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In this paper analysis of two radiation problems which have practical application to improve radio
communications during re-entry blackout period is presented. In both of these examples given
here, the mutual orientation of the antenna and an external static magnetic field is chosen in such a
way that the field components are independent of the component of the plasma-dielectric tensor parallel
to the static magnetic field. This choice enables one to control more effectively the electromagnetic
waves by controlling the applied d-c magnetic field.

Though the problems investigated here involved cylindrical body of infinite length, a knowledge
of these results will throw more insight into the expected behavior of the radiation field from a uniform
magnetic ring current around a conical space vehicle covered by a plasma sheath in the presence of
a uniform azimuthal static magnetic field.

1. Introduction

Radio communication with all types of manned space vehicles is desirable during all phases
of the flight mission. When a space vehicle enters the earth’s atmosphere at hypersonic speed,
a plasma sheath is formed around the vehicle and the antenna installed on it. The electron con-
centrations in the plasma sheath thus formed may be high enough to degrade communications with
the vehicle.

There is also the familiar phenomenon in connection with radio wave propagation through the
ionosphere that in highly ionized media (which is characterized by the plasma-electron angular
frequency wp) a comparatively low frequency signal (i.e., ® < wp, @ being the radian signal fre-
quency) cannot propagate. Use of high frequency (o > wp), on the otherhand, does not always
seem to be very practical, because the available power at such a high frequency is not sufficient.
However, it is also a known fact that radio wave propagation in the ionosphere again becomes
possible (even when o < w,;) whenever it is properly influenced by the earth’s static magnetic
field. Therefore, it is very natural for one to borrow this idea of somehow introducing a uniform
static magnetic field in the plasma sheath surrounding the space vehicle during its re-entry phase.
Actually, the idea of using a static magnetic field is not new, and there is a good deal of discussion
on this subject in literature [Papa and Allis, 1961, and Hodara, 1961].

All of these discussions, however, pertain to simple geometry and analysis of plane wave prop-
agation in magnetoplasma media. Therefore, effects of boundary of a space vehicle on the prop-
agation of electromagnetic waves in a plasma were not taken into account. Unfortunately, most
of the space vehicles of practical interest have complicated shapes and an exact analysis of elec-
tromagnetic wave propagation affected by such boundaries is beyond the scope of the present state-
of-the-art. However, it is worthwhile to investigate the possibility of re-entry communication with
a space vehicle having simple geometries, such as a semi-infinite conducting cone or an infinite
conducting cylinder.
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Using such simple configurations, it was observed qualitatively in a recent communication
[Samaddar, 1965] that a satisfactory elimination of the blackout depended considerably also on the
mutual orientation of the static magnetic field in the plasma sheath and the antenna. In particular
it was proposed that the orientation of the antenna and the static magnetic field should be chosen
in such a way that the field components were independent of the component of the dielectric tensor
parallel to the static magnetic field. This choice enables one to control more effectively the propa-
gation characteristics by controlling the applied d-c magnetic field alone.

In this paper analytical results of the above mentioned proposed problems involving cylindrical
geometry are presented. Since the special functions used in the analysis are not well tabulated,
the numerical results are left to another paper in the near future.

The first problem considers the radiation from a magnetic current line source (an idealization
of an axially slotted antenna) on an infinitely long metal cylinder, covered by a cold plasma in an
axial static uniform magnetic field. In the second problem the study of wave propagation through
a plasma-clad metal cylinder in a uniform, angular, static magnetic field is made. The source of
excitation is a uniform magnetic ring current situated coaxially on the surface of the metal cylinder
so that it will excite only the axially symmetric E-type modes.

It may be mentioned here that in both of the above mentioned problems, the electromagnetic
fields do not depend on the component of the dielectric tensor (for the plasma) parallel to the static
magnetic field [Samaddar, 1965]. Note that if this mutual orientation of the antenna and the static
magnetic field is not preserved, a complete elimination of the blackout by simply increasing the
strength of the static magnetic field cannot be attained in principle.

