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The tangential electric field at the surface of a horizontally stratified conducting medium of two

layers is calculated for an excitation consisting of a single plane wave sferic with a slow tail.

Numer-

ical results are presented for a layer of sea water with a substrate of earth and for a layer of earth with

a substrate of perfect conductivity.

1. Introduction

The response of a horizontally stratified, two-layer,
conducting medium to a steady-state plane wave has
been treated by Cagniard [1953] and Wait [1958,
1962]. Wait [1954] has also obtained results for the
response of such a medium to a magnetic field step
function.

In the present paper, the two-layer medium is as-
sumed to be excited by a single plane wave sferic
with a slow tail. Numerical results are presented for
the tangential electric field at the surface of a layer
of sea water with a substrate of earth and at the surface
of a layer of earth with a perfectly conducting sub-
strate. These results are useful in describing the
influence of the substrate on the sferic noise back-
ground and on the decay of a manmade, sferic-like
signal at the surface of the upper layer.

2. Derivation of the Tangential Electric Field

A plane wave with a time factor exp (jwt) is incident
in air upon a horizontally stratified medium of two
layers. The upper layer has a thickness d, an intrinsic
propagation constant vy, and an intrinsic impedance
N1.  The lower layer is of infinite thickness with the
constants ys and m.. At low frequencies, the dis-
placement current in moderately conducting ground
and in sea water is negligible compared with the con-

duction current. This means that the index of refrac-
tion of the upper layer is large and that the plane wave
propagates in the layer in essentially a vertical
direction.

Let the x, y plane be the boundary between the air
and the upper layer. If the tangential magnetic field

H, (0, jw) at this boundary is in the y-direction, the

tangential electric field E,,-((),jw) at the boundary will
be in the x-direction and may be written
= . s +m tanh (yid) | o .
E,-O,w:[ HREDHL R H,(0, jw).
(0, jo) 7’17)1+7)2 tanh (y:d) 4(0, jo) (1)
This well-known expression may be derived directly
from the transmission line analogy. Kach layer is
characterized by a permittivity €;, a conductivity o,
and by the common permeability of free space po.
Since it has been assumed that we; < oy, it follows that
1 1/2
1;1-=<l%_ﬂ> and that y;= (jowmeoi)> The surface
i
impedance function m(jw), given by the bracketed
quantity in (1), may be rewritten in the following form:

5 Ml/z[ o (1—,3),, —2nUwM410'1)1/2d:|
7 (jw) (U;) l-|-2n§=:l 158 e '©)

g2 1/2 . -
where B= (O_—) and d is the depth of the upper layer.

1
If the time function of the tangential magnetic field is

in the form of a unit step, then the frequency spectrum
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is given by
Hy(0, jw) =~
Yy » JW J(l) > (3)

and the frequency spectrum of the tangential electric
field is given by

B (0, joo) ="jgw> : )

where 7 (jw) is given by (2). The time function of the
tangential electric field E;, (0, t) corresponding to a
unit step of magnetic field is then obtained from the
inverse transform of (4). This transform is of the type
given by Campbell and Foster [1948] as formula No.
807 and is written

E. «(0,t)= (Z_f)l/2<$)uz
[1+ 2 E (%)ne—nzmldm]. .

For a perfectly conducting lower layer, B is infinite
and

Eqy §0, 8) = (&)1/2< 1 >1/2

01 Tt
[1+2 3 (—1)ne—nmw-d2/t]. ©)
n=1

Another expression for Ex, s (0, t) when B is infinite
may be derived by obtaining the inverse Laplace trans-
form of (4) by taking jw as the complex variable and
integrating along a semicircular contour to the left
of the imaginary axis. The integration results in

E; :(0,t)= U%diexp [ (7)
=0

—@n+ 1)27r2t].
4[.L00'1d2

This expression may also be derived by the direct
transformation of (6) using the method described in
Titchmarsh [1948]. In the case of a semi-infinite
conducting medium, d is infinite, and the tangential
electric field at the surface is given by the first term
of the expression in (5).

An application of the convolution integral to the
step response in (5), (6), or (7) yields the tangential
electric field E(0, ¢) at the surface of the upper layer
for an arbitrary magnetic field excitation H,0, 2

Thus,

E.(0,¢) = f 'Ee o(0,:=NH,(0,\) A\, (8)

where the prime denotes the time derivative of the
magnetic field excitation.

3. Specification of the Magnetic Field
Excitation

It is of interest to apply the above results to the case
where the magnetic field is of sferic origin. The plane
wave sferic chosen is characterized by an oscillatory
or quasi-sinusoidal portion which appears first, and
then by a slow tail portion which follows. These
sferic waveforms are discussed by Hepburn [1957];
Tepley [1959]; and Wait [1962].

The choice of an analytical representation of the
sferic is based on the desire to approximate commonly
observed waveforms by the simplest expression pos-

sible. Accordingly, the oscillatory portion is given by
H,(0,t)=0 for t <0,
=Hoe " sin(wot —b?) for 0<t=<¢,., ! (9)
= for t > t.,
where
Hy=3X10"3 A/m,
a=2.9X103% sec™!,
b=1.8X107 sec2,
wo="5.2X10% sec™!, and
te=8.6 X10~* sec.

