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Several pertinent parameters such as gain, focal efficiency , de pth and width of focus are reviewed 
for a near fi eld focused linear array of radiators of arbitrary spaCIng. An analytIc e xpressIOn of the 
field distribution in the focal region ora phased linear array of Hertzian dipoles having a constant sepa­
ration d is derived and characterized by the aforementioned parameters . A dipole spacing condition 
in ter~s' of the parameters of the array is derived for which t~e. array of discrete radiators may be ap­
proximated by a line source . Several exa mples of arrays consIstIng of more general radIators separated 
by Fresnel di s tance a re considered (using a digital computer) and curves. are presented comparIng 
various array configurations with the analyti c express ion of a focused s pherIcal basIn. 

1. Introduction 
The fi eld di stribution in the region of the foc us of 

apertures has received exte nsive inves tigation. Some 
of the original inv es ti gators were Airy [1834], Lommel 

1[1886], Guoy [1890] , and Debye [1909], who considered 
problems relative to the intensity di s tribution of visible 
light. More recently other investigators suc h as 
Mathews and Cullen [1956] and Sherman [1962] have 

I considered the problem of microwave focusing. Few 
inves tigators, however , have considered the problem 
of characterizing the field distribution in the region 
of the focus of phased arrays of di screte radiators. 
Ricardi, in 1963, s pecifically described (with the use 
of a computer) the gain and spot size of suc h a linear 
array of Hertzian dipoles placed >../2 apart. 

In the present work the concepts of gain in the focal 
region, focal e ffi ciency, and depth and width of focus 
are reviewed for arrays with arbitrary spacing. A 

' specific configuration of a focused array of Hertzian 
dipoles having constant separation is examined, and a 

I separation condition is defi ned within which the array 
of di screte radiators may be approximated by a line 
source. Utilizing thi s condition, the field expression 
in terms of a sum of field contributions due to the 
individual dipoles is approximated by an integral. 
The integral is of identical form to that obtained by 
directly evaluating the field due to the line source, 
except that the former expression is in terms of the 
array parameters. Making use of the analytic field 
expression, the above-mentioned focal parameters 
are characterized in terms of the dipole spacing, height 
of focus , length of array, and wavelength. The " depth 
of focus" is specifically characterized as a function 
of the focal he ight and the region is determined within 
which two half-power density points exist and outside 
of which only one such point may be defined. 

The field distribution in the focal region of several 
focus ed array configurations consisting of more gen­
eral radiators separated by Fresnel distances are 

examined. For these examples the field is numeri­
cally obtained by directly summing (with the aid of a 
digital co mputer) the contributions due to the indi­
vidual dipoles. Curves are presented comparing 
the fi eld distribution s along several axes with the fi eld 
di s tribution for a sph eri cal basin . The fi eld inte ns ity 
of the side lobes is a lso examined for the various array 
configurations for purposes of providing a meas ure of 
the relative focal effi ciencies. 

2. General Considerations 
It is the purpose of th e present section to rev iew 

suc h pertinent parameters as gain , focal efficiency, 
depth of focus, and width of focus for a linear array 
of radiators. These parameters s imultaneously 
charac te rize th e field distribution in the focal region 
as well as the ability of the array to foc us power 
efficientl y. 

Consider a linear array of Hertzian dipoles s itu a ted 
alon g the z-axis (fig. 1), eac h separa ted by a distance 
greater than >.. /2 but otherwise arbitrarily spaced. 

For purposes of simplicity, the orien tation of the 
dipoles will be assumed such that their axes are 
orthogonal to the x -z plane. Let p(x', y', z) be the 
point at which a knowledge of the total field com· 
pone nts is des ired. Assume the polar parameters, 
p and cp, to be such that, 

)( 

- ~ < cp < ~ for all possible p, 

(2. 1) 

p(x ; y,z~_~ 

A: 
rp p I 

4>->1 
I 
I 

I This work has been support ed by the Raytheon Company as a 1964 independent research Y 
pr~,¥~~l~uthors are consult an ts to the Raytheon Co .. Space and Information Syst~ms Divi· 
sion. Sudbury, Mass . FIGURE 1. Linear array configuration. 
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where 