In passing it may be pointed out that though a theoretical study of the radiation of electromag-
netic waves from a uniform magnetic ring current around a conical space vehicle covered by a
plasma sheath in the presence of a uniform angular static magnetic field is very difficult, the results
of the second problem mentioned in the preceding paragraphs will throw more light into the prac-
tical aspect of the conical configuration.

2. Problem Involving Axial Static Magnetic Field and Magnetic Current
Line Source

2.1. Statement and the Formulation of the Problem

Consider a space vehicle which can be represented, for certain practical purposes, by a con-
ducting infinite cylinder of radius a, which is surrounded uniformly by a plasma sheath of radius
b in presence of a uniform axial static (d-c) magnetic field (see fig. 1). A magnetic current line
source is situated axially along the surface of the metal cylinder. The region outside the plasma
sheath is assumed to be free space. Due to the cylindrical symmetry of the problem, the cylindri-
cal coordinate system p, 6, and z will be used. Thus, the coordinates of the source are given by
a and 6,.

The method of procedure to solve this problem is already known [Ohba, 1963; Samaddar,
1962; Wait, 1961]. As a matter of fact, the formal result is already given by Ohba [1963]. There-
fore, we shall merely present the result here on the basis of the procedure adopted by Samaddar
[1962]. In addition to the formal result, a few special cases will be derived using appropriate
limits.

Since the cylindrical structure is independent of the z-coordinate (axial direction) and the
source is a uniform magnetic current line source parallel to the z-axis, the field components (Ep,

. : . . d .
Ey, and H.) will be independent of the z-coordinate, i.e., o 0. In a straightforward manner,

it can be shown that the longitudinal field H, (assuming a suppressed harmonic time dependence
e’ has the following representations:!

! Note that the field components in this radiation problem are independent of €., the component of the dielectric tensor parallel to the d-c magnetic field B,.
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FIGURE 1. A magnetic current line source on the surface of an infinitely long metal cylinder covered by a magnetoplasma
sheath.

H.= 11121::26 ’ngxein;;;oo’ [¢be HP(Kob)Rn (&, b, p) — LnQu(&; b, p)l, fora<p=<b (1a)
:im::;?e’"g:in;;;oo’ H®(Kop) for p > b "

where,
W= LuRu(&; a, b) + £beiSa(&; a, )HP(Kb), o
il (30
o Ve (311)
fomo Ve (3iii)

w1 —iv/w)

61=epp=egg=1+w3_w2(1_iy/w)2 (31v)
epg=egp=ez=%£ o wﬁ—T?ﬁiv/—ij 3v)
Noe? :
| o, = angular electron-plasma frequency = €0me’ (3vi)
e =magnitude of the charge of the electron (3vii)
1 Ny, =number density of the electrons (3viii)
me=mass of an electron (3ix)
€) =free space permittivity (3x)
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We= e = electron cyclotron frequency (angular) (3xi)
By =static (d-c) magnetic induction in the z-direction (3xii)
m = strength of the magnetic current per unit length (3xiii)
v = collision frequency (3xiv)
L.=£b Ve eH!P(Kob)—nexH(Kob) (4i)
H,®(Kob) = dKab) H@(Kob) (4di)

Ru(¢: a, b)=Ju(£b)N,(éa)—J,(Ea)Nn(£D) (4iii)

Su(é; a, b)=J,(Ea)N,(£b)— J,(EB)N,(éa) (4iv)

Qu(&; b, p)=Ju(Ep)Nu(éD) — Ju(Eb)Nu(Ep) (4v)

Ru(&; b, p)=Julép)N,(£b) — J(EL)Nu(ép). (4vi)

2.2. Special Cases

In absence of the static magnetic field, the plasma becomes isotropic. In this case, the ex-
pression for the field component H, can be calculated from (1) by employing the following limits;

By=0, e2=0

and

w?

