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The commonly made assumption that the distribution of current along a dipole antenna is sinu-
soidal is examined critically together with the associated distribution of charge and the electromag-
netic field. Measured distributions of current and charge are compared with those assumed in the
sinusoidal theory. It is shown that the distributions of charge differ so greatly that it must be con-
cluded that the electric field near and along the surface of the actual antenna is not well approximated
by the near field obtained with the sinusoidal assumption.

A new approximate solution of the integral equation for the current in a center-driven cylindrical
antenna is obtained in terms of simple trigonometric functions. It is shown that this and the associ-
ated distribution of charge are in much better agreement with measurements than results obtained from
the sinusoidal assumption. Approximate expressions are then derived for the electromagnetic field
near the antenna in a form that satisfies the boundary conditions.

1. Introduction

Studies of dipole antennas often postulate the current
I.(z) =L sin ko(h— |2 (1)

where h is the half length of a perfectly conducting cylinder of radius a. The axis of the antenna
coincides with the z-axis of the cylindrical coordinates p, 6, z; ky=2m/A= w/c where c¢="V uo€o
is the velocity of light. The distribution (1) has been used not only for far-field patterns, but to
determine the near field and the admittance. Recently this procedure was applied to antennas in
dissipative materials including magneto-ionic media in which the surface of the antenna may ac-
quire a charge [Ament et al., 1964].

It is the purpose of this paper to examine the limitations of the sinusoidally distributed current
and to derive an alternative simple distribution that is a better approximation.

2. Sinusoidal Distribution and Its Implications
The current (1) and the associated charge per unit length,

__] dIz(z) __jIm
q(za) === =F""cos ko(h—z), 220 @)

are rigorous for a coaxial line that supports only the TEM mode and is terminated at z=~h in an
ideal open circuit, Z == (fig. 1a). An ordinary open end (fig. 1b) is not an ideal open circuit since
as the end is approached the capacitance per unit length decreases to half the value which obtains
at distances h —z > b— a where b is the inner radius of the outer conductor and a is the radius of
the inner conductor [King, 1955a]. As a consequence, q(z) increases to double the value given
by (2) at z=h and the slope of the current curve departs from the sinusoid in (1). This capaci-
tive end effect is confined to distances of the order of magnitude of b—a [King, 1955b]. If the
outer conductor is removed the inner conductor becomes an antenna (fig. 1¢) and the “‘end effect”
extends for at least a quarter wavelength from the end.
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FiGURE 1. (a) Coaxial line terminated in ideal Z. at
z=h.
(b) Coaxial line terminated in open end.
(c) Base-driven monopole over perfectly con-
- GENERATOR &'-GENERATOR S~ GENERATOR ducting ground screen.
L fve s | Lt %v,,ea(z,) VeS8 (2)
PERFECT CONDUCTOR

(a) (b) (c)

z=0

In a coaxial line in which (1) and (2) are accurate, the electric and magnetic fields are

a0 12
Exp, ) =gmir Bilp, 9=5, 2 )

where vo=1/uo. The scalar and vector potentials ¢(p, z) and A(p, z) satisfy the relations

—d¢(p, 2). B(p, 7)== 0A4:p, 2)

Eolp, =55 o @)
It follows that
e(p, z)=__LpEp(P, z)dp =3 qiz) nt 5)
A:p, 2) "—‘—/:Bo(p, 2)dp =%(j) In g- 6
Note that
Edp, =220 jutp, 1[0 101 |10 @
With (1) and (2)
aq_(4z)+j£21z(z):0 ®

so that E.=0 for all values of p.

The distributions (1) and (2) of current and charge in the coaixal line (fig. 1a) cannot be correct
when the shield is removed to leave the base-driven monopole shown in figure 1c since the boundary
conditions are not the same. For the coaxial line E.=—V%3(z) at p=a, E.=0 at p="b; for the
monopole E.=—V¢5(z) at p=a and a radiation condition must be satisfied at infinity. (Note
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h
that the Dirac delta-function 8(z) has the properties 8(z)=0, z # 0; 8(z) =%, z=0; ‘[‘ 8(z)dz=1.)
If a sinusoidal current is postulated for the antenna it must be maintained by a 10re elaborate
system of generators than a single delta-function V¢8(z). Actually a continuous distribution of
sources is required.

The electromagnetic field maintained by the sinusoidally distributed current (1) is [King,
1956a]

Bo(P, Z)=4-7T_LI-L1j0p (e_jknfm + e—dkr:n —2 cos kohe—jkoro)

(9a)
_]ImCo( Kot z+h ik 2z »
Bl 2= (S e+ el —Z cos hoheshn) (9b)
_ ]m —jkorin —jkoran .
E.(p,z)= i” bo (e ﬂ:;n +-£ ]rzh -—%Ocos kohe—ikoro ) 9c)

where ro="V2z22+ p?, rin="V(h—2zP+p?, ron="V(h+2)*+p? and {o=1207 ohms. These formulas

have been derived from the vector and scalar potentials,

jkor
e =g f 2) S g (10)

AAp, 2) = f L) <

where r= \/(z—z')2+p2 and where I,(z) and ¢g(z) are in (1) and (2), by means of the relations

"aAz y _6 N o 03
Bdp, 9=—"0 0 Bp,y=—200D.  pp, ==L D jusp, ()

At a small radial distance p given by a < p < h, koa < kop <1, the approximations rix =h—z,
rsn = h+2z, ro =z may be made in the exponents. It follows that

I (2)

BO (P’Z) i 2771/ p

I o sin ka(h— 2]) = (12)

Thus, near the antenna, By(p, z) is proportional to the current as in (3) for the coaxial line.
If short distances near z=0,*h are excluded, and the same conditions are imposed on p,

Eyp,2)=+F 121:;? cos ko(h—z)= a8 (13)

2meop

where the upper sign is for z <0, the lower for z<0. It is seen that near the antenna E,(p, z)
is proportional to ¢(z) as in (3) for the coaxial line.

Since at p=a the surface densities of current and charge are K.(z)=1I.(z)/2ma and n(z)=
q(z)/2ma, it follows that at p=a (12) and (13) reduce to the boundary condition for the tangential
and the normal electric fields.

Although By(p, z) and E,(p, z) are the same near and on the antenna as on the coaxial line when
the currents in both are sinusoidal, this is not true of Ex(p, z). On the coaxial line E.(a, 2)=V¢8(2);
on the antenna with an assumed sinusoidal current (9¢) applies. However, it does not reduce to a
simple form at p=a. Its magnitude at p=a for antennas with koh —1—;- and 7 and & N 7.022Xx10-3

is shown in figures 2a and 2b. Evidently, the distribution of E,(a, z) obtained from (9¢c) must be
maintained along the antenna by a distribution of sources. Near the antenna where p << h and
kop << 1, the general relation V X E =—jwB gives

SE:(p, 2) _ SE,(p, 2) 1 [ 1 8¢(2) ]w ] o

oz 0z +jwBelp, 2 )_21rp € Oz 70 #2)
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FIGURE 2. (a) Magnitude of E,(p,z) at p=a for an an-
tenna with koh = /2.
(b) Magnitude of E,(p, z) at p=a for an an-
tenna with keh=1.

This follows when (12) and (13) are substituted for /.(z) and g(z). Near the antenna, where (12) and
(13) are acceptable approximations, E.(p, z) is practically independent of p and equal to the value
atp=a. Thatis, E.p,z) = Ea,2).

A continuous distribution of sources along the antenna and the associated nonvanishing
E.(a, z) require an outward radial component of the complex Poynting vector

1
Sola, 2)=—5 wki(a, 2Bjla, 2) (15a)
instead of the value

S,(a,2) =—% wExa, 2B, 2) :% voVeB3(a, 2)5(2) (15b)

which obtains on a perfectly conducting center-driven antenna. Note that with (3)

h
P=Re 27a j Sp(a, z)dz= Re% Ver:(0) (16a)
—h

which is the total power supplied to and radiated from the antenna with a delta-function generator
at its center. The total power radiated from the antenna with an assumed sinusoidally distributed
current is

h h n
P=Re 27'raf S.(a, z2)dz= — Re 2ma f %voEz(a, 2)Bi(a, z)dz =—Re %f Ea, 29I (z)dz  (16b)
—h —h —h

where E.(a, z) and By(a, z) are given by (9¢) and (9a).
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FIGURE 3. Current along a cylindrical half-wave mono-

FIGURE 4. Distributions of charges along a half-wave
pole (koh=m/2, h/]A=1/4) over an image plane; =10.12.

dipole.

3. Comparison With Experiment

In figure 3 the current along a half-wave monopole is shown when Q=2 In Alve 10.12 oré =78.
a

The corresponding curves for the cosinusoidal distribution (solid line) are in the form

I(z) cos kez cos koz .
—_— 6_-’0"
ZO

Vi~ Z] e
where Z,=36.561+;21.25=43.3 exp(j30.2°) ). The general agreement between the measured
values and the sinusoidal approximation is fair, with more current near the top of the actual antenna
than is indicated by the cosine curve. Also the phase differs somewhat from the constant required
by the sinusoidal theory. The large difference between the sinusoidal approximation and measure-
ment in the distribution of charge along a half-wave dipole is shown in figure 4 where the measured

amplitude and phase are in broken lines. The equation of continuity, dI.(z)/dz + joq(z) =0, when
applied to (17) gives

cq(z) _sin koz

Ve |Zo

e —7(001+90°).

(18)

The solid curves in figure 4 are for |cq(z)/V¢| and 0,=— (8o +90°) =—120.2°. The agreement be-
tween them and the measured amplitude and relative phase angle is quite poor. A large part
of the charges actually present near the driving-point and the end of the antenna is not included
in the cosine curve. The fact that the measured phase changes rapidly and greatly at some dis-
tance from the driving point is ignored by the sinusoidal theory.

Corresponding graphs for driven full-wave antennas are in figures 5 and 6. Note that the
sinusoidal theory fails completely near the driving point where instead of 1.(0)=0, 1.(0) is actually
nearly three-quarters of the maximum value. There is also more current in the upper half of the
antenna than in the sinusoidal distribution and the phase angle, instead of independent of z changes
significantly along the entire antenna. The maximum current I, in figure 5 has been chosen so
that the total powers radiated by the sinusoidal and the actual currents are equal. Specifically,
PIV¢ = Go= |I)/Vy|?Ro=1.023 X 10~ mhos is the power per unit voltage squared supplied to the
actual antenna. The power radiated by the sinusoidal currentis /2 R¢ =199.1 IZ .

=t This is equal to
1.023 X 10~ when I,,=2.26 X 10-3V%.
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FiGURE 5. Distributions ‘of current and charge alolg lq(z)]  RELATIVE SCALE

center-driven full-wave antenna; koh=m, 1=9.92.

FIGURE 6. Distributions of current and charge along
center-driven full-wave antenna; koh=m, Q=11.5.

The distribution of charge along the full-wave dipole (fig. 6) varies almost linearly with distance
so that large concentrations of charge near the driving point and at the ends are not included in a
cosine curve. The abrupt reversal in phase at z=0.25\, which is predicted by the sinusoidal
theory, is replaced by a rapid reversal near z = 0.3\.

In view of the reasonable agreement between the sinusoidal approximation and actual dis-
tributions in some respects and the large differences in others, the question arises as to how ac-
curately such quantities as the far and near field, the admittance and the radiated power can be
determined from the sinusoidal assumption.

In the radiation field (kor > > 1) the electric and magnetic vectors differ only by a constant co-
efficient since EJ,=cBj. Moreover, both depend directly on the integral

h
f_h L.(2") ek’ <05 © sin © dz’ (19)

which is insensitive to the details of the distribution of current and is independent of the charges.
Hence the far field patterns of the actual currents (figs. 3 and 5) should be in reasonable agreement

. : . A
with the patterns of the sinusoidal currents. (In the case of longer antennas (h > —2~) the patterns

involve minor maxima and minima that depend on rather precise relations between the phases and
amplitudes of the currents along the antenna, so that greater divergences between the measure-
ments and the sinusoidal theory may be anticipated.)

When the currents are normalized and the antennas and the surrounding medium are lossless,
the total power radiated is the same for both distributions. The real part of the integral of the
normal component of S= 1yE X B* over any surface which completely encloses the generator is,
therefore, also the same for the two distributions.

Whereas the magnitude of the magnetic field of the sinusoidally distributed current is a fair
approximation of the magnetic field of an actual cylindrical antenna at all points (since the sinusoidal
distribution is a reasonable approximation of the current), this is true of the electric field only in
the far zone. The electric field near a sinusoidally distributed current differs greatly from that of
a center-driven cylindrical antenna since E, near the antenna depends on ¢(z) and it has been shown
that the cosinusoidal approximation for g¢(z) is in poor agreement with the actual distribution.
Moreover, since a sinusoidally distributed current cannot be generated by a single source along a
perfectly conducting cylinder, a continuous distribution of generators is required to maintain an
impressed tangential electric field along the entire antenna. A resultant nonvanishing tangential

electric field then obtains and this is not a good approximation of £, = 0 along a perfectly conducting
cylinder.
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It is not actually possible to define a driving-point impedance for an antenna with a sinusoidally
distributed current since there is no single localized generator. A quantity that is dimensionally
an impedance may be introduced in terms of the total power defined in (16b) and the current at
the center of the antenna. Thus,

7 — 2P

T LOZF0Y (20)
Since the generator is distributed along the entire antenna (20) is not a driving-point impedance.
The driving-point impedance of the cylindrical antenna is

Zy=V4/I:(0). (21)

It is not surprising that (20) for the sinusoidal theory and (21) for the center-driven cylindrical

antenna differ greatly except in special cases. Zy in (20) is a function of koh only, whereas in (21)

Zy depends on both koh and ‘}_;. When koh =3 (20) gives Zy="73.1+j42.5 Q or Y,=(10.22 —j5.94)
X 10-3 mhos, whereas (21) ranges from Zy=78.5+j43.6 when % ~ 11,000 to Zo=108+ ;36 when g

~16.5. When koh =1, (20) gives Zo=0o and Y(=0, (21) gives Zo=2674— ;2630 when %ﬂ« 11,000
and Zo=264—j436 when 7 ~ 75. Actually, (20) with a sinusoidal current is a reasonable approxi-
mation of (21) for a highly conducting cylinder only when ok is near T and 2 =10,000. Since the
driving-point impedance depends critically on both the electric and the magnetic fields at the sur-

face of the antenna and since the sinusoidal theory provides a fair approximation of the magnetic
field but not of the electric field, general agreement cannot be expected.

4. Integral Equation and Its Solution

The measured distribution of current, the impedance, and especially the distribution of charge
and the near field of a center-driven cylindrical antenna differ significantly from the quantities
obtained when a sinusoidally distributed current is assumed. More accurate solutions of the in-
tegral equation for the current have been derived by iteration [Hallén, 1938; King and Harrison,
1943; King 1956b], by variational methods [King, 1956b; Storer, 1951; Tai, 1950] and by judicious
separation and fitting [King, 1959]. It is the purpose of this study to derive a new solution which
combines considerable accuracy with reasonable simplicity for cylindrical antennas with koh<57/4.

The differential equation for the vector potential 4.(z) at p=a on a cylindrical antenna center
driven by a delta-function generator is [King, 1956b]

LT _ .k

(L+ 12 )a0=—i"8 Hoo 2)
where the time dependence is e, It is assumed that koa <1, a < h. Az)=Ar(z)+ jAi(2) is
given approximately by

_L h ’ ’ '
AZ(Z)—47TV0 L' 1.(z)K(z, z')dz 23

where

K(z, z')=eJkor[r, r= m. (24)
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The real and imaginary parts of the vector potential are

Anld) = cos kor dz’

(25a)

I(Z)— — ko f L sm kord . (25b)

The solution of (22) is readily combined with (24) to obtain the integral equation for the current
[King, 1956b]:

fh I.(z')K(z, 2')dz’ B a
—h

L [Cl cos koz+ 1 Ve sin ko|2|] (26)
lo 2

where {o="V pol€o=1/Vvoeo = 1207 ohms.

Approximate formal solutions of (26) have been described [King, 1956b] and accurate results
for particular cases can be obtained by numerical methods. In order to derive an analytically
simple and reasonably accurate solution for I.(z) use may be made of the quite different properties
of the kernels in (25a, b). In particular, the kernel in (25a) is very large at z'=z where r=a, the

kernel in (25b) is not.  Specifically, at z'=z
cos kor _cos kea . 1
—_—=—=—>>]
kol’ koa ko(l (273)
sin kor sin kea . v
—=——=1.
kor ko (27b)
Graphs of the two kernels in figure 7 show that Ag(z) must vary with z like I.(z). However, since
ll T T T T T T
| 1.0 1
30k ___ sinkor _
‘ kor
|| ___ cosker i
1 kor
i 4
I
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I5H - .
I
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I.(h)=0 whereas Ag(h) is small but finite, the difference Ar(z) —Ar(h) should be approximately
proportional to I.(z). That is

darvo [ Ar(2—Ar(h) =V (2)(2) =V 4zl (2) (28)

where Wgar is the approximately constant value of W(z) defined at a suitable reference value of z.
The graph of (sin kor)/kor in figure 7 shows that contributions to 4,(z) come almost equally from
elements of current over a large range of |z7—z|. Hence, an approximation of A,(z) can be obtained

from
sin kor _ 2 sin 3kor cos ¥kor .

. 1
kor kor - cos 2 Feor (29)

over the range kor< as shown in figure 7. With (29), (25b) may be expressed as follows:

. —ko (", , 1 1 ,
Aiz) = 477:01; I.(z") [cos 3 kor1 + cos 5 korz] dz (30)

where ri=V (z—z')+a*=|z—2'|, n=V(z+z')*+a*=|z+z'|. The trigonometric functions can be com-
bined to give

—2ko
darvy

Alz) = cos = kozf I.(z') cos = koz dz'. (31a)

It follows that since
A(z2)=A,/0) cos %koz (31b)
where A4,(0) is a constant, A,(z) is independent of the distribution of current. Also
Al2)—A(h)=A(0)F, (32a)
where

F,= cos %koz— cos 3koh. (32b)

An integral equation that involves the vector potential difference [King, 1959] is obtained from
a rearrangement of (26). It is

f e = gof—”koh [ VeMo. + UFOZ] (33)
where
My, =sin ko(h— |z|) (34)
Fo.=cos koz— cos koh (35)
Ka(z, z')=Kl(z, z')—K(h, z) (36)
and
U= _J“’ (h)= f L(z")K(h, 2')dz'. 37)
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The properties, (28) and (32), of the integral on the left in (33) suggest the distribution of
current

1:(2) =Iv(2) + I(2) + In(z) (38)
where
Iv(z) = IvM,., Iy(z) = IyF., Ip(z) = IpF, (39)
and Iy, Iy, and Ip are undetermined constant coefficients.

If (38) is substituted in the integral in (33) and use is made of (28) and (32) the following relations
are obtained:

[* e Kante, 23" = 1V (40a)
[ e Kante, s’ = 1o ¥ (4ob)
f _’; In(z")Ka(z, 2")dz' = Ip(2)[Vapr + ¥ api] = ()Y ap (40c)
[ 1K, 2z’ = ol (@od)
[ 1K, ) = Uulloote ¥ (40¢)

Similarly, if (38) is substituted in (37)

f"; Iz(Z')K(h, z’)dz’ = Iv‘Pv(h) + Iu‘lfu(h) P qu’p(h) (4.1)

Explicit formulas for the several ¥ functions are in appendix A.

With (38)—(41) equation (33) is reduced to an algebraic equation in Mo, Fo. and F,,. However,
since approximations have been made, it is preferable to make the substitution in the differential
equation (19) in the following equivalent form:

4wy (% + kg) [4:(2)— A:()] = :lic"’(’)f—"ﬂ Ves(z)— dmrvok2As(h). 42)
With (24a, b) and (38)—(40e) it follows that:
darvo[A(2) — Ax(h)] = Iv¥ arMoz + IvY avrF o: + GIv¥ar + jluY avi + IV ap)F . (43)

Differentiation and formation of the left side in (42) results in

[Left side of (42)] =—2IyWV arko cos kohd(z) — Iy'VY aurk? cos koh
. . o1, 3 1
—\ilv¥art jlyYaurt I0W¥ap | k§ | cos 3 koh — 26055 koz).  (44a)
With (41),
—jdmr

[Right side of (42)] = Tkg Ved(z) — k[ Iy¥Yv(h) + IuVu(h) + IpYp(h)]. (44b)
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When (44a) and (44b) are equated, the coefficients of 8(z) must be equal. The resulting equation
defines Iy as follows:

fe2mVs
" LoWar cos koh' 45)

The remaining equation reveals the approximate nature of the solution since the left side is a
function of z, the right side a constant. However, within the restriction koh < 57r/4, the slowly
varying function cos 3kez can contribute only a small error in the distribution of current if the
equation is satisfied at z==*h and z=0. In this way two equations are obtained that determine
Iy and Ip:

IUcu+IDCD=IVCV (46&)
IyEy+IpEp=IvEy (46b)
where
3 1
Co=—Va cos koh+Waur (3= cos 5 kuh ) +¥ulh) (47a)
Co=% (é—cos L) h>+\lf h)
D dD 4 2 0 D (4‘71))
3 1
Cv=— []“\I’,u (Z_ cos 5 koh) + ‘I’v(h)] (47c)
1 1
Ey=—Yar cos koh—j i Waur cos 3 koh +Wy(h) (47d)
1 1
Ep=— Z WVap cos § koh + q’D(h) 47e)
Ey=j+War cos L kh—Wy()
V—J4 ar €08 5 ko v(h). 471)
The equations (46a, b) are readily solved in the form Iy = Tyly, Ip=Tply, where
CVED —CpEy _
TU = m = Q ! [\I,dD‘I,V(h) _].‘I,dI\PD(h)] (4‘83)
CyEv—CvE .
TD = ——CZEZ — CZEZ = —]Q_l {\Pdl [\I’dUR COS k()h - \I'U(h)] + q’dUIq,V(h)} (4'81))
with
Q=Yup[Vavr cos koh—Vi(h)] +jVaurr¥p(h). (48¢)

5. Distribution of Current and Admittance

With the amplitude coefhicients Iy, Iy, and Ip determined the approximate distribution of
current is

i2mle . 1
Lia)= m {sm ko(h —z) + Ty(cos koz— cos koh)+ Tp(cos 5 koz— cos %koh)} (49)
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for z=0. Note that [.(—z)=1,(z). This formula differs by the term in T from an earlier approxi-
mation [King, 1959]. It more accurately represents the distribution of current especially at some
distance from the driving point. (Note, however, that the added term is strictly a self-term that
in no way alters the contributions to the shifted cosine term by coupled antennas in arrays.) The
admittance of the antenna is
J2m

Yo =5 Vo cos kah

{sin koh+ Ty(1 —cos koh)+ Tp(1 — cos %koh)}- (50)
The distribution of charge is

2megle . 1 1
e U — 4 4 =
q(z) Gan cos hoh {cos ko(h —2)+ Ty sin koz+ 5 Tp sin 3 koz} z2=0. (51)

Note that g(—z)=—gql(z )
When koh is near —, (49) and (50) become indeterminate and alternative forms are more con-

venient. By a simple rearrangement (49) becomes

_—Jj2alVe |, . . , , 1 1
I.(2)= W;’- {(sm koz— sin koh) -T{cos koz— cos koh)— T}(cos 5 koz —cos 5 koh} z=0 (52a)
where
T —=— M ’r__ TD .
v cos koh D= Cos koh (52b)

Explicit formulas are in appendix B. These show that T}, and T}, are finite when koh=". The

N

admittance corresponding to (52a) is

—j2 . n ’
V= 80]\1’:1; {— sin koh+ Ty (1 — cos koh) — T} (1 —cos koh)} (53)
The charge distribution is
2meo Ve ) 1 1
q(2) =%ﬂ {cos koz— T}, sin k0z+§ T}, sin 3 koz} ,z2=0. (54)

When the antenna is electrically short so that koh <1,

I.(2) = %‘1 [koh(l _Z) Sle=tlc2h2 T( hzz)] =0 (55)
q2)= 2’:;;’1/ [1 + Tkoz] =0 (56)

where T=Ty+ Tp/4.

Numerical computations have been made for an antenna with(;—=7.022><10_3 for which

extensive measurements are available [Mack, 1964]. When koh =7/2 with Q=28.58 and kh=m
with 2=9.92 the following quantities apply:
kthg , Yar=06.218, T,= 3.085+;3.581, T, = 1.061+;0.025 (57a)

koh =1, Yar=5.7317, T'y=—0.117+;0.114, T',=—0.106+;0.108 (58a)
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. . . T
The corresponding currents, admittances, and charges per unit length are, for keh ==

2 y
Iz(z) 1 d .
——->=19.597 cos koz—0.067 cos = koz+0.047 — j| 2.680 (sin koz— 1)+ 8.269 cos koz
ye 2
—2.843 cos %k0z+ 2.010]} X 1073 (58a)
Yo=(9.577—j4.756) X 10-3, Zy=83.76+j41.60 (58b)
C"Iﬁj) - {2.680 cos koz—8.269 sin kez+ 1.422 sin %koz — j[9.597 sin koz
0
—0.033 sin %koz:l} X 1073, (58c¢)
For koh = they are
Iz(z) 1 4 .
“Ye = 0.331 (cos koz+ 1)+ 0.314 cos §koz —71 2.905 sin koz—0.340 (cos koz+1)
0
—0.308 cos %koz]} X 103 (59a)
Yo=(0.976+;0.988) X 10-3, Zy="506.0—;512.2 (59b)
cq(2) . 1 . .
Ve =—110.331 sin koz+0.157 sin §koz 41 2.905 cos koz+0.340 sin koz
0
+0.154 sin %koz]} X 1073, (59c¢)

Graphs of 1I.(z) V= [1(z) +jI.(z) ]/V¢ are in figures 8 and 10 together with the measured results
of Mack [1959]. Corresponding curves of cq(z)/Vs= (jc/V¢) q"(z) +jq’ (z)] are in figures 9 and
11. These were obtained from the slopes of the measured curves of the currents. The agreement
between the approximate theory and experiment both for currents and charges indicates significant
improvement over the sinusoidal theory.

T T T

T T T
/, S L(z) I'Z'(z)+jI'Z(z)
. RV €
& & Vo Vo Vo — T T————7— 25— — —=
c » 20 », > —— THREE - TERM THEORY ca(z) jc " 4
Iy . >, 2h = \ = [d"@)+jq'@)] L7
".' G =20 <-=854 '\~ FRON SLOPE OF NEASURED CURVES | Vo vl )
L FOR 20 .
/ X -‘;-\ - 7022x10°° N\ I@)=1"@)+iT'(2) koot
L Y, ] E 2h
e koh =5 . 9-2mSheesa
% ala\ N\ 4=7022x107
V, N\
—Three-Term ° N
F i 10 Theory N\ \\
IS —e— Measured (Mack) o) =Y
{ LY \\\
i )= L 9L'@) N _ 1 dI'z)
- illz (2) 105 ;2% a5 T X T
= s
K} Vo Vo ) i e S 7] S R L
\‘ A =10 8 6 4 2 [ 2 4 6 8
: )
1 I \?n 1 1 1 1 1 1 1 1 i 1 1 1 C‘:/(!l
=5 (0] 5 10 °
IL(z) . .
VE Milliamperes per Volt
o
FIGURE 9. c¢q(2)/V; for an antenna with koh=m/2, 0=8.54.

FIGURE 8. I,2)/V§for an antenna with koh= /2, =8.54.
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T T T T .= - T - T T T T T T T
i Q=2 £¥=992 calz) e /
I(z) I} @ . I(z) o o @ . " de [q @+jq'2)] Cq..m“
T tive .t $27022 x 10 - a2 _
Voo Vo "Vo A —— THREE - TERM THEORY Ve
L ,-r’ ‘ a koh =1 4 ~—~ FROM SLOPE OF MEASURED CURVES
o 1. : L FOR |
P/ Ve 1@ =1"+I'@
o \ 7
\ o 1 dI'2) 7
i F qlz)=— S22 % 2 4
o w dz s . koh = 7
- 3 % . oy 1 I Z \ :
% q'z)= < &2 g ‘ $=7022x 107
t z " i # a=2m2".99, |
7\ v I7(z) . a 7
Vot ]
< =T ! L ! L L L
| 2 i -5 4 3 -2 -1 9 1 2 3 4
\ cq(z)
Ve
o
E ) 1 | 4
—— THREE-TERM N k .
THEORY ~ \ FIGURE 11. cq(2)/V§ for an antenna with koh=m, =9.92.
-~ MEASURED (MACK) )
1 L 1 1 1 1 N |
=215 -2 =L =] = (0] :5 | (K

I,(z) /V§ Milliamperes per Volt

FIGURE 10. I,(z)/V§for an antenna with keh=m, =9.92.

6. Electromagnetic Field

If the three-term approximations of the currents and charges are substituted in (10a, b) and
these are then used in (11) expressions are obtained for the electromagnetic field that are better
approximations than (9a—c). Unfortunately they cannot be expressed in as simple a form. How-
ever, an approximate expression for E. near the antenna may be obtained from

By(p, z) = ;gp Eqp, Z)i% (60)

which are valid for all distributions of current and charge. It follows from (14a) that

Ep,2) . 1 [1 99() iz z()]

ap 2mp 0z (61)
With (49) and (51) and for z = 0, this leads to
ok, koVe 1
i, 3= 5 o=y kg To o b= T evs s —evs i) n8e o
Similarly, when koh is near 7/2,
Eip, 9=—28 [ i koh+ T, cos koh+ T3 cos Lk Loh)|in®
Ap, 2)= ¥ sin ko cos koh + ( cos 0z —cos 5 ko n o (63)

Note that these expressions satisfy the boundary condition E.=0 at p =a. They are useful where
the approximations, ri=V(h—z)2+p2=|h—z|,r.=V(h +2) 4 pr=h4z, ro=VZ+pi= |z|

are acceptable.
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For the two antennas to which (57a, b) apply

koh =;—T,>‘—E”I(/‘.°—+z)=— [0.253 —j0.018+(0.809-+0.019) cos % koz] in® (64a)
koh = NP2 D_ [ 145 _ 10138 + (0102 — 0.095) cos  koz | in £-
0 Ve =7 j cos s koz | In’ (64b)

For comparlson w1th the sinusoidal theory it is convenient to use the quantity |\E.(p, 0)/{oln]|.
With koh= = |I(0)|; with keh=m, Im = |1, Z ‘jl The relevant quantities are

koh=", ’“g:l(f(o)‘)) "E(Ifo 0)%=—(0.234+j0.117) in® (65)

A A e
)\EZ( ) E) _)\-EZ(P, Z) V()

LlN4) Ve Lp)

koh =01

=(—0.154+j0.269) In ’7,:' (66)

These formulas are useful when (p/h)? << 1 or (p/\)? << 0.25, which is precisely the region where
E. as evaluated from the sinusoidal theory is incorrect.

A graphical comparison of |\E.(p, 0)/{o[-(0)| for the sinusoidal theory as determined from (9c)
with the three-term formula (65) is shown in figure 12. The broken line, representing (65), is a fair

approximation when = is in the range from 1 to about 10 (which corresponds to x in the range from
a

0.007 to 0.07 to satisfy the condition p2/A2=0.005 < 0.25). On the other hand, at larger distances
(p ~ %) the fields given by the three-term theory and the sinusoidal theory should be quite compa-

rable if I,(0) =1, is the same. Hence, the solid-line curve in figure 12 should be a good approxi-
mation when ;Z 50 (corresponding to 5\32 0.35). Between these ranges neither formula is cor-

rect, but it may be assumed that they join continuously and smoothly as suggested by the dotted
curve.

Until an accurate evaluation of the near field of a center-driven antenna is available, a reason-
able approximation of E(p, z) is given by (62) or (63) when B is small and by (9¢c) when § is large.

In an intermediate range an estimated smooth connection between the two theorles may be made in
the manner suggested in figure 12.

1000

———r——————7—7

%%’ = 0.26 #n (P/a) (THREE-TERM THEORY) _
o

5001

AE; (p,0)
——— (SINUSOIDAL TNEORY)
200 LI(0) R k2 p?
100 koh = 77 4.7
9 - 7.022x1073

A
50+ z2=0 -
% N

FIGURE 12. E,(p, 0) near a half-wave dipole.

q1.01

e " n n 1
| N (O] 10 =
JANO)
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7. Conclusion

The assumption that the distribution of current along a center-driven highly conducting
antenna is sinusoidal is inadequate to determine the distribution of charge on and the electric
field near the antenna. A new relatively simple representation of the current and associated
charge has been determined which is a much better approximation and which provides a means
for determining the approximate near field. The: results suggest that approximate solutions of
dipole antenna problems that depend on an assumed sinusoidal distribution of current and involve
the environment near and on the surface of a highly conducting antenna may be of questionable
validity.

Note that (62) and (63) do not take into account of contributions to E.(p, z) by Coulomb-type fields
near the generator at z=0 and near the ends at z==*h. These latter are responsible for the large
peaks in figures 2a and 2b.

8. Appendix A

The several ¥ functions introduced in (40a—e) are defined as follows:

W ir(0), koh < /2
dR= A (A-la)
\P"RGL_Z)’ 72 < koh
where
L iy [ cos kor  cos korp /
War(z)=csc kolh—|z|) | sin ko(h—|2']) [ LA, 0 ] dz (A-1b)
—h r T'h
VY aur = Waur(0) (A—2a)
where
h y cos kor cos korp ,
Vaur(z) =|[cos koz— cos koh]™! f_h [cos koz' — cos koh] [ P rn ] dz (A—2b)
Waip="V¥an(0) (A-3a)
where
-1 (h —jkor —Jjkor)
Wan(z) = [cos % koz— cos % koh] f_h [cos % koz' — cos % koh] [e i - h] dz' (A-3b)
Wi =VYaul(0) (A—4a)
where
~1 (h . .
Valz)=— [COS L koz— cos d koh:| f sin ko(h—|2']) [M—M] dz' (A—4b)
2 2 = r T'h
Waur =Y aui(0) (A—5a)
where

= i : :
Vavi(z)=— [cos % koz— cos % koh] J [cos koz' — cos koh] [sm_kor_s_lrior_h] dz'. (A-5b)
—h

Th
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T 3
2’4
functions are in fact reasonably constant at the indicated values z.
The functions W(h) introduced in (41) are defined as follows:

A graphical representation of the several functions W(z) for koh = and 7 indicates that these

b e ~Jkorn "

\I’V(h)ZLh sin ko(h— |2']) (A—6)
h . e‘jknfh

\Ifu(h)=f_h (cos koz' — cos koh) o dz' (A-7)
h 1 1 —Jkorn

\I'D(h)zf_ <cos B koz' — cos 3 koh> . o dz'. (A-8)

In the above formulas,
r=V(z—z'?+a?, nm=V(h—2z')+a (A-9)

All of the above integrals can be expressed in terms of the tabulated generalized sine and cosine
integrals [Staff of Computation Laboratory, 1949] without difficulty except the following one which
involves some manipulation:

h - _
j Ccos l ko2’ cxl dz' = [ sinh ! h+z+ sinh~1 L z] cos i koz
x 2 i7 a a 2
— 6”‘02/2 [ < ko(h—z)) +C (A’ ko(h +z)> AFiS) <A', % ko(h—z)> +5S (A’, 5 ko(h +z)> ]
1 [ , 3 . , 1 . , 3
== e“f" z[2 [C ( — ko h+z)>+C (A , = ko(h—z)> +JS (A ' ko(h-l-z)) +7S (A ' ko(h—2z)
(A—10)

where 4’ = (koaV/3)/2, C and S are tabulated generalized cosine and sine integral functions. They
are defined as follows:

T sin W
S ’ — d —
(a, x) L o du (A-11)
T 1l—cos W
C = _— d o
(a, x) L W u (A-12)

where W =Vu?+a®.

9. Appendix B
The coefficient T}, is defined in (52b) with (48a). It may be expressed as follows:
\I’dp\Pv(h) —]‘I’dﬂl’p(h) =F Q sin koh

T, = _
v QO cos koh (B=1)
where
Q = \I’dD[\I'dUR COSs koh - \I'U(h)] +]'\IIdUI\I'D(h)- (B—2)

It is readily seen from (A-1), (A-2), (A—4), (A-5), (A—6), and (A—7) that when koh:g,’\dequde’
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VYor=Ya, ‘I’U(h) = \Pv(h) It follows that

' WapWar ,
U W apWy(h) — j¥arVo(h)

Similarly, T}, as defined in (63) with (47b) is given by
" z-j{q,dl[‘I’dUR COS koh - ‘yu(h)] + \I’dUI‘IfV(h)}

>

h=% (B-3)

o Q cos koh (B-4)
When koh=g, this reduces to
' JYar¥avr _\
Ty WYapWy(h) —jVar¥p(h) ) L 4 (B-5)
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