P = (X2 + yz)1 /2, 

zp = the axial distance from the origin to the pth dipole, 

<p = polar angle as shown in figure 1. (2.2) 

The electric and magnetic field components due to 
the radiating array in the far field of the individual 
radiators are approximately given by 

where 

E'I' 
H z = -' 

1]0 

Ep = Ez = Hp = H'I' = 0, 

rp= [x2+YZ+(Z-Zp)2]l/2, 
I./Jp = phase of the pth dipole, 

(2.3) 

(2.4) 

(2.5) 

1]0 = wave impedance of free sl?ace. (2.6) 

If all the radiators are equally fed, the coefficient, 
Bp , is given by, 

B = ~TJoGoPo, 
p 47r (2.7) 

where 

Po = the power fed into each radiator, 
Go = maximum gain of the individual radiators. 

If the radiator parameters are adjusted such that there 
exists a point (xo, Yo, zo) at which 

(2 .8) 

where E'I'p is the field due to the pth radiator and p is 
arbitrary, then the array may be said to be focused 
here. Condition (2.8) is satisfied, for example (with 
I./Jp = constant), if the individual radiators are located 
on a circle and the field point is located at the center 
of the circle. 

In addition, (2.8) may be approximately satisfied 
if the individual dipoles lie on a straight line and are 
phased such that 

I./Jp=21T (m_r~o) m=O, 1,2 ... , (2.9) 

where 

Condition (2 .8) may also be approximately satisfied 
(assuming I./Jp = constant) if 

2D2 
p> T (where D is the array length). (2.11) 

For this case the maximum distance between the plane 
and the osculating spherical surface of radius, P, 
is :s;: 11./16. Condition (2.11), which represents the I 

standard definition of the far field of an antenna, cor­
responds to the degenerate case of focusing in that 
(2.8) is approximately satisfied at every point in which 
P > Po along the axis of the major lohe. 

TFte power flow in the focal region is essentially 
cylindrically radial and is given by 

E2 
5 = ~. 

p 1]0 (2.12) 

The gain of the array at the focal point (Po, <po, zo) is 

(2.13) 

where P=nPo. 
It is observed from (2_13) that the gain at the focal 

point of the array is approximately given by the ex­
pression for the gain in the far field of the array assum­
ing the conditions in (2.1) are satisfied. This statement 
is in agreement with the numerical results of Ricardi 
[1963], who has evaluated the gain for a series of focal I 

points of a phased linear array of dipoles whose axes 
were alined along the z-axis and spaced 11./2 apart. 
He has shown the gain to be essentially constant sub­
ject to the condition that the height of focus be at least 
larger than the array length. 

The focal efficiency, defined as the ratio of the power 
flowing through the region dictated by the half-power 
density points (at the height of the focus) to the total 
power radiated by the dipoles, is approximately given by 

(2.14) 

where Ao is defined as the area at the altitude of the 
focus bounded by the periphery over which 

5p =0.550 (2.15) 

and 50 re presents the power density flow at the focal 
point. 

Another useful parameter, 1l, called the "depth 
of focus" may be defined as the dimension along the 
axis of the main lobe whose extremities connect the 
half-power density points. The "width of focus" 
8 may likewise be defined as the distance along the 
line orthogonal to the main lobe axis in the plane of 
the array and connecting the half-power density points. 

(2.lO) 

The above considerations will now be utilized in the 
following paragraphs in which several specific cases 
have been examined analytically and numerically. 
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3. Focused Linear Array With Constant 
Separation 

An analytic expression of the fi eld distribution in 
the focal region of a phased linear array of dipoles 
ha ving a constant separation will presently be derived 
and the focal effi cie ncy, " depth of focus," and "width 
of focus" will be examined. 

Consider an array of le ngth D having (2N + 1) Hert­
zian dipoles and the same configuration as assumed 
in the previous section. Let eac h of the radiators be 
separated a distance d apart, and let the linear array 
be symmetrically placed about the origin (fig. 1). Let 
the array be phased such that the focal point is at 
(Po, CPo = 0, Zo = 0). 

For this case, rp in (2.3) is give n by 

[ . 27T ] exp - }-P 

E«J = P ,A cos cp L: B(P) exp [- j~(P) ]dp. 