- wX(1— iV/w). ®)

€ =e=¢=1

Using these limits of (5), the expressions for the field component H. can be written in the
following form:
im weel & en®-0)

= 2maé, 2 Wi [£:6HR(Kob)R (€15 b, p)

n=—o

— &b Ve, HO(Kob)Qul£1; b - p)]
fora<p<b (6a)

and

. 2 in(6—6o)
He=" 3 S Ho K p> b, (6b)

n=-—oo

where
&£=K\Ve

W= E1bes[ Ve, H.D(Kob)R &1 a, b)+Su(r; a, ) H(Kob)]. )
854



When there is no plasma around the conducting cylinder, the expression for the field can be
obtained from (6) using the limit =5 and €,=1. Then one finds

H . m\ /GO/HO o ein(l)—(in)
N 2ma H;*(Kya)

n=—o

HP(Kop), p > a. (8

For a thin plasma, i.e., for (b —a) <a, &b—a) <1 and Kyb—a) <1 [Wait, 1959], the expres-
sions of H, for p > b can be obtained by Taylor’s series expansion of the cylindrical functions and
their derivatives in the following manner:

Zy(ma) = Zymb)+n(a—b)Z,(nb) (9a)
and
Z,(ma) = Z,(mb) +n(a—b)Z"(nb) (9b)

where Z, is any of the cylindrical functions and n may represent ¢, &;, or K, as the case may be.
In doing so, it is a simple matter to show that

2

Ru(m: a, b) = —— (193
ma
) _2b—a) n?
Sn(nw a, b) - T(l_ W) (10b)
w,~2 [9 Ve eH!®(Kob)+ {e,.g(b~ a) (1 — il—) —'ﬁ} H®(K b)] 11
"= la n b2 éa n X0 (11a)
and
Wi = Ve, [QH“Z)(KOI;) +Ko(b—a) (1 B ”—2) H(z’(Kob)]' (11b)
m a " &2) "

Now substituting (11a) and (11b) into (1b) and (6b) respectively, we obtain the corresponding
fields for the thin plasma sheath approximations.

From a knowledge of the numerical results obtained previously [Ohba, 1963; Samaddar,
1963—-1964; Seshadri, 1964] for problems of this nature, some general remarks can be made here.
Both the amplitude and phase of the far field behave asymmetrically with respect to the angle 6.
This asymmetry is caused by the presence of the static magnetic field in the plasma. However,
if the excitation is such that the electromagnetic fields do not experience [Samaddar, 1962] the
anisotropic nature of the plasma, no asymmetry of the amplitude and phase as mentioned above
will occur. For some given angle 6;, the amplitude may increase and the phase decrease with the
increase of the static magnetic field. However, this increase of the amplitude of the radiation
field with the static magnetic field may not be true for all angles 6, || <#. This suggests that
the application of an external magnetic field may change both the gain and the directivity of the
radiation pattern.

2 Note that this result can also be obtained from (1) by taking the limit w./w > 1 and w./w, > 1. In other words, in this limit, re-entry blackout disappears.
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MAGNETIC CURRENT RING SOURCE
(SHOWN DOTTED)

PLASMA SHEATH IN A STATIC MAGNETIC CONDUCTING CYLINDER OF INFINITE LENGTH

FIELD IN THE ANGULAR 6-DIRECTION

FIGURE 2. A magnetic current ring source on the surface of an infinitely long metal cylinder covered by a magnetoplasma
sheath.

3. Problem Involving Angular Static Magnetic Field and Magnetic Current
Ring Source

3.1. Statement and the Formulation of the Problem

In this problem we study the radiation of electromagnetic waves from a uniform magnetic
current ring source (i.e., an idealization of a circumferential slot antenna) on the surface of an in-
finitely long conducting cylinder. The cylinder is covered by a plasma sheath concentric with the
cylinder. An external static (d-c) magnetic field in the angular direction is assumed to exist in the
plasma sheath (see fig. 2). The space outside the plasma is unbounded free space.

