0= 7r. This, of course, is a characteristic feature of symmetrical waves passing through a perfec t 
focus. It is seen that the phase velocity of these waves or modes of order n is c/ReS" where c 
is the velocity of light. Because ReSn > 1, the waves are "slow" relative to unimpeded plane 
waves in free space. The attenuation is given by - kImS" in nepers per unit distance apart from 
geometrical effects which are contained implicitly in the multiplicative factor l/(sin 0)1 /2. 

The linear combination of the two peripheral waves forms a standing wave pattern whose 
di s tance 8"" between mInIma, is approximately given by 

k8mReSlI = 7T or 8m :::= "-/(2 Re SIt) 

where "- is the free·space wavelength. 

4. Antipodal Effect 

The asymptotic approximation given above for p"(-cos 0) is not usable when 0 is very near 7T. 
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However, in this region, a modified form shows that the field is proportional to the Bessel function 

Jo[kaS,.(7r - 8)], 

which is finite at 8 = 7T yet still behaves as 

(sin 8)-1/2 cos [kaSn(7T - 8) - (7T/4)] 

when the argument is large compared with unity. 

5. Near Field Behavior 

At very short distances (i.e., 8 near 0), there is another expansion to the Legendre function 
which is quite useful. In the present notation, this result is given by 

Pv (- cos 8) 1 (p)2 . == Hb2 )(kS"p)-12 - H~2)(kSnP)+ terms in (p/a)4, (p/a)6, etc., MnV7T a (7) 

where v + ~ = kpSn and p = a8. When the great circle distance p is reasonably small compared 
with the earth's radius a, only the first term is important. 

6. General Field Representations 

For convenience in what follows, it is desirable to express the field components as a ratio to 
the quantity 

Eo = i(T)/A)Ids(e-ih'p)/p, (8) 

which is the radiation field of the source at a distance p on a flat perfectly conducting earth. With 
this normalized factor, it is not difficult to show that 

where 

00 

W =- i7T(p/h)ei h'p L AnS;,Hb2)(kSnP), (10) 
1l=0 

where terms containing (p/a)2, (p/a)4, etc., have been omitted. An explicit formula for the excita· 
tion factor An is given by [Wait, 1961], 

where 8" is obtained from 

In this equation, 

_ 8nC~ 
An-C2_Ll2 

n 9 

C-Ll 
Rg(C) = C + Ll:' 

C-Lli 
Ri(C) = C + Ll;' 
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and 

The complex factors Cn are solutions of the modal equation, which for ELF may be well repre
sented by its flat-earth version_ Explicitly, it is given by [Wait, 1962] 

RoC C)R i ( C) exp (- i2khC) = exp (- 27Tin), (12) 

for n = 0, 1, 2, . . .. An approximated solution is given by (3) above or the simplified forms given 
by (Sa) and (5b). 

7. Properties of the Modes 

The behavior of the modes in the earth-ionosphere waveguide is best understood by an exam
ination of the complex function W defined by (10). When kp> > 1, corresponding to the "far
zone," it follows from (10) that 

(P/'A)1 /2. oc 

W == hii:"" exp [L(27Tp/'A) - i7T/4] L i\,.s~/2 exp [- i27TSnP/'A] , 
. n=O 

(13) 

where 'A is the free·space wavelength. Since E,. = EoW, it follows that the vertical electric field 
of each of the modes is proportional to 

{l/p)1 /2 exp [(27Tp/,\)ImSn] exp [- i(27TP/'A)ReSn] , 

which have the character of outgoing cylindrical waves with damping according to - (27T/'A)ImSn 

nepers per unit distance. Actually, at ELF in the far zone, only the n=O term is really important 
because of the evanescent character of the modes of order one and higher. 

At short distances, where 27Tp/'A is comparable with unity, some of the evanescent modes are 
important. For this region, it appears that the only recourse is to sum the Hankel function series 
given by (10). Some results, using this approach, have been reported previously [Wait, 1962; 
Wait and Carter, 1960]. At very short distances, where p« h, it becomes possible to neglect 
the presence of the ionosphere altogether. In this case, 

(14) 

which shows that the vertical electric field varies according to 1/ p3 when (27Tp/,\) is small compared 
with unity. 

8. Properties of the Excitation Factor 

Some comments regarding the excitation factor are in order. By carrying out the differen
tiations indicated in (11), it follows that 

(15) 

which is quite general provided that Lli and lly are independent of C. In addition, it is assumed 
that Illyl < < Ill;! which is certainly valid at ELF. Equation (15) then simplifies to 
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1 
A,,= , 

1 + sin 2khC" 
2khC" 

(16) 

where use has been made of the mode equation (12). A further simplification, which is sometimes 
used at ELF, corresponds to using 

Ao= 1 since khCo < < 1 

and 

An=1 for n=l, 2, 3, ... since 2khCn == 2n1T. 