(3 .7) 

where p in the integrand corresponds to a continuous 
variable . Thi s approximation is valid if 

(3.8) 

and 

(3.9) 

In appendix A it is demonstrated that, in the focal 
(3.1) region defined by the 3 dB points of power density, 

(3.9) reduces to the condition d « 0 .03D. 
whe re 

and t/Jp is give n by 

(3.2) 

Assuming m = PO/ A, (2.3) may be approxim ated by 

[ .27T ] 
exp -}TP p = +N 

E«J = cos cp 2: Bp exp [- j~p] , (3.3) 
P p =-N 

where 

27T 
- ~p = T {[p2 + (z - pd)2] 1/2 - (p - Po) - (p~ + (Pd)2)1/2} . 

(3.4) 

Utilizing the binominal expansion for the firs t and 
third terms in (3.4), ~p becomes 

(Pd)2] 
Po 

when the conditions 

!!.I (z - pd)2 
A P 

-- »-(Pd)21 7T I (z - pd)4 
Po 4'1\ p3 

(3 .5) 

(Pd)41 « 1 
pg 

(3.6) 

are sati sfi ed. The above conditions are elaborated 
upon in a ppe ndix A and it is spec ifically shown that 
the right-hand condition of (3 .6) reduces to the sim­
plified co ndition (AlO) in the focal region de fined by 
the 3 dB points of power de nsity. 

Substituting (3.5) into (3.3) and approximating the 
sum by the integral, E«J becomes 

Completing the square within (3.5), ~(P) becomes 

~ =_ 7T(p-PO) [(Pd + .3!2......)2 _ PoZ2 (1 +~)]. 
APOP P - Po P - Po P - po 

i(3.10) 

Assuming the above co nditions examined in a ppen­
dix A to be valid , we obtai n upon subs tituting (3. 10) 
into (3.7) , 

where 

E«J= Co cos cp ( to< +D/2) B(t) exp [/ !I.2 t2] dt, (3. 11) 
J/o(- D/2) 

t == [~ (p - po) ] 1/2 (pd +.3!2......), 
A PoP p - po 

(3 .12) 

to(D/2) = [~ (p - po) ] 1/2 (~+ !!..), (3 .13) 
A poP P - Po 2 

to(- D/2) = [~ (p - PO) ]1 /2( zpo _!!..) (3.14) 
'1\ pop P- Po 2 

Co = [2(P ~~:)Pd2r2 [ exp - j 2; (p + 2(p ~ po)) l 
(3. 15) 

It should be remarked that, in pass ing from the s um­
mation (3.3) to the integral form (3.7), th e linear a rray 
problem reduces to the focused line so urce pro ble m. 
Thu s , the res ultant fi eld is of identical for m to that 
obtained for a foc used ..Jine source, exce pt that the 
solution is now in terms of the parame ters of the 
array. The fi eld of the line source has pre viously 
been deri ved as a limiting case of a foc used rec ta ngular 
a pe rture [She rm an, 1962]. 

For the speci fi c case in which the d ipoles are equally 
fe d , Bp= Bo [given by (2 .7)], a nd (3. 11) beco mes 
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where C and S are the cosine and sine Fresnel integrals, 
respectively. Expression (3.16) thus corresponds 
to the electric field in the focal region subject to the 
condition that (2.1), (3.6), and (3.9) are satisfied. 

It is of interest to note that along the plane z = 0, E'I' 
reduces to 

E'I' = 2Co13o cos cp [C(tt) + jS(tt )] (3.17) 

and along the cylindrical surface P = po, E<p becomes 

. (7TzD) sIn --
E = 8 !!..-. cosCP "po E- j'!!!.[P,+..:'..]· (3.18) 

<p 0 Pod (7TzD) A 2p, 

'Apo 

The focal efficiency may now be obtained by substi­
tuting (3.18) into (2.14) and integrating over the cylin­
drical surface (at the altitude of the focus p = Po) 
de fined by the half-power density points. Hence, 
Ej becomes 

( 'ACo) 
Ej= 7.3 X 10- 2 d· (3.19) 

Note that the effi ciency is enhanced as the dipole 
spacing is reduced. For the special case in which 
the dipoles are spaced ,, /2 apart, the effic iency 
becomes 

E = 21. 9 percent. (3.20) 

Since there are theore ti cally two focal regions (one 
below and the other above the array), approximately 
44 percent of the total power may be said to flow 
through the regions defined by half-power density 
boundaries. 