We further assume that the interaction of the plasma and the electromagnetic fields can be
described by using the following linear hydrodynamic theory of a cold plasma together with the
Maxwell’s equations (with a harmonic time dependence e“!):

V X E=—iouH—0,M (12a)
VXH=iweE —eNyV (12b)

me(v+iw)V =—eE +eBoBpX V, where 0, is the unit vector in the angular direction.  (12¢)

From (12b) and (12¢), it is evident that the motions of ions are neglected in comparison with those
of the electrons. V is the a-c velocity of the electrons, and all other symbols have *heir usual
meaning. The magnetic current ring source M can be represented by Dirac delta functions in the
following manner:

_ md(p — a)8(z),

L 27p

(13)

where m is the strength of the source and a is the radius of the cylinder.
Due to the choice of the source of excitation, the electromagnetic fields will be independent of
d

the angular coordinate 6 (i.e., 30 =0). Now in a straightforward manner, it can be shown that only
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the components E,, E., and Hy will be excited and they obey the following partial differential
equations:

ok, JE; md(p — a)d(z)

z op iwpoky — s (14a)
oH ) .
Eﬂ =—iwel€&E, + i€:E>) (14b)
AT e 14
pap [ ol€1L 2 p)- (14c)
where €; and €3 are the components of the following dielectric tensor:
€1 0 i€3
€= 0 € 0 (15)
— €3 0 €

€1=€pp =€, has the same representation as given by (3iv), and €3=¢€,.=¢€, has the same
expression given by (3v), whereas €, = €g9 can be shown to equal to

0

[
01 —iv/w)

It may be noted here that the field equations (14) representing this radiation problem do not depend

on the component, €, of the dielectric tensor. Note that €, is the component of € parallel to B.

In order to solve the partial differential equations in (14), it is convenient to take their Fourier

transform with respect to z, i.e., if P(p, z) is any component of the field, then its Fourier transform

is defined by,

P(p, Z)=§1; f_w ﬁ(p, Qe zdg (16a)
and
Pio, 0= Plo, seeds. (16b)

Now employing this operation of Fourier transform in each of the equations in (14), it can be shown
after some rearrangement that the transformed field components obey the following ordinary
differential equations:

@ 5o 1dy (€176, 1 le] g
dp2H8+pde0+[K° e« ¢ p2+elp] i
. (2 —e)
= jweom T 8p—a) (17a)
p_ 1 [ 1d 2 . 5.
Ez_iw€0(€%_€§) l:el pdp (PHO) CG:!HG] (17b)
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It may be noted here that in absence of any static magnetic field, €3 =0, then the homogeneous
differential equation corresponding to (17a) could have been satisfied by Bessel and Hankel func-
tions. However, in this present problem, (17a) can be satisfied by two linearly independent
confluent hypergeometric functions and the required solution for Hy can be written in the fol-
lowing form:

Adp, 9= (§) vt (Y1EE, 3, 2imp)

. . (18a)
—B % (2mple=ime W (37)27; i£ 3 2inp> R
=CHP(mop), for p = b, (18b)
where 4, B, and C are arbitrary constants and
n* =Ki(e] —€)/e: —
=K;— ¢ (19)

&= C(esle.

this ¢ should not be confused with that used in section 2.

The confluent hypergeometric functions ® and W used here are in accord with the definitions
given in Bateman Manuscript Project, [1953] and Slater [1960]. The relation between the singular
solution ¥ and the regular solution P can be expressed in the following way:

(a)r
3)r

{¢(a+r)—d;(l+r)—t,b(3+r)}(Zinp)r]-FF(IQ)[( L >2+2._°‘]. 20)

Ve, 3, 2""P)=‘z—rz.;1‘:z‘)[“’(“ 3, 2inp) log (2inp) + 3,

r! 2imp 2imp
where,
_3 1,

a=y o (21a)

W) =% TIT)
o YILy). (21b)
()y=T(a+nT(a)=ala+1)(a+2) ... (a+r—1) (21c)
3),=TB+n/I'3)=3.4.5. .. 3+r—1). (21d)

The main reason for writing the equation (18a) in a little cumbersome way is to show that in
the limit of £ =0, (i.e., in absence of the d-c magnetic field), the functions ® and ¥ reduce to Bessel
and Hankel functions, respectively, as given below:

Ji(m, p)—("p L =iy (2’ 3, 2mp) (22a)
and
Hinp) === npre=mw (3, 3, 20mp). (22b)
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Though it looks elegant to use the known confluent hypergeometric functions ® and W as the solu-
tions of (17a), for numerical computations this representation may not be convenient, since the
functions ® and ¥ with complex arguments are not tabulated. Therefore, it may be worthwhile
to express @ in terms of the Bessel function Ji(np) and a series as given by (23). Once @ is calcu-
lated from (23), the singular solution ¥ can be computed by using (20) and (23):

& (2 2§’ & 2””’) :%6"’” [J i(mp) + "2:‘1’ dn(np)"”], (23)
where

do=—¢/(6m), (24a)
=¢2/(487?), (24b)
d>=§(11m*— £)/(48.15m%) (24¢)

and for n =2
don-m{2n+ 12— 1} + don2t + don sm=0 (24d)
dor{Mn+ 12 =1} + don 1 + don_om = & (24¢)

22+ nl(n+ 1)

Note that d,=0 for ¢=0. Before calculating the unknown coefficients 4, B, and C by using the
appropriate boundary conditions, we present the following relations which will be found very
useful in the sequel:

The Wronskian, & %W—W%@'—‘* 2(2imy)~2e*y[T'(ar) (25a)
, 1 d
V'(y)= 2( dy — W(a, 3, 2iny) =—aV(a+1, 4, 2iny), (25b)
o1 d .« .
®'(y) ._md—yfb(a, 28 21ny)—§(l>(a+ 1, 4, 2imy). (25¢)

The transformed field ﬁg(p. ) given by (18) satisfies the following boundary conditions:

Hob-, 0= Hob*, 0), (26a)
1 1d o
@t [ (pHe) - CesHo] Iy (pHp) o (26b)
d 2 _ imwey(e? —€?)
dp (pHyp) . ———Lzm (26¢)

The relation (26¢) specifies the source condition. Now applying the boundary conditions
(26) on the solution (18) together with the relations (25), the transformed field component Hy(p, {)
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can be shown to be equivalent to the following expressions:

~ _ im we(e? —€3) ei2n
o, 0= 3ol = . a(p) {M@QV ()~ s ~ (@D ¥(o) | (27a)

forasp<b

and
2 _ _ __im weg(et—e)P(bematt) . =
Hip 0= Grtmambye P rob Qi — Q1P P8 (2b)
where,
D(p)=D(a, 3, 2inp), V(p)=Y(a, 3, 2inp),
and
. . . , eian
0:=[2— ina)®(a)+ 2ina®’ @] | [@ V()0 ~ 5] (28
Q:=[(2—ina)¥(a) +2ina¥'(a)|P(H)()Q. (28b)
2— e\ HP(nob . o
Q=(b) [mub( L) HEDD 2 — g1 i) — 2imp ), (280)

V'(a) and ®'(b) are defined by (25b) and (25¢) with y=a or b as the case may be.
Since we shall be interested in the far field, we shall now take the inverse transform of Ho (p, 0
only for p > b. Therefore, taking the inverse transform of (27b), we have

—im wey(€f —€)) J' o e”"‘””’H(f’(”f)oP)e‘ilde
8m%e1ab 2HP(1ob)[Q1 — Q:] (29)

Holp, 2)=

3.2. Evaluation of the Integral for the Radiated Field

Now defining a new function F({) by

—im weo(€? — €2)P(b)eina+t)

O~ grteaby P b 01— 0] =
the integral in (29) can be written in the following way:
He(p,z)= f , F(OH®(mop)e~=dg, (31)

where the path of integration yy runs along the real axis of the complex { plane with identations at

the branch points {== K, and at the real poles (if any) in such a way that the far field satisfies

the radiation condition at r=(p2+z2)i§oo. In other words, the integral converges (fig. 3).
The poles of F(Z), which corresponds to surface waves are given by

0:1=0Q-. (32)

Since these surface waves, unless they are encountered with any discontinuity along the direction
of propagation, have no appreciable influence on the radiated field, they will not be considered
here. A detailed study of the surface waves for this problem is left to a subsequent paper.
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FIGURE 3. Path of integration, y, and branch cuts in the complex { plane.

Though n which appears in the integrand, is a multiple-valued function of { in the neighbor-
2 g2
hood of £ ==+ K, (E‘ €

1/2
3) it can be shown that the integrand is an even function® of ). Therefore,

1

e?—e

1/2
n=0, iLe., §=iK0( ) are not branch points of the integrand. However, at 1y=0, the

Hankel functions have logarithmic singularity. Therefore, {== Ko(i.e., mo=0) are branch points
of the integrand. The figure 3 shows the choice of the branch cuts.

Once the singularities of the integrand are identified, the evaluation of the integral (31) by
the steepest descent method for nep > 1 is a straightforward procedure (assuming that there is
no pole near the saddle point, nor on the steepest descent path). Therefore, without going into
detail the first order asymptotic value can be given by

e—il\'or

Hy(p,z) ~—2F({=K, cos B) . ,for mep > 1. (33)
where
z=rcosf3
p=rsinf
{=Kjcos
7}0=K05inﬁ

and r, B, 6 define a spherical coordinate system. The function F({) of  is replaced by F(K, cos ).

3.3. A Few Special Cases

In absence of any static magnetic field in the angular direction, By=0, €3=0, £=0, e:=¢,
=1—w12'/[w2(1—i1//w)], and using these limits together with the identities (22), the following rela-

3To show this, it is useful to know that e~ ¢(:i7)2%lﬁ‘ 35 2inp)is also an even function of 7, which follows from (23). Furthermore, the behavior of np e~

W(:ﬁ%{, 37 Zinp)as 7 approaches zero is similar to that of Hi(np).
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tions can be established:

izrein@+20) J1(mb)Jo(ma)

lim Q1= 1 Ly HPnub HP )~ mBHP D HEX O] (34
o imen @) Ji(mb)HP(na) @ b)— H(n b 34b
}:T 002-— 57 H®(mob) [nobep] (m bYHP(10b) — nbJo(mb)H(n0 b)] (34b)
) Trem(ai—lb)‘] (nb)
—————= L, — Ly]- 34
lim (01— Qa) = = 5 WL — Lo (34c)
Ly =nbHP(ob) [Jo(ma)Nomb) — Jomb)No(ma)]. (34d)
L> = rjobepHP(n ob) [Joma)Ni(nb) — Jinb)Noma)]. (34e)
with
n=VKie, — {*.
Now, using these limiting results, we have
_ imwe,,e,, )

Therefore, the far field expression in this case becomes

Hy(p, z, By=0)=Hy4(p,2z) ~ — 2 F1({= Kocosﬁ‘)

for nop = 1. (36)

In the limit of a thin plasma sheath, i.e., n(b —a) <1, with Bo=0, F({) becomes,
IMWEE,

4.71-27)a[ o= a)H(2’(n0b)+ epHu)('Y)ob)]

Fi)= 37

For the situation where there is no plasma sheath surrounding the conducting cylinder, one finds:
a=b,e,=1,Li=0,m1=mn,

2
L2 = 7—7_ H‘.?’(noa)

< T /A= R D=2, . imwe .
o ::)n ) e,,inl 1({) 2({) 47727’0(1}1(02)(7’00) (38)
©—1
Therefore, the far field is given by
—1K %
Hy(p, z, Bo=0, €, =1)= Ha(p, 2) ~ — 2 F5({ =K, cos ,3) (39)

In the limit of a very thin plasma sheath, F,({) can be expressed in terms of F5({) in the follow-
ing way:

An*(b— a)HPnoeb)
No€pHP(Mob)
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where A=1—mn2e,/n?.

It may be noted here that if one uses the limits w./o > 1 w./w, > 1 carefully in (27) and (33),
one can show that (33) reduces to (39). This implies that (even without performing numerical
computation) in the limit of high d-c magnetic flux, the plasma behaves as the free space and thus
the blackout hazard disappears.
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