The latter approximation is not very good unless Ri has a magnitude near one. However, the error 
introduced by its use is negligible since these modes are evanescent in any case. 

9. Height-Gain Effects 

In the above discussion, the transmitting and the receiving antenna have both been assumed 
to be located on the earth's surface. The' effect of raising either or both of these is readily ac
counted for by the use of a height-gain function Fn{z). For example, the vertical electric field of 
mode n at height z, is Fn{z) times the vertical electric field at height zero. By following through the 
formal derivation or by direct reasoning, it is found that 

F,,{z) 
exp{ikCnz) + Rg{Cn)exp{- ikCnz) 

1 + Rg{Cn) 

This obviously has the proper z-dependence, being the superposItIOn 
upgoing wave. Furthermore, it has the required property that FII{O) = 1. 
ment shows that 

10. Generalized Representation 

(17) 

of a downgoing and an 
In fact, a series develop-

A representation for Ez which is applicable at very short, intermediate, and great distances 
may be obtained by generalizing (1O), taking into account the (sin (J) - 1/2 dependence which is also 
consistent with (7). Also, the appropriate height-gain functions are inserted to account for the 
finite height Zo of the transmitting antenna and the finite height z of the receiving antenna (assuming 
that both are equivalent to vertical electric dipoles). Thus, 

E,.=EoW - .- , ( 
(J )1 /2 

Sill (J (18) 

where 

00 

W =- i1T(p/h)eikp 2: AnS'f,Hh2){kS IIP)FnCzo)F n{Z), (19) 
n=O 

where P = a(J. This result should be valid for all angular distances (J up until (J is near 1T. The 
heights z and Zo are to be restricted to the range 0 to h. 

For the same idealized model as described above, .the horizontal electric field EfJ of the vertical 
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dipole source may be written 

where 

with 

( 
f) )1 /2 

Eo=-EoS -.- , 
sin f) 

5 = 7ft eikp i AnS"H\2) (kSllp)F,,(zo)GII(z), 
n=O 

G ( ) = C [exp (ikC"z) - Ry(CIl ) exp (- ikC"z)]. 
"z" 1 + Rg(C,,) 

It is also found that the magnetic field, which has only a c/> component, is given by 

where 

T=- 7ft eikp ~ A,s"H\2)( kSIIP)F,, (zo)F,,(z) . 
11 = 0 

(20) 

(21) 

(22) 

(23) 

In summary, we see that the far·zone express ions for the fi eld fun ctions W, 5, a nd T may be 
written in the compact form 

W 

5 (24) 

T S,~12FII (z) 

which is valid for (p i 'A) > > l. 
It is important to note that, quite generally, the ratio 5 to T, for z = 0, is 1111• This is a necessary 

consequence of the boundary condition E8 =- Yj 11gB</> on the earth's surface. It is also interesting 
to note the ratio WIT or - E,·/(YjH</» is only approximately unity, being equal to 5" in the far zone. 
At the shorter distances, when p < 'A, the ratio WIT will depart significantly from unity. Calcula· 
tions whic h illustrate this phenomenon are available in the forms of curves of WIT as a function of 
distance [Wait and Carter, 1960]. 

It is possible to excite ELF electromagnetic waves by other than a vertical electric dipole. 
For example, a horizontal electric dipole of moment Ids and oriented in the c/> = 0 direction will give 
rise to a vertical electric field E,. according to the relation [Wait, 1962] 

"( f) )1/2 
Er=EoS sin f) cos C/> , (25) 

where 

§ = 7ft !,ikp i A,S,B\2)(kS llP)GII{zo)F,,(z). 
,,=0 

(26) 

" The func60n 5 has the same form as 5 defined by (21) except that z and Zo are interchanged. 
The function G,,(zo) is defined by (22) which is valid for Zo in the range 0 to h. Of some interest is 
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the case where the horizontal electric dip.?le is buried to depth z =- z\ . Then, for the same dipole 
current moment, G,,(zo) is replaced by Gn(zd where 

(27) 

where Ny == C;;l) (:~r2 is the refractive index of the earth which is assumed homogeneous. 

The horizontal electric dipole also radiates horizontally polarized waves even when the iono· 
sphere is isotropic. As indicated previously [Wait, 1961], this gives rise to a radiated Hr com· 
ponent given by 

r#r =- sin c{>EoTn, (28) 

where 

T -- 7Tp ikp ~ AhS H(2)(kC )Fh( ),Fh() n - he£.." In m \ 'l'mp m Zo m Z , 
m=O 

(29) 

where 

(30) 

in analogy to (15) for Am. In the case of the horizontally polarized waves, the Cm'S are solutions 
of the modal equation for TE (transverse electric) modes. It is given by 

R~(C)RNC) exp (- i2khC) = exp (- 27Tin), (31) 

where 

The appropriate height·gain function is given by 

(32) 

for 0 < z < h. 
While the attenuation rate for the horizontally polarized modes, above cutoff, is quite low, 

the excitation factor A::' is very small as indicated by the approximation 

On the other hand, the height·gain function is a rapidly increasing function of height. Thus, 

F::'(z) == 1 + ikz/ b.y - (kCmZ)2/2 + ... , (34) 

where, as usual, k= 27T/A. Thus, for a highly elevated horizontal electric dipole, the received 
horizontally polarized field may be appreciable. 
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11. Cavity Resonances 

Within the framework of the present theory it is interesting to see how the Schumann reso
nance phenomenon e merges . The starting point IS the expansion formula [Schumann, 1957]. 

P v(-x)=_.!. ~ P,,(x ) 2n+l , 
sin P7r 7r ,, = 0 n(n + 1) - p(p + 1) (35) 

where the summation is over integral values of n. Introducing this result into (1) readily leads to 
the result 

E = iIdsp(p+l) L'" P ( ) 2n+l 
,. nX 

47ra2EWh 11=0 n(n + 1) - p(v + 1) (36) 

where x = cos e. The early terms of the &eries are the n proportional to 

Po(x) = 1, 

(37) 

The n = 0 te rm corresponds to quasi-s ta ti c fi eld configuration a nd it is of no parti c ular inte rest in 
the present disc ussion. The terms corresponding to n = 1, 2, 3,. . . are directl y re la ted to the 
Schumann cavity resonances. This may be de mons trated in a fairly simple ma nner. For a 
homogeneous isotropic ionosphere , 

_ 1 _ (iEW)1 /2 A·--- -
I Ni O'i 

(38) 

in terms of the conductivity O'i of the ionized medium . Then, using the relation of the operational 
calculus , iw is re placed by p , which le ads readily to the relation 

(39) 

where 0' = 1/[h(0';/-t )1/2]. Assuming that the current moment is an impuls ive fun ction of time , 

Ids = (Ids)oO(t) , (40) 

where oCt) is the unit impulse function at t = O. The Laplace transform of the source moment is 
then given by 

f: Idse-ptdt = (Ids)o- (41) 

I t is now a simple matter to show that the transform of the field is given by 

E(P)_(lds)0(p+ 1/2) f.P() 2n+l 
,. - h2C O'p L.. "x 2 + 2 + 3/2' 

e ,,= 0 W" P O'p 
(42a) 

w he re 

w~=(c/a)2n(n+ 1), (42b) 
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and 

C = 47Ta2E. 
e h 

The actual time response e,.(t) IS now found from 

E,.(P) = f: e,.(t)e- ptdt, 

which may be inverted using standard techniques in operational calculus. 
For small damping, it is found [Wait, 1962] that 

er(t) == (~~~ ~ PIl(x)(2n+ l)e- o ,,t cos w;,t, 
€ 11 = 0 

and 

(42c) 

(43) 

(44) 

This transient result is valid for O'2t > > 1 or t> > 1/(h2U"i/L) and , therefore, it is only usable for suffi
ciently small damping. Actually, in the case of zero damping, 0'=0, and wi, == WI!, which includes 
the static field for wo=O, and the cavity modes WI, W2, W3, . ..• For a=6400 km, 

WJ /27T= 10.6 cis, 

w2/27T = 18.3 cis, 

w3/27T = 25.9 cis. 

The finite conductivity of the ionospheric shell tends to reduce these frequencies by about 20 
percent. 

12. Final Remarks 
In the present theoretical exposition, a very simple model has been assumed, namely, a 

spherical homogeneous earth with a concentric homogeneous isotropic ionosphere. In recent 
years, there has been much effort devoted to more complicated models. Since this is a short 
review paper it is not possible to develop these generalizations and extensions . However, for the 
sake of completeness, the required modifications to the simple theory are briefly mentioned. 

The presence of the earth's magnetic field renders the ionosphere anisotropic. Fortunately, 
when the earth's magnetic field is steeply dipping it is appropriate to invoke the QL (quasi-Iongi· 
tudinal) approximation. With this idealization, it is possible to say [Wait, 1962] that for an 
individual mode, 

Attenuation rate with magnetic field == cos (7/2) ~ 1 
Attenuation rate without magnetic field (cos 7)1 /2 ' 

h - WL _ Longitudinal component of gyrofrequency 
were tan 7 - - ell" f . v 0 ISlOn requency 

While this appears to be an exceptionally simple prescription, it does tally with current ideas on 
the subject as discussed by Galejs [1963] in his excellent article. It is seen that for 7> 0, the 
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effect of the earth's magnetic field is to increase the attenuation and, consequently, the damping 
of the Schumann resonances are increased. 

Finally, one should mention again that the nonsharpn ess of the lower edge of the ionosphere 
will play an important role in ELF propagation [Wait , 1962] . As discussed by Galejs [1963], 
this will modify considerably the frequenc y characteristic of predic tions based on the simple 
homogeneous model. Another factor considered by both FligeJ [1962] and Galejs [1963] is the 
influence of heavy ions which will modify the effective refractive index of the medium to some 
extent. 

13. Appendix. Application of Perturbation Theory to the Nonuniform Earth
Ionosphere Cavity 

In the main text of this paper, and in all published theoretical work on the Schumann resonance 
theory, the earth and the ionosphere are assumed to be concentric ally stratified. In this appendix, 
it is proposed to consider the effect of nonuniformities of the ionosphere . In particular, by adapt· 
ing a rather simple model it is shown how the resonant frequ encies of the cavity could be modified 
by localized nonuniformiti es. The theor y is some what analogous to that developed for mic rowave 
cavities under the influence of wall imperfections [Harrington, 1961]' 

We consider a concentric sphe rical cavity of inner radiu s a and outer radius a + h. The 
surface impedance of the inner s urface is zero , while that of th e outer surface is Z, whic h is take n 
to be cons tant ever ywhere . The resonance frequencies for thi s situation are de noted W lI where 
n= 1, 2, 3, ... and the associated electri c and magne ti c field s within the cavity are E and H, 
respective ly. W e now consider that the surface impeda nce Z of the outer surface is c hanged to 
Z' such that the differe nce Z' - Z may be a fun ction of 8 and c/> in the spheri cal coordinate sys te m. 
The resonance frequ encies are now cha nged to w;,. The associa ted elec tric and magne ti c fi elds 
are E' and H', respec tively. 

Maxwell equations for the unmodifi ed cavity are : 

(AI) 
and 

'\1 X H = iEW"E, (A2) 

while , for the modifi ed sys tem , 

(A3) 
and 

'\1 X H ' = iEW;,E ' . (A4) 

By makin g use of the vector identity, 

'\1 . (A X B) = B . '\1 X A - A . '\1 X B, (AS) 

it is now a simple matter to show that 

'\1. [H' X E - H X E'] = i(w;,-Wn)[EE' E'- M-H· H'] . (A6) 

By integrating (A6) over the volume V of the cavity and making use of the divergence theore m, 
it follows that 

J J [Hl x E-H x E'] 'nda=i(w;,-wn) J J J [EE ·E'-M-H · H'] dv, (A7) 

A V 
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where n is the outward unit normal vector to the surface A which bounds the volume V. Now, 
the boundary conditions on the outer surface are 

nxE =ZH/, (A8) 

and 

nxE'=Z'H;, (A9) 

where HI and H; are the tangential magnetic fields for the unmodified and the modified system. 
Because of the assumed perfect conductivity of the inner surface, that part of the surface integral 
in (A 7) over A vanishes. Therefore, by using (A8) and (A9), the general relation (A 7) simplifies to 

J J (Z'-Z)H/·H:da=i(w~-w) J J J [EE·E'-~H·H']dv, (A 10) 

A V 

where the area A is the outer surface of the concentric resonator. 
Equation (AlO) is an exact formulation of the problem. Thus, if the solution for the uniform 

cavity is known, this equation is a connecting relation between the fields for the modified cavity 
in terms of the change Z' - Z of the surface impedance of its walls. Unfortunately, it is not an 
explicit formula. Instead, it is a rather complicated integral equation. Nevertheless, if the modi
fications in the cavity are small it can be expected that the fields E', H' do not differ appreciably 
from E, H. Thus, the first-order perturbation formula for the change of resonant frequency of 
mode n is given by 

iff (Z' - Z) HI . HI da 

A 
W~-Wn=--I-f~J~[-~~H~:-H=---E~E~.~E~Jd~v--

V 

(All) 

where Z' - Z is the specified change of surface impedance and the field quantities are all assumed 
known. Implicit in the statement of (All) is the neglect of coupling between modes of different 
order. For example, if the uniform cavity is oscillating in a single mode, it is possible for additional 
modes to be excited when the wall impedance is modified in a localized region. 

Here, we shall employ (All) with some rather idealized assumptions about the nature of the 
fields in the uniform or unperturbed cavity. Specifically, we assumed that the unperturbed cavity 
is excited by a symmetrical source (e.g., radially oriented electric dipole) at 8 = o. From section 
11, it is seen that the fields associated with this mode are then given by 

(A12) 

and 

YJH", = - iAn(wn)P~(cOS 8) (_C_), 
w"a 

(A13) 

where An(wn) is the amplitude of the mode at angular frequency Wn. The other field components 
are either zero or vanishingly small. 

Using (A12) and (A13) in conjunction with (AlO), it is found, without difficulty, that 

( C) b2121T 11T - - 2 [Pn(cos 8)J2 sin 8 (Z' - Z)d8d¢ 
wna YJ 0 0 

(A14) 
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-------

Without introducing appreciable error, r on the right-hand side of (A14) may be replaced by b. 
Then, by making use of the identities 

(rr 2 
Jo [Pn(cos 8))2 sin OdO = 2n+ l' (A1S) 

and 

(orr [p.~(cos 0))2 sin OdO = 2n(n+ 1), J( 2n+ 1 (A16) 

it follows, after some slight rearranging, that 

( ie ) [ 2n+ 1 ] 
, _ 27Th 2n(n + 1) 12rr lrr "(0 A.)[PI( 0)]2(' O)dOdA-. 

Wn - Wn - [( )2 1 ] u ,'/' n cos sm '/', (A17) 
wna + 1 0 0 

e n(n+ 1) 

where 0(0, 1»=(Z'-Z)/Yj. 

A very simple illustration of the perturbation formula is to let Z = 0, which means that the 
unperturbed cavity has perfectly conducting walls. For this special case, we also take Z' inde
pendent of 0 and 1>. In other words, 

o(O,1»=Z'/Yj=il, 

where il is a constant. Then, by making use of (42b) and (A16), it follows that 

, _ iile 
Wn-Wn =2;;' (A18) 

where 

wn=(e/a) [n(n+ 1))1/2 • (A19) 

This formula for W;' is a remarkably simple result. Its validity may be tested by comparing it with 
the result based on a direct solution of the modal equation for the uniform concentric resonator. 
From such a previous analysis, it was shown that [Wait, 1964] 

, [. eil ]-1/2 
Wn = Wn 1 - ~ w;,h ' (A20) 

where Wn is defined by (A19) and il is the (normalized) surface impedance at frequency w~. It is 
easy to verify that (A20) reduces to (A18) when eil/(wnh) ~ 1. As expected, the first-order per
turbation theory is only valid when the frequency w;" for the modified system, is not too different 
from the frequency Wn of the unmodified system. 

Equation (Af7) may be used Lo study · the influence of a small localized disturbance. For 
example, we imagine that Z' is different from Z only over a small region bounded in 0 by 00 - (Mo/2) 
and 00 + (Mo/2), and bounded in 1> by 1>0 - (01)0/2) and 1>0 + (81)0/2). The resonant frequency 
Wn for the unperturbed cavity is to be found from [Wait, 1964] 

[ . eil ]-1/2 
Wn = WOn 1 - ~ wuh ' (A21) 
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where WO" = (cla)[n(n+ 1)]1/2, and where I::..=ZITJ IS a constant. Solving (A21) as a quadratic in 
W n , it is seen that 

which approximates to 

[ 1 (CI::..)2 ] 1/2 icl::.. 
w,,=WOn 1- 4w~" h +2h' 

icl::.. 
w" == wo,,+Z;;, 

(A22) 

(A23) 

'f cl::.. 1 
I -2h ~ . 

WOn 
In terms of w" which is known, the resonant frequency w;, for the perturbed resonant 

frequency w;, is now given by 

( ic ) [ 2n + 1 ] 
,_ == 21Th 2n(n + 1) s>("e) ("A. )[Pl ( e )]2' e 

Wn Wn [ 2] U U 0 U,/,O n cos 0 sIn 0, 

, 1+~ 
W~n 

(A24) 

where 8 is the average value of 8(e, cp) over the small perturbed region. The explicit eo dependence 
of the right-hand side of (A24), for the first two modes, is evident from the identities 

These show that the first mode is most affected by surface impedance perturbations near the 
equatorial plane whereas the second mode is most affected by perturbations near eo =± 45°. 

It would appear that the perturbation theory of cavity resonators should be a useful approach 
to investigating the influence of localized nonuniformities of the ionosphere on the Schumann-type 
resonances. 
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