The width of focus, 8, may be obtained from the 
relationship 

. (7TzD) sm --
'Apo 

0.707 . (3.21) 
(7TzD) 

"po 

Hence, 

( Po \ 
8=0.89 n)". (3.22) 

The depth of focus, Ll, is obtained by solving the 
following transcendental equation for to: 

and E<pI and E'I'm are the magnitudes of (3.16) evaluated ' 
at the half-power point and the focal point, respec­
tively. Solving (3.23) with the (+) sign gives the 
radial distance of the half-power point below the 
focus: 

_ po 
PI -1 + 4at~(+)' (3.25) 

and the solution with the (-) sign results in the radial 
distance of the half-powe r point above the focus: 

P2= po 
1- 4at~(-) · 

(3.26) 

The normalized depth of focus defined by 

~_P2-PI_ 4a[tg(+) + tg(-)] 
po po [1+4at~(+)][1-4at~(-)] (3.27) 

is plotted in figure 2 as a function of a. 
Since the condition (2.1) implies Po> D, the curve 

in figure 2 is valid for 

It may be observed for a':;;; 3 X 10- 2 , 

1.0 

A _ (PO)2 
L.l - 6.85 D " . 

~ 

I:l'DEPTH OF FOCUS 

Po' HEIGHT OF FOCUS 

/. 

D 'LENGTH OF ARRAY 

A ' WAVELENGTH 

(3.28) 

(3.29) 

/ 
/ 

/ 

(3.23) 

where 
po 

a= (2~2) (3.24) FIGURE 2. 
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The " focal depth-to-width" ratio is then given by 

~=7.7 (j;). (3.30) 

It may be no ted that in the solving of the transcen­
de ntal (3.23) for to( + ), no solution existed for a> O.l. 
This implies that no lower half-power density point, 
PI, exists for this range of a. Hence, in addition to 
(2.8), the definition of focusing may thus be extended 
to satisfy the additional condition that two half-power 
points along the vertical direction must exist. Hence, 
for the present case, the focal region is limited to the 
region 

( 2D2) 
p < O.1 T' (3.31) 

It is shown in appendix A that the lower limit for P is 
given by 

(3.32) 

where m is a n arbitrary integer and ()p is the angle 
between the lines connecting the pth radiator and the 
focal point 0, and the pth radiator and any other point 
x', y', z' (as shown in fig. 3). Assume the point p(x', 
y', z') is in the far field of the individual radiators and 
a condition a nalogous to (2.1) to exist. Let the radia­
tors be identically polarized such that the dominant 
component of the electric field is given by 

Ey = ~o 1: cosm ()p exp [-j (2; rp+cpp) l (4.1) 

where 

rp = [(x' - Xp)2 + (y' - yp)2 + (h + Z')2]1 /2 (4.2) 

and 

_ x~+y;+h2_X'xp_y'yp+ hz' 

cos ()p- (x~ + Y~ + h2)1/2[(X' - Xp)2 + (y' - yp)2 + (h + z')2]1 /2 

(4.3) 

4. Field Distribution in Focal Region of 
Linear Arrays Whose Radiators Are At the focus point, 0, 

Separated by Fresnel Distances 

In the previous sec tion , the field di s tribution in the 
focal r egion was analytically characterized for a phased 
linear array of Hertzia n dipoles separated a cons tant 
dis tance apart. 

In the present section, the field distributions in 
the focal r egion of various linear arrays are numerically 
characterized for the case in which more general radia­
tors are separated by their Fresnel di s tances. 

4 .1. Formulation of the Problem 

Consider an array of identical radiators situated 
along an axis YI in the x-y plane making an angle a 
with respect to the x-axis, as shown in fi gure 3. It is 
assumed that each radiator is focused at x = y = 0, 
z=h. 

Let the field pattern of each of the radiators have an 
angular variation given by 

z' 

F IGU RE 3. More general radiator configuration. 