A plot of the oscillatory waveform described by (9) is
shown in figure 1 for times greater than 10~* sec.
The slow tail following the oscillatory portion of the
sferic is represented as a positive half cycle consisting
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FIGURE 1. Oscillatory portion of the sferic excitation.
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FIGURE 2. Slow tail portion of the sferic excitation.

of two straight line portions joined by a section of a
parabola. The duration of the slow tail is three times
that of the oscillatory portion and the peak amplitude

is 0.4 that of the maximum oscillatory amplitude.
Thus,

Hy(0,t) =a(t—t)
=0.4 Hy—B(t—2.5t.)?

for te <t =<ty,

for ty <t <t, (10)

=—al(t—t) forto<t=<t,
=0 for t > ty,
where
51 :23 t(-,
to=2.7 te,
tf=4< te,
a=0'4 H,
14 ¢’
and o H,
1.4 ¢

A plot of the above slow tail is shown in figure 2.

4. Numerical Results for the Sea Water and
Earth Medium

Using the sferic excitation described above, the
tangential electric field at the surface of a layer of
sea water with a substrate of earth has been calcu-
lated with the help of a high speed digital computer.
The step response in (5) and the convolution integral
in (8) were used in making the calculations. The
values of the parameters in these equations are

o1 = conductivity of sea water =4 mho/m,

o> = conductivity of earth substrate =10~% mho/m,

o= permeability of free space =4a X 10~7 H/m, and
d=thickness of sea water layer =30 m and 150 m.

A plot of the tangential electric field at the surface
of the layer of sea water is presented in figure 3 for
times from 10~* sec up to the onset of the slow tail.
At these times, t<<w01d?, so that the step response
for a layer of sea water of finite depth is equivalent to
that for a layer of infinite depth. This means that the
presence of the substrate will not noticeably change the
value of the electric field at the sea surface and that
figure 3 represents the response of a semi-infinite
ocean as well as the response of a sea water layer of
finite depth. Figure 4 extends the plot of the electric
field to just beyond the cutoff of the slow tail. In this
figure, a small difference is discernible between the
response of the semi-infinite ocean and that of a
layer 30 m deep. Figure 5 shows the electric field
decay for times out to 10 sec for the semi-infinite ocean
and for layers 30 m and 150 m deep. For the times
indicated and for those beyond, all the fields remain
negative and decay towards zero. The rate of decay
of these fields for large ¢+ may be determined analyti-
cally from the step response in (5) and the convolution
integral in (8). It is found that all fall off as ¢=372
for large t.
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FIGURE 3. Electric field at the sea water surface during the oscil-
latory excitation.

425



) =4 MHO/METER
o5 =10"3MHO/METER

E£401)xI0® VOLT/METER

-10

txi03 (sec)

FIGURE 4. Electric field at the sea water surface during the slow tail
excitation.

5. Numerical Results for the Earth and
Perfect Conductor Medium

The response of a layer of earth with a perfectly
conducting substrate is quite different from that of
a sea water-earth medium. The nature of the tangen-
tial electric field at the surface of the earth layer may
best be determined by an examination of the step
response given-in (7) and its contribution to the con-
volution integral in (8). The values of the parameters
in these equations are

o1 = conductivity of earth layer =103 mho/m,
o= permeability of free space =47 X 10~ H/m, and
d=thickness of earth layer=30 m.

For these values, the terms of the exponential series
for the step response in (7) are extremely small when
t>107% sec. Since the times of interest in this paper
are greater than a microsecond, the expression for
the electric field in (8) may be written

2 2 —(2n+1P7® .
E(0,1)= 0_ldHy(O, t) ; ’Zoexp [—————4‘“001d2 (¢ )\):l d\
(11)

In the above expression, the time derivative of the
magnetic field is taken outside the integral since the
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FIGURE 5. Electric field decay at the sea water surface after the cutoff
of the sferic excitation.

derivative is practically constant over the small range
of N near ¢ for which the step response contributes
significantly. This means that the electric field
E.(0, ) is proportional to the time derivative of the
magnetic field excitation and that when this excitation
cuts off, so almost instantaneously does E(0, t).

A plot of the tangential electric field at the surface
of the layer of earth is presented in figure 6 for times
from 10-* sec up to the onset of the slow tail. Results
for both an infinite thickness of earth and a thickness
of 30 m are shown in the figure. The behavior pre-
dicted by (11) is shown in figure 7 for d =30 m. It
is observed that when the magnetic field slow tail
excitation stops, the electric field almost instantane-
ously goes to zero. The behavior of the response of
the infinitely thick layer of earth is similar to that of
the semi-infinite sea water medium.
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FIGURE 6. Electric field at the surface of the earth layer during the
oscillatory excitation.
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IGURE 7. Electric field at the surface of the earth layer during the

slow tail excitation.

6. Concluding Remarks

The results of this paper describe the tangential
electric field at the surface of two models of a two-layer
conducting medium when excited by a sferic with a
slow tail. In the case of a sea water layer with a sub-
strate of earth, the influence of the earth beneath a
layer of sea water thicker than 30 m becomes notice-
able during the decay of the tangential electric field
after the sferic excitation has stopped. The response
of a layer of earth with a perfectly conducting sub-
strate differs in that the tangential electric field goes
to zero almost instantaneously after the sferic excita-
tion stops. - In the case of a layer of earth 30 m thick,
the influence of the perfectly conducting substrate is
detectable during the oscillatory portion of the sferic
as well as after the excitation has stopped.

The author is grateful to A. H. Van Tuyl of the U.S.
Naval Ordnance Laboratory for the analysis in prep-

aration for the programming of the formulas for the
IBM 7090 computer.
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