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The ante nna considered consists of a s mall toroidal core of magnetic materi al, upon whic h a uni· 
formly di stributed driving winding is placed. Thin laye rs of in sulation separate the winding fro m the 
core and from the highly conducting medium in which the antenna is s itu a ted. The external fi elds for 
the driven antenna are es timated using a sta ti c fi eld so lution employing toroidal coordinates. The 
dri ving-poi nt admitta nce is then dete rmined from these fi elds. The effec tive electri c current mome nt 
of the antenna is es timated by dualit y with the electric curren t loop. The driving-point admittance 
and the effecti ve mo me nt are the n combi ned to es ti mate the effective length and the re la tive effecti ve 
a rea of a toro id a nt en na orie nted suc h that the e lectric mome nt prod uced is para llel to the surface of 
the cond uct ing half space. While the effective length of a tu ned toroid antenna can be made muc h 
greater than the e ffective length of an elect ric-di po le- in .radome ante nn a, the effective areas of the two 
a ntenna types are of the same order of magnitude if the max imum exte rior dimens ions are equal. 

1. Introduction 
The need to co mmunicate be tween s ubsurface 

points of the earth or between submerged submarines 
has provided an ince ntive for inves tigating ante nna 
s truc tures imbedded in a co nducting medium. T he 
ante nna to be considered in thi s paper consis ts of a 
toroidal core of highly permeable magnetic materi al, 
upon which a uniformly di s tributed driving winding 
is placed. The winding is assumed to be in sulated 
from the core and from the surrounding medium by 
thin layers of insulation_ The toroid antenna is as
sumed to lie below the surface of a highly conduc ting 
half space, while the r emaining half space is ass umed 
to be a lossless dielec tric with the same magneti c 
permeability. This co nfi guration re presents the earth 
or sea and the air adequately for some VLF or ELF 
a pplications. The axis of rota tional symm e try of the 
toroid, whic h is also the direction of the elec tri c cur
rent mo ment produced, is ori ented paralle l to the sur
face of the conducting medium , as shown in fi gure 1. 
Moore and Blair [1961] and Wait [1961] have shown 
that thi s orienta tion of the electri c mome nt produces 
transmission from the condu cting medium into the 
dielectri c half space_ It is further assumed that the 
radius of the toroid is small compared to a skin depth 
in the conducting medium. 

The driving-point admittance of the antenna will 
fi rs t be investigated using a s tatic fi eld solution of the 
wave equation in toroidal coordinates. Secondly, 
an es timate of the effective electric current moment 
produced by the antenna will be made_ Finally, these 
results will be combined to es timate the effec tive 
length and the effective a rea of the ante nna, enabling 
one to compare the perfo rmance of thi s antenna with 
other subsurface or surface antennas . 

2. Impedance Properties of the Toroid 
Antenna 

The driving-point ad mittance of the magne ti c toroid 
a ntenna depe nds upon the fi elds c reated in its vici nity. 
Since the toroid considered is small compared to the 
skin depth in the conduc ting medium , a stati c solution 
for the fi elds will suffice. Also the nearness of the 
toroid to the surface of the conduc ting medium is 
ignored. This is permissible, since the conduc ting 
medium shields the ante nn a fro m dis tant points . The 
electric and magneti c fi eld s within the toroidal core 
will be . d es ig~ted ~ E; and He; those external to 
the toroId by E and lI. 

Before determining th e admitta nce, one may outline 
the procedure to be used. The magne ti c field He 
inside the toroid links both the curre nt NI in the N 
turns of the dri ving winding and the current I",induced 
in the medium and flowing through the toroid ope ning; 
the fi eld is thus related to both currents. One ob
serves that the voltage per turn V/N may be determined 
in terms of the sum of the winding currents and the 
induced c urre nt, NI + 1m , by integrating the internal 
magneti c field J.teHe ove r the cross-sec tional area of 
the core, and taking the time de rivative of this flux_ 
The induced current 1m is not initially known, and it 
is desired to relate thi s quantity to a known one. 
One notes that the magnetic fi eld iT on the exterior 
surface of the toroid may be determined in terms of 
the induced curre nt 1m. Using the stat~ wave equa
tion, one may then de termine the fi eld H everywhere 
outside the toroid, subj~t to thi s boundary condition. 
Then the electric field E may be de termined in terms 
of the magne tic fi eld if, and finally, the voltage per 
turn V/N may be obtained by integrating the electric 
fi eld around a path linking the toroid. The result 
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of these operations is to relate 1m to V/N. Having a 
relation of N1 + 1m to V/N and another relation of 
1m to V/N, one may combine the two to eliminate 1m. 
The result relates I to V, and hence gives the driving
point admittance. 

The procedure begins with the determination of the 

internal magnetic field Hc in terms of the driving cur· 
rent N1 and the induced current 1m. One first notes 
that the problem is symmetric in the azimuthal co· 
ordinate cpo The only significant component of the 

-f 
magnetic intensity He present is He'i', as all driving 
currents lie in planes nearly perpendicular to the cp 
direction. Let p be the distance from the axis of 
rotational symmetry of the toroid to a point inside the 
core. Then if one integrates Hc<p along a flux line, 
only the currents NI and 1m are enclosed (neglecting 
displacement currents in the core, which is valid for 
the small toroid), one deduces that 

H _N1+lm 

e<P- 2np (1) 

The voltage per turn V/N may then be expressed (for 
eiwt time variations) as 

Jf (N1+1m) 
V/N=+jw AeJ..te 2np da, 

in which J..te is the permeability of the core and Ae is 
the area of the core cross section. Alternatively, one 
may write 

V/N + jwJ..teAe (N1 + I ) 
2np m, (3) 

where p is the effective magnetic radius of the toroid. 
For a toroid of circular cross section with radius To 

whose center is at a radius po from the axis of rotational 
symmetry, as shown in figure 1, one finds 
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FI(;l ' HE 1. Orientation and dimensions of the toroid antenna. 
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FIGURE 2, Toroidal coordinate system. 

Equation (3) relates V/N to the currents N1 and 111l • 

To find a relation between V/N and 1m alone, one be· 
~ 

gins by determining the magnetic field H outside the 
toroid. For the static case, this field must satisfy 

~ 

'V X 'V X H =0, 

subject to the boundary condition 

H<p=~ 
27rp 

for points on the outside surface of the toroid. 

(5) 

(6) 

Toroidal coordinates (g, 0, cp) (see fig. 2) provide a 
convenient coordinate space, since the boundary sur
face may be specified as g = go, a surface of constant g. 
Toroidal coordinates are related to cylindrical coordi· 
nates according to 

a sinh g 
p = cosh g - cos () 

a sin () z = --:--:------: 
cosh g - cos () 

cp = cp, 

in which a is a constant having the dimensions of 
length. The constants go and a are related to the 
dimensions po and TO by: 

Letting 

h l: po. cos ~o=-, 
To 

a csch go = To. 

(7) 
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in (5), one finds that 

U; + co th ~ V; + (~- n2 - csch2 ~ ) VI = 0; (8) 

(9) 

The boundary condition (6), when expressed in toroidal 
coordinates, is 

(10) 

Equation (9) leads to sinusoidal functions. If these 
are to be continuous through the toroid opening at 
0=±7T, n must be an integer; further, if the functions 
are to be even in 0 as the boundary condition (10) is , 
the functions are cosines . Equation (8) leads to asso· 
ciated Legendre functions of the first and second kind, 
of first order, and of half integer degree : 

~~1/2 (cosh ~), qLI/2 (cosh ~). 

(The de finitions of the Legendre functions used in 
this paper are those of Erdelyi et aI., [1953].) Only 
the func tions of the first kind are suitable for repre· 
senting a field outside a toroid , since the functions 
of the second kind increase without limit as ~ goes 
to zero. 

One may then express the external magnetic field 
in the form 

H -~ (s-cos 0)1 /2 ~ A p~ 112(S) (11) 
<P - 2 ( 2 -1)1/2 L.J n pI () cos nO, 7Ta So n = O /1 - 1/2 So 

where 

S =cosh~, 

and the An are coeffi cients to be determined from the 
boundary condition. The constants in So are included 
to simplify the statement of the boundary condition, 
which by (10) and (11) is 

00 

(so- cos 0)1 /2= L An cos nO. 
n = O 

The evaluation of the cons tants All is thus a Fourier 
expansion proble m. The integral form · for the co
efficients 

(where o~ = 1 for n = 0, and is zero otherwise) may be 
evaluated using an integral representation for the 

Legendre functions. The result is 

(12) 

Equations (11) and (12) thus specify the magnetic 
field in terms of the induced current 1m. 

The electric field may be determined from the mag· 
netic field using the relation 

~ ~ 

aE=\lxH, 

in which a is the conductivity of the highly condu cting 
medium. Using the Legendre function recurrence 
formulas, one may express the 0 component as 

EO=-,~ [bn~; nO {(s-cos 0)3/2 (n2-~) Pn-l /2(S) 

- ~ (S - cos 0)1 /2(S2 - 1)P:,_t/2(S)} J. (13) 

with 

The voltage per turn is given by 

where the metric coefficient 

ho= a . 
S - cos 0 

Performing this integration and using the properties 
of the Legendre functions, one finds that 

R = -(V/N) 
m 1m 

SAso) --, 
(14) 

where 

So ~ - 1 Qb Jl2(SO) . 

o n = O 0 n2-- 1/ - 1/2 So (S2 - 1)1 /2 L.J 1T2(1 + 0") ( 1) pI () 
4 

(15) 

Note that as 

the factor SA depends only upon the toroid dimensions. 
The variation of SA with ro/po is illustrated in figure 3. 
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FIGURE 3. Variation of S A with toroid dimension ratio. 

FIGURE 4. Equivalent circuit for the admittance of the toroid 
antenna. 
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FIGURE 5. Comparison of the measured and theoretical conductance 
and susceptance of a toroid antenna model. 

Using (14), one may eliminate 1m from (3) and solve 
for the ratio of I to V to obtain the driving-point ad
mittance 

where 

1 1 Y=--+-, 
N2R m jwL 

L= J1-cAcN2. 
27TP 

(16) 

(17) 

The value of L is seen to be the inductance one would 
expect a toroid of N turns in a lossless medium to 
have. Besides the resistive and inductive terms in 
(16), the driving-point admittance may include a 
capacitive term, jwC, arising from the turn-to-turn and 
turn-to-medium stray capacity inherent in the driving 
winding, or from a capacitance deliberately added at 
the driving point for the purpose of tuning the antenna. 
An equivalent circuit for the toroid antenna is thus as 
shown in figure 4. 

The circuit of figure 4 may be regarded as a simpli
fied equivalent circuit for a transformer. Indeed, one 
may think of the toroid as a transformer with the N 
driving winding turns forming a primary, and the con
ducting medium linking the toroid forming a combined 
one-turn secondary and resistive load. The process 
of relating 1m to V/N may thus be considered as a 
method for determining the resistive load Rm in the 
transformer secondary circuit. 

The admittances of several model toroid antennas in 
a conducting medium were measured as a check on 
the theoretical admittance as given by (16). Conduct
ing media were modeled by aqueous solutions of 
sodium chloride with conductivities in the range 2.8 
to 12.3 mhos per meter. Frequencies in the range 
0.5 to 7.0 Mc/s were used. This range was low enough 
that the antenna models were electrically small in 
the conducting medium, but high enough that any 
signals reflected from the sides or bottom of the solu
tion tank were greatly attenuated. In regard to the 
assumption that as far as the admittance was con
cerned, one could ignore the proximity of the surface, 
it was found that as long as the model was completely 
submerged, the observed change in admittance with 
depth was less than one percent. Figure 5 shows a 
sample of the measured and theoretical conductances 
and susceptances for one of the toroids. It can be 
seen that the experimental values can be fitted well 
by the admittance of a parallel R-L-G circuit. The 
values of Rand L, so obtained, agree closely with the 
values obtained from (16); the presence of C indicates 
that the effects of stray c apacity were beginning to 
be important at the freque ncies used . 

3. Radiating Properties of the Toroid 
Antenna 

Given the current moment of a small antenna, one 
can determine its effective length; once the effective 
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length is known, it is a straightforward matter to 
compute other antenna merit factors, such as effective 
area and gain. The first objective of this section is 
then to determine the current moment produced by the 
toroid antenna. 

As far as the fields outside the toroid antenna are 
concerned, the source may be replaced by a set of 
equivalent source currents flowing in a surface lying 
immediately outside of the volume formerly occupied 
by the toroid. In order that the external fields remain 
unchanged, one selects electri.s surface currents J: 
and magnetic surface currents Ks such that 

~ ~ ~ 

ls=nXH 
~ ~ ~ 

Ks=EXn, (18) 

where Ii is the unit outward normal to the surface. 
As the effective electric surface currents circulate 
around only the toroid cross section, whereas the effec
tive magnetic surface currents circulate along the 
toroid, one suspects that the contribution to the distant 
fields from the electric currents is small compared with 
that from the magnetic currents. It can be shown that 
the ratio of contributions of electric to magnetic equiva
lent sources is of the order of 7Tr~/82 [or the range of 
dimensions 0.04 < ro/po < 0.8, where 8 is the skin 
depth in the conducting medium and the dimensions 
po and ro are illustrated in figure 1. Thus for the small 
toroid antenna, the contributions from the electric 
equivalent source currents may be neglected. The 
total magnetic effective source current circulating 
around the toroid, one observes from (18) IS, 

{KsdS=~' (19) 

where C is a contour on the surface lying perpendicu
lar to the direction of magnetic surface current flow. 

Whereas the magnetic current moment (Vi) pro
duced by a small loop of radius p carrying an electric 
current Ie is given by 

and it follows by duality that the electric current mo
ment of a small loop of radius p carrying a magnetic 
current V", is given by 

(20) 

where ~=E+a1(jw). 
For the magnetic toroid antenna, one may estimate 

the current moment as 

(21) 

since for a highly conducting medium, jw~ = a, and 
one may consider the distributed magnetic current 
Ks as being replaced by the total magnetic current 
from (19), concentrated at an effective radius pe. 
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FI GURE 6. Variation of the effect ive radius (Pe) and the effective 
magnetic radius (p) with toroid dimension ratio. 

Using the tangential electri c field found previously 
in (13), one can determine the effective radius [rom 

p p2K., ds 
p Ksds 

f7r [ a2(s2 - 1) 2 E&ho] dO 
- 7r (s - cos 0) S= So 

I-JEohol,=sodO 

_ 2 58(so) 
- Po 5Aso) , (22) 

where 

4(sij - 1) ~ Q~_y, (so) 

7T2so I~O (1 + 8~) 

[ Q~_ y, (So)Pn- y, (so) + Q;'-'h (so) ] , 
p~- y, (so) 3(n2 -J) (23) 

and SA(SO) is given by (15). The vanatlOn of Pe/Po 
with the dimension ratio ro/po = l/so is shown in figure 6. 

One may put the antenna moment of (21) in terms of 
its input current by using the admittance given by 
(16). Then since the effective length is the ratio of 
the current moment to the input current, one finds 
that the effective length for the toroid antenna is 

_ -7T(TP; 
le- NY (24) 

An interesting special case occurs when the shunt 
capacity (stray capacity plus external capacitance at 
the antenna terminals) is such as to resonate the 
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antenna. Then 

and 

1 
y= N2Rm 

(25) 

The magnitude of the effective length in (25) is the 
maximum magnitude that can be obtained by varying 
the external capacity. The minus sign in (25) (or the 
angle associated with the complex quantity in (24)) 
merely indicates that there is a difference in phase 
between the incident wave and the open-circuit volt
age appearing on the antenna terminals. As 58 
depends only upon the ratio So = po/ro, one sees that 
the effective length for this special case is independent 
of the conductivity or other characteristics of the 
medium. The variation of the magnitude of the 
effective length for the resonant antenna with change 
in the dimension ratio ro/ po is shown in figure 7. 

The resonant toroid antenna appears suitable for 
use as a probe for measuring electric fields in a highly 
conducting medium. Its dual, the insulated loop 
antenna, may be used to m easure magnetic fields in 
such a medium. These antennas share the property 
that the open circuit voltage available for a given 
signal may be increased without increasing the size 
of the antenna by increasing the number of turns. 

When the antenna is used as a transmitter, the 
equivalent admittance presented to the source is 
essentially Y, the driving-point admittance of the 
antenna. On the other hand, when the antenna is 
used as a receiver, the equivalent source (of the Norton 
type) presented to the load consists of the admittance 
Y in parallel with a current generator of current I.e. 
In terms of the open circuit voltage Voe , or the effective 
length le and the incident field strength E j , 
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FIGU RE 7. Normalized magnitude of the effective length for the 
resonant toroid antenna. 

For the toriod antenna, it follows from (24) and (22) that 

(26) 

One may then determine from (26), (16), and (14) that 
the available power at the antenna terminals is 

P _IIseI2_! 22 4R IE'12-! 2 3(52 /5 )IE.12 
a - 8G - 8 7T (T P e In I - 8 7T (TPO 8 A I, 

where G is the real part of the antenna admittance, Y. 
The power density of the incident wave in a highly 
conducting medium is approximately given by 

It follows that the effective area of the toroid antenna is 

(27) 

If the antenna is just beneath the surface of the 
highly conducting medium. it may be advantageous to 
compare the power available at the antenna to the 
power density Ws of the incident wave above the sur
face. It can be seen that the relative effective area 

(designated just "effective area" by Hansen [1963]) is 
related to the effective area Ae by the ratio of power 
densities WdWs. For a plane surface wave (such as 
the one discussed by Jordan [1950]) refracting into a 
highly conducting medium, 

where A is the wavelength in the dielectric half space. 
Consequently, the relative effective area of the toriod 
antenna is 

(28) 

This quantity may be compared directly with the 
effective area for an antenna above the surface. 

The frequency dependence of the relative effective 
area of the toroid antenna is the same as that of the 
relative effective area of an electric -dipole-in-radome 
antenna discussed by Hansen [1963]. Further com
parison indicates that the relative effective areas of 
the two antenna types are of the same order of magni
tude for antennas with the same maximum exterior 
dimension. It follows that the relative effective area 
of a thin toroid antenna, ro ~ po, may be much greater 
than the relative effective area of an electric-dipole
in-radome antenna whose radome occupies the same 
volume. 
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4. Conclusions 

The driving-point admiLLance of th e small toroid 
antenna is found to vary with frequency like a parallel 
R- L-C circ uit. If the toroid is co nceived as a trans
former with the conducting medium forming a combined 
one-turn secondary winding and resistive load, R is 
the load impedance as reflected into the primary cir
cuit, L is the inductance of the primary winding, and 
C represents the low-frequency effects of the turn-to
turn and turn-to-medium stray capacity. In the same 
manner that a small loop of electric current may be 
considered as a magnetic current dipole for deter
mining distant fields, the .small toroid antenna may be 
considered as an electric current dipole. The mo
ment is direc ted along the axis of rotational symmetry 
of the toroid. The effec tive length of the tuned toroid 
ante nna is found to be independent of the characteris
ti cs of the conducting medium, and he nce the toroid 
may be used as a probe for measuring th e electric 
fi eld in suc h a medium. The relative effective area 
of an antenna just below the surface in a highly con
ducting medium is the ratio of the available power at 
the antenna terminals to the power density in an in
cident wave above the s urface . The relative effective 
area of the toroid antenna is found to be similar in 
frequency dependence and of the same order of mag
nitude as the relative effec tive area of a small electric 
dipole in a radome, if the outside dimensions of the 
antennas are equal. 
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author also wishes to gratefully acknowledge the sug· 
gestions and encouragement of R. H. Williams, of the 
University of New Mexico. 
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