(4 .4) 

If (4.4) is to be satisfied, dp and CPP must be such that 

27T ( h) T(d~+h2)1/2+cpp=27T p+~, (4.5) 

where dp corresponds to the location of the pth radiator 
of the linear array a nd is given by 

(4.6) 

Solving for dp from (4.5), 

dp = { A 2 (p2 - ~ P + ~ ) + Ah (2p-~) }. (4.7) 

For the case in which CPP is constant, the distances, 
dp , correspond to the classical Fresnel separations 
of diffractions theory. Substituting the parame ters 
dp and a into (4.3), Ey becomes 

E = ~ A [d; + h2+ hz' -dp(x' cos a+ y' sin a)]m 
y L.J P [d2 + h2]m/2rm+! 

p =o p p 

(4 .8) 

where 

rp = [(x' - dp cos a)2 + (y' - dp sin a)2 + (h + Z')2]1 /2. 

(4.9) 

In order to increase the utility of the following numeri· 
cal examples, (4.8) is expressed independently of A as 

993 



where 

z' = cA., y' =eA., 

h = bA., x' =dA., 

over the intensity for the first two configurations (i.e., 
approximately 10 dB reduction over the second 
configuration). 

:I: 
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o 

o COMPUTED POINTS FOR LINEAR ARRAY 

- THEORETICAL FOR A SPHERICAL ANTENNA OF THE 
SAME SIZE 

NO. OF RADIATORS' S02 

FOCAL HEIGHT "0' 2.11 D 

ALiNEMENT LENGTH 0 • 6x 10' A 

NORMALIZED FI <LD INTENSITY ALONG VERTICAL AXIS 

(4.11) z 

4.2. Numerical Examples 

The term E y , given by (4.B) has been computed using 
a digital computer. The specific parameters chosen 
were D = 6 X 103 A. and h = 2.11 D for the following 
linear array configurations: 

(1) Q' = 0, m = 2, N = B02 radiators, <pp = 0; 
(2) Q' = 0, m = 2, N = 1602 radiators, 

{
<p2n = ° 

<pp= 

<p2n+ 1 = 11", 

where n=O, 1,2, .. . ,BOO; 

(3) fifty·nine alinements at 3° apart (i.e., Q' = 1.5,4.5, 
7.5, . . ., 17B.5°) m = 2. Each alinement con­
tains 1602 radiators and are phased as in 2). 

For the first configuration the relative field strength, 
A.Ey , is plotted (fig. 4) along the vertical axis about the 
region of the focus. This variation is found to coincide 

with the si~ x distribution corresponding to a spherical 

basin of diameter equal to the array length. For the 
same configuration (fig. 5), the field distribution is 
plotted along the x'-axis (z' = 0) about the region of the 
focus and compared with the corresponding field dis­
tribution (2Jl(X)/X) for a spherical basin. In ~gure 6 
the normalized field intensities along the x-axis are 
compared for configurations (1) and (2) over a distance 
of 6 X 103 A.. Since the points were evaluated at 166 A. 
intervals, they are connected by straight lines. It may 
be observed that the intensity of the side lobes is con­
siderably reduced for the case in which the alternate 
radiators are counterphased [configuration (2)] . 
This reduction of the side lobe intensity implies a 
greater power flow through the main lobe and hence 
an increase in the overall focusing efficiency. This 
conclusion is also consistent with the result (3.19) 
which also indicates an increase in efficiency as the 
radiator distance is reduced. 

Note that at several locations the differences in 
normalized field intensities between the two configura­
tions are greater than 20 dB. Also plotted in figure 6 
is the normalized field intensity as a function of lateral 
distance for configuration (3). It is of interest to note 
that the side lobe intensity is reduced considerably 

o 3 4 5 6 S S.2 

ZjlOA ----+ 

FIGURE 4. Normalized field intensity along vertical axis. 
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2 

FOCAL HEIGHT' 2.11 0 
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NORMALIZED FIELD STRENGTH ALONG THE TRANSVERSE 
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FIGURE 5. Normalized field strength along the transverse axis 
parallel to the array. 
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Side lobe intensities for three configurations of antennas. 
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5. Conclusions 
The gain at the focal point due to a focused linear 

array of identical Hertzian dipoles separated by arbi­
trary distances is approximately given by the product 
of the gain of the individual radiators and their total 
number. This approximation is valid if the radial dis­
tance to the field point, p, is larger than the array 
length, D (condition A4)_ 

For the case in which Hertzian dipoles are spaced a 
distance d apart, the condition for which the discrete 
array may be approximated by a continuous line source 
is given by d ~ 3 X 1O- 2D, (condition A9). If use is 
made of this approximation many of the results become 
analogous to those pertaining to the line source prob­
le m, except that the former results are in terms of the 
parameters of the focused array. 

The focusin g effici ency for the array of Hertzian 
dipoles of constant separation is proportional to the 
product of the gain and wavelength and inversely pro­
portional to th e dipole spacing (3 .19). The total 
efficie ncy for a >-../2 spacing is approximately 44 
percent. 

A limiting focal di stance po exists suc h that the 
"depth of focus," Ll , beyond this distance can not be 
specified. That is, focusing outside this limiting 
region only gives rise to 3 dB degradation of the field 
inte nsity (along the main lobe axis) at points above the 
focal point but none below it. For the case in which 
the Hertzian dipoles are equally spaced thi s limiting 

distance is given by POL = 0.1 C~2). It may therefore 

be convenient to defin e the regjon P > PO/~ as the region 
for whic h focusing is not possible. For the region 
give n by,D < po < POL, the depth of focus varies as the 

ratio (~ r while the " width of focus" vari es only as 

(~), (3.29) and (3.22), respectively. 

Several interesting results become evide nt from the 
numerical examples of section 4 and the corresponding 
curves given in figures 4, 5, and 6. For the case in 
which the radiators are in phase and separated by 
Fresnel distances, the field distribution along the main 
lobe axis coincides with the field distribution of a 
spherical basin antenna for m = 2. The intensity of 
the side lobes is reduced by as much as 20 dB at several 
locations if additional radiators are placed in counter­
phase with respect to the origjnal radiators. Further 
reduction occurs when additional alinements are 
present. 

6. Appendix A. Recapitulation and Dis­
cussion of Approximations of Section 3 

In the derivation of the expression (3.11) the follow­
ing approximations were made: 

(AI) 

[(P + l)dP) 
Po 

'!!.I (z - pal _ (Pd)21 > > !!...I (z - pd) 
>-.. P po 4>-.. p 3 

(Pd)41 « 1 
p& 

(A3) 

where - N < P < N. 
Assuming the region of interes t to be the focal re­

gion bounded by the half-power density periphery, 
more s traightforward conditions may be extracted 
from (AI) to (A3) . 

S ubsti tuting (3.22) into (AI ) and le tting p =-N, and 
a max = 0.1, the worst case condition becomes 

(A4) 

Expanding and combining the terms of (A2), we ob­
tain the co ndition 

7Td2 (2p + 1)(p-po) « l. 
p o>-" P 

(AS) 

The worst case condition may be obtained by injec ting, 
in the numerator of (AS), p = + N and , from (3 .26), 

_ _ 4atij(-)po 
(p PO)max - 1- 4atij(-) 

and in the denominator of (AS), from (3.25) 

Pmin 
PO 

1 + 4at~(+) 

Hence, (AS) becomes 

(27T~ 2(_) [1+4at2(+)] 1 
D )to 1-4atij(-) «' 

(A6) 

(A7) 

(A8) 

In fi gure 7, to(-) and to (+) are plotted as a function or" 
a [i .e., solution to (3 .23)]_ The worst case condition 
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FIG URE 7. Solution of transcendental equation (3.23). 

of (A8) corresponds to the maximum values of to(-), 
a to(+) , and a to(-). Extracting these values from the 
curve, (A8) reduces to 

d ~ 3 x 1O- 2D . (A9) 

Condition (A9) thus represents the dipole distance 
condition for which the linear array fi eld solution takes 
the form of the line source solution. 

Consider now the right side condition of (A3). 
Substituting (3.22), p =-N, and (A7) into this in-' 
equality, there results the further stipulation of po 
that 

2 2.45 X 10- 2([1 + 4 atij(+)p [1 + 1. 78 a]4 -1) D2 
Po~ a ' 

(AIO) 

where 

It s hould be remarked that the condition which must 
be chosen with regard to po s hould be the more 
stringent of the conditions given by (AI) and (AIO). 
The left-hand side of (A3) may be shown to be satisfied 
if (AI) or (AIO) are valid. 
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