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The flu ctuations in an elec tron-ion plasma in thermal equilibrium are first treated for the collis ion
less case. Separate conside ration is given to the contributions of the transverse and longitudinal 
modes, and two approaches are used ; one in te rms of the ene rgy density of the the rmally excited plas ma, 
the other in terms of the permittivity e(K,w) appropriate to each mode. Some of the results have com
plete thermodynamic generality while some are based on the s tatis ti cs of the plasma. Simple therm
odynamic arguments are used to derive the radiation res is tance of short electric and magne ti c dipoles 
in a collisionless plasma. The re!ation between the spatial correlation properties of the longitudinal 
mode and Oebye-Hucke! theory is indicated. It is shown that in a plas ma with collisions the fluctuation 
tempe rature is equal to the common electron-ion te mperature for any degree of degeneracy and any 
veloc ity dependence of relaxation time. 

1. Introduction 
In an earlier paper [Burgess, 1941] 2 the author 

derived the electromagnetic field fluctuations of cavity 
radiation in a lossless nondispersive medium from 
the blackbody radiation energy density, and showed 
that an electric dipole immersed in the radiation would 
obey Nyquist's theorem. 

These results are now exte nded to a more general 
medium, specifically a plasma, which has a complex 
and dispersive permittivity and can support both 
transverse and longitudinal waves. The transverse 
mode, characterized by E and H being perpendicular 
to the wave vector K, was the only one involved in the 
earlier treatment. The longitudinal mode in which 
E and K are parallel and H is absent is accompanied 
by space charge density waves. In both modes damp
ing occurs, even in the absence of collisions, by virtue 
of the Landau mechanism. 

Since the dispersion equations are different for the 
two modes they will be considered separately; the 
thermal equilibrium energy density is calculated from 
the frequency-dependent permittivity and resolved 
into components arising from the fields and from the 
kine tic and potential energies of the particles. 

Weare concerned throughout with an unbounded 
equilibrium plasma which is therefore spatially homo
geneous and statistically stationary. It is also assumed 

I The researc h for this paper was supported by the Defence Research Board of Canada 
under Gran t 0.9512- 22. 

2 Burgess, R. E. (1941), Noise in receiving aerial systems, Proc . Phys. Soc. 53, 293-304. 

to be nonrelativistic; i.e. , its temperature T is small
compared with mc2/k. Usually the ionic contribution 
to the fluctuations can be ignored if the ion mass is 
large compared with the electron mass but in the low
frequency spectrum for the longitudinal mode the 
ionic and electronic terms become equal. 

The spectral decomposition of a disturbance in the 
plasma is expressed in terms of the angular freque ncy 
wand the wave number K; the linear response func tion 
of the plasma is then specified by the p ermittivity 
E(K, w) which has different forms for the transverse 
and longitudinal modes. The presence of K in the 
permittivity represents the effect of spatial dispersion; 
an excellent discussion of the electrodynamics of 
plasmas involving both frequency dispersion and spa
tial dispersion is provided by the monograph of Silin 
and Rukhadze [1961).3 

Fluctuation spectra are derived using the stochastic 
current density given by the fluctuation-dissipation 
theorem applied to the imaginary part of the permittivity. 

Since in a vacuum cavity the elec tromagnetic field 
fluctuations are not zero it is necessary to demonstrate 
that the permittivity approach yields the correct result 
in the limit of 1m (E) = O. 

For a system in equilibrium, any temperature which 
can be used to characterize the properties must equal 
the plasma temperature; thus, for instance the temper
atures attributable to the electrons, the ions, and the 
electromagnetic field are all equal. Ne vertheless 
erroneous statements have appeared in the literature 

3 Silin, V. P ., and A. A. Rukhadze (1961), Elektromagnitnie SvoiStV8 Plazmy i Plazmo. 
podobnykh Sred. (Moscow, Gosatomizdat ). 
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to the effect that the fluctuation temperature of a 
plasma is equal to the electron temperature only in 
special circumstances e.g., a Maxwellian velocity 
distribution or a collision relaxation time independent 
of velocity. However in fact the equilibrium dis
tribution (Fermi-Dirac) for the electrons and ions suf
fices to ensure identity of these temperatures inde
pendently of degeneracy or of any velocity dependence 
of collision frequency. 

The temperature T enters the expressions derived 
in this paper through the fluctuation-dissipation 
theorem. Thus at frequencies small compared with 
kT/h the factor kT appears while at higher frequencies 
the more general form nw (exp nw/kT-l)- 1 is appro
priate. For simplicity the kT factor will be used 
except where it is desired to integrate over all fre
quencies a spectrum which would otherwise yield a 
divergent result. In deriving the radiation resistance 
of a dipole immersed in a plasma it is of course im
material which form is used since the factor cancels 
in the comparison of mutually consistent expressions 
of Nyquist's relation and of the energy density. 

Throughout we shall use rationalized MKS units. 
Frequency spectra will be defined with respect to w 
and exist for positive values; thus, for a fluctuating 
quantity X 

2_ Transverse Mode 

2.1. Energy-Density Approach for the Transverse 
Mode 

In the transverse mode the electric and magnetic 
fields are perpendicular to the wave vector and no 
alternating component of space charge density occurs. 

The number of modes per unit volume in the wave 
number interval dK is 

(2.1) 

where w~ = noe2/meo. This familiar result is a good 

approximation for wave numbers K small compared 
with the reciprocal of the Debye length D = 
(2noe2/eokT)I /2. In this case the Landau damping 
becomes very small and we write 

The mean square electric and magnetic fields are 
found from the relation 

1 - 1 -
"2 eE~ ="2 f.LoH~ (2.4) 

derived from Maxwell's equations and from the electric 
and magnetic energy densities 

}-umag =-Il H2 
w 2,-0 w 

while the kinetic energy density is 

The total energy density is thus 

We note that the effective permittivity is d(we)/ dw 
for the nonmagnetic energy, since the sum of the elec
tric and kinetic energy densities can be written as 

1-
,uel + Ukin =-E2(e +wde/dw)' 

W W 2 w 

Finally, therefore the field fluctuation spectra of 
the total field component perpendicular to a given 
wave vector K are 

taking into account two independent states of polariza-
h h £2w=kTw21l.',30/2el /2/7T2 = kTw 2(1- w2/w2).1/2/7T2c3eo tion_ The mean energy density thus as t e spectrum r- pi (2.5) 

u = (kTK2/7T2)(dK/dw). 

It will here be assumed that the damping is suffi
ciently small for e and K to be substantially real for 
real w. It should be remembered that except for a 
few special functional forms of Re e(w) the imaginary 
part of E(W) would not necessarily be negligible at all 
frequencies . The requirement of causality imposes 
restrictions on the behavior of e(w) in the complex 
w-plane; one aspect of these 'is the Kramers-Kronig 
relations which connect Re e and 1m e. 

Consider now a collision-free plasma for which the 
transverse permittivity is given by 

The following relation between the three energy 
components exists 

u el = Umag+ Ukin=l U 
W W w 2 W' 

The total energy density spectrum has the frequency 
dependence 

e/eo = 1- W~/W2 (2.3) for w > Wp. 
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If it is desired to integrate over all frequencies, kT 
must be replaced by nw( expnw/kT - l) - 1 giving 

As the plasma de nsity is reduced to zero (wp ~ 0) 
this integral increases to its maximum value given by 
the vacuum energy density of thermal radiation: 

The fluctuation fields given above correspond to the 
resultant values. Thus the components in any direc
tion have mean square values equal to one-third of the 
given expressions. The mean square emf induced in 
a short electric dipole of effective length l is thus 

e& =l2kTw2J.L~2E I /2/37T2. 

This must equal (2 /7T)kTR I as requ ired by Nyquist's 
theorem, where Rl is the radiation resis tance associ
ated with the transverse mode. Thus 

(2.8) 

Similarly a short magnetic dipole formed by a 
planar loop of area A has a mean square induced emf. 

The radiation resistance for the magne ti c dipole 
associated with transverse waves is thus 

(2.9) 

For both the electric and magnetic dipoles the radi
ation resistance is reduced by an ambient plasma com
pared with vacuum, the factors being respectively 
(E/Eo)I/2 and (E/Eo)3/2. 

This approach may also be extended to determining 
the spatial correlation of the field components. The 
cosine of the phase difference of the waves at two 
points (1, 2) separated by distance r is averaged uni
formly over all directions of arrival and all polarizations 
and gives 

for the spatial autocorrelation coefficient appropriate to 
waves of wave number K = W(/LoE) 1/2. Thus 

E(r,)E*(r2)W = (kTw2/Lg/2EI /2/7T2) (sin Kr/Kr) 

= (kTwJ.LO/7T2) sin [W(/LoE)I /2r]/ r . (2.10) 

This result will be compared later with that derived 
using the E(K, w) me thod which includes the specific 
form of the imaginary part corresponding to Landau 
damping in a collisionless plasma. 

2.2. Pennittivity Approach for the Transverse Mode 

In this approach the permittivity is taken to be a 
function of wave number as well as frequency in order 
to recognize the effec ts of spatial dispersion. For 
transverse waves the E(K, w) so defined determines the 
dispersion equation by the relation [Silin and Ruk
hadze, 1961, eq (6.8)]. 

(2.11) 

For a Maxwellian equilibrium plasma with equal den
sity of electrons and (singly charged) ions the explicit 
form of the permittivity in the absence of colli sions is 
[Silin and Rukhadze, 1961, eq (14.3)] . 

E(K, W) /Eo = 1- (wMw2) [F(q) +i7T1/2qe- q2] 

(2.12) 

where 

while 

For small values of X, F(X) = 2X2 -4X'/3+ . .. for 
large values of X, F(X) - 1 + 1/2X2 +3/4X4 + .. . 

When we are co nsidering results obtained from the 
explicit form of E(K, w) we will usually be dealing with 
the case of large q where the imaginary part (Landau 
damping) will be relatively small and to a close approxi
mation 

The di spersion equation then becomes on further 
approximation 

in view of the assumptions of large ion/electron mass 
ratio M/m and of a nonrelativistic plasma. 

The fluctuation current density normal to a given 
wave vector K has a spectral intensity determined by 
the plasma conductivity 

From Maxwell 's equations the fluctuation field spec
trun are 
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These expressions refer to the resultant quantity 
perpendicular to the wave vector and so give the sum 
of two independent orthogonal components. The Kw 
spectra may be integrated over K (or w) to yield spectra 
in terms of w (or K) and so give the purely temporal 
(or spