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The tangential electri c fi e ld at the surface of a horizontally s tratified conducting medium of two 
layers is calculated for an excita tion co nsisting of a single plane wave sferi c with a slow tail. Numer· 
ical results are prese nted for a layer of sea wate r with a substrate of ea rth a nd for a la yer of earth with 
a substrate of pe rfec t conductivity. 

1. Introduction 

The response of a horizontally strat ified, two-layer, 
conducting medium to a s teady-state plane wave has 
been treated by Cagniard [1953] and Wait [1958, 
1962]. Wait [1954] has also obtained results for the 
response of such a medium to a magneti c fi eld s tep 
function. 

In the present paper, the two-layer medium is as­
sumed to be exci ted by a s ingle plane wave sferic 
with a slow tail. Numerical results are presented for 
the tangential electric fi eld at the surface of a layer 
of sea water with a subs trate of earth and at the surface 
of a layer of earth with a perfectly conducting sub­
s trate. These results are useful in describing the 
influence of the substrate on the sferic noise back­
ground and on the decay of a manmade, sferic-like 
signal at the surface of the upper layer. 

2. Derivation of the Tangential Electric Field 

A plane wave with a time fac tor exp (jwt) is incident 
in air upon a horizontally s tratifi ed medium of two 
layers. The upper layer has a thickn ess d, an intrinsic 
propagation constant ')'1, and an intrinsic impedance 
YJI . The lower layer is of infinite thickness with the 
constants ')'2 and YJz . At low frequencies, the dis­
placement c urrent in moderately conduc ting ground 
and in sea water is negligible compared with the co n-

duction c urre nt. This means that the index of refrac· 
ti on of the upper laye r is large and that the plane wave 
propagates in the layer in essentially a vertical 
direction. 

Le t the x, y plane be the boundary between the air 
and the upper laye r. If the tange ntial magnetic field 
H y (0, jw) at thi s boundary is in the y-direction, the 

tangential elec tri c field Ex(O,jw) at the boundary will 
be in the x-direction and may be written 

E- (0 . )=[ YJz+ YJ1tanh(')'ld)Jii (0 . ) 
X' ,JW YJ 1 + h (d) Y' JW . YJ 1 YJ2 tan ')' 1 

(1) 

This well-known expreSSIOn may be derived directly 
from the transmission line analogy. Each layer is 
characterized by a permittivity Ei , a conduc tivity IT;, 

and by the common permeability of free space 1L0. 
Since it has been assumed that WEi ~ U;, it follows that 

YJ; = f;;o rz and that ')'i = (jWlLoU; )1 /2. The surface 

impedance function YJ (jw), given by the bracketed 
quantity in (1), may be rewritten in the following form: 

YJ(jw) =(jWILO~ /Z [l + 2 f (1-{3)ne - 2nCiw/1<Jul)I /2d J, 
UI ) n= 1 1+{3 (2) 

(
U Z)I /Z 

where {3 = UI and d is the depth of the upper layer. 

If the time function of the tange ntial magnetic field is 
in the form of a unit s tep, then the freq uency spectrum 

423 

----------



is given by 

- 1 
Hy(O,jw) =-.-, 

]W 
(3) 

and the frequency spectrum of the tangential electric 
field is given by 

- . 7](jw) 
Ex(O,]w) =-.-, 

]W 
(4) 

where 7] (jw) is given by (2). The time function of the 
tangential electric field Ex. s(O, t) corresponding to a 
unit step of magne tic field is then obtained from the 
inverse transform of (4). This transform is of the type 
given by Campbell and Foster [1948] as formula No. 
807 and is written 

_ (/-L0)1/2( 1 )1/2 
Ex. s(O,t)- 0'1 1ft 

[ ~ (1- f3 )"e -n21-'oU'Jd'lt ] 
1+2 ~I 1+f3 . (5) 

For a perfectly conducting lower layer, f3 is infinite 
and 

_ (/-L0)1/2(~)1/2 Ex, s(O, t) -
0'1 rrt 

[ 1 + 2 ~l (- l)ne -n'I-'oU'Jd'/t ]. (6) 

Another expression for Ex. s (0, t) when f3 is infinite 
may be derived by obtaining the inverse Laplace trans­
form of (4) by taking jw as the complex variable and 
integrating along a semicircular contour to th~ left 
of the imaginary axis. The integration results In 

2 00 [- (2n + 1)2rr2 ] 
Ex. s(O, t) =-dLexp 4 (J' d2 t· 

0'1 ,n = O /-Lo I 

(7) 

This expression may also be derived by the direct 
transformation of (6) using the method described in 
Titchmarsh [1948]. In the case of a semi-infinite 
conducting medium, d is infinite, and the tangential 
electric field at the surface is given by the first teNll 
of the expression in (5). 

An application of the convolution integral to the 
step response in (5), (6), or (7) yields the tangential 
electric field Ex(O, t) at the surface of the upper layer 
for an arbitrary magnetic field excitation Hy(O, t) 

Thus, 

(8) 

where the prime denotes the time derivative of the 
magnetic field excitation. 

3. Specification of the Magnetic Field 
Excitation 

It is of interest to apply the above results to the case 
where the magnetic field is of sferic origin. The plane 
wave sferic chosen is characterized by an oscillatory 
or quasi-sinusoidal portion which appears first, and 
the n by a slow tail portion which follows. These 
sferic waveforms are di scussed by Hepburn [1957]; 
Tepley [1959]; and Wait [1962]. 

The choice of an analytical representation of the 
sferic is based on the desire to approximate commonly 
observed waveforms by the simplest expression pos­
sible. Accordingly, the oscillatory portion is given by 

Hy(O, t) =0 

where 

= Hoe-at sin (wot - bt2 ) 

=0 

Ho=3 X 10- 3 A/m, 
a=2.9 X 103 sec-I, 
b = 1.8 X 101 sec-2, 

wo=5.2x 104 sec-I, and 
tc = 8.6 X 10- 4 sec. 

for t < 0, } 
for ° ~ t ~ te , (9) 
for t > te, 

A plot of the oscillatory waveform described by (9) is 
shown in figure 1 for times greater than 10- 4 sec. 
The slow tail following the oscillatory portion of the 
sferic is represented as a positive half cycle consisting 
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FIGURE 1. Oscillatory portion of the sferic excitation. 
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FIGURE 2. Slow tail portion of the sf eric excitation. 

of two straight line portions joined by a section of a 
parabola. The duration of the slow tail is three times 
that of the oscillatory portion and the peak amplitude 
is 0.4 that of the maximum oscillatory amplitude. 
Thus, 

Hy(O, t) =a(t-tc) 

where 

and 

= 0.4 Ho - (3(t - 2.5tcF 
= -a(t - tf) 
=0 

tl =2.3 tc , 

t2 = 2.7 te , 

tJ= 4 tc , 

0.4 Ho 
a=---

1.4 te ' 

Ho 
{3=14t2 ' . e 

A plot of the above slow tail is shown in figure 2. 

4. Numerical Results for the Sea Water and 
Earth Medium 

Using the sferic excitation described above, the 
tangential electric field at the surface of a layer of 
sea water with a substrate of earth has been calcu­
lated with the help of a high speed digital computer. 
The step response in (5) and the convolution integral 
in (8) were us ed in making the calculations. The 
values of the parameters in these equations are 

0'1 = conductivity of sea water = 4 mho/m, 
0'2 = conductivity of earth substrate = 10- 3 mho/m, 
11-0 = permeability of free space = 47T X 10- 7 H/m, and 
d = thickness of sea water layer = 30 m and 150 m. 

A plot of the tangential electric field at the surface 
of the laye r of sea water is presented in figure 3 for 
times from 10- 4 sec up to the onset of the slow tail. 
At these times, t « 11-00'Id2, so that the step response 
for a layer of sea water of finite depth is equivalent to 
that for a layer of infinite depth. This means that the 
presence of the subs trate will not noticeably change the 
value of the electric fi eld at the sea surface and that 
figure 3 represents the response of a semi-infinite 
ocean as well as the response of a sea water layer of 
finite depth. Figure 4 exte nd the plot of the electric 
field to just beyond the c utoff of the slow tail. In thi s 
figure, a small difference is disce rnible betwee n the 
response of the semi-infinite ocean and that of a 
layer 30 m deep. Figure 5 shows the electri c field 
decay for times out to 10 sec for the semi-infinite ocean 
and for layers 30 m and 150 ill deep. For the times 
indicated and for those beyond, all the fields remain 
negative and decay towards zero. The rate of decay 
of these fields for large t may be determined analyti­
cally from the step response in (5) and the convolution 
integral in (8). It is found that all fall off as t - 3/2 

for large t. 
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FIGURE 3. Electric field at the sea water surface during the oscil· 
latory excitation. 
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FIG URE 4. Electric field at the sea water sur/ace during the slow tail 
excitation. 

5, Numerical Results for the Earth and 
Perfect Conductor Medium 

The response of a layer of earth with a perfectly 
conducting substrate is quite different from that of 
a sea water-earth medium . The nature of the tangen­
tial electric field at the surface of the earth layer may 
best be determined by an examination of the step 
response given · in (7) and its contribution to the con­
volution integral in (8). The values of the parameters 
in these equations are 

(Tl = conductivity of earth layer = 10- 3 mho/m, 
ILo = permeability of free space = 4-rr X 10- 7 H/ m, and 
d = thickness of earth layer = 30 m. 

For these values, the terms of the exponential series 
for the step response in (7) are extremely small when 
t > 10-6 sec. Since the times of interest in this paper 
are greater than a microsecond, the expression for 
the electric field in (8) may be written 

2 it 00 [- (2n + 1)27T 2 ] Ex(O,t)=-dH~(O,t) ~exp 4 d 2 (t-A) dA' 
(T 1 0 n = O ILo(T 1 

(11) 

In the above expression, the time derivative of the 
magnetic field is taken outside the integral since the 
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FIGURE 5. Electric field decay at the sea water sur/ace after the cutoff 
0/ the s/eric excitation. 

derivative is practically constant over the small range 
of A near t for which the step response contributes 
significantly. This means that the electric field 
Ex(O, t) is proportional to the time derivative of the 
magnetic field excitation and that when this excitation 
cuts off, so almost instantaneously does Ex(O, t). 

A plot of the tangential electric field at the surface 
of the layer of earth is presented in figure 6 for times 
from 10- 4 sec up to the onset of the slow tail. Results 
for both an infinite thickness of earth and a thickness 
of 30 m are shown in the figure. The behavior pre­
dicted by (11) is shown in figure 7 for d = 30 m. It 
is observed that when the magnetic field slow tail 
excitation stops, the electric field almost instantane· 
ously goes to zero. The behavior of the response of 
the infinitely thick layer of earth is similar to that of 
the semi-infinite sea water medium. 
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FIGURE 6. Electric field at the surface of the earth layer during the 
oscillatory excitation. 
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6. Concluding Remarks 

The results of this paper describe the tangential 
electric field at the surface of two models of a two-layer 
conducting medium when excited by a sferic with a 
slow tail. In the case of a sea water layer with a sub­
strate of earth, the influence of the earth beneath a 
layer of sea water thicker than 30 m becomes notice­
able during the decay of the tangential electric field 
after the sferic excitation has stopped. The response 
of a layer of earth with a perfectly conducting sub­
strate differs in that the tangential electric field goes 
to zero almost instantaneously after the sferic excita­
tion stops. . In the case of a layer of earth 30 m thick, 
the influence of the perfectly conducting substrate is 
detectable during the oscillatory portion of the sferic 
as well as after the excitation has stopped. 

The author is grateful to A. H. Van Tuyl of the U.S. 

IGURE 7. Electric field at the surface of the earth layer during the 

Naval Ordnance Laboratory for the analysis in prep­
aration for the programming of the formulas for the 
IBM 7090 computer. I slow tail excitation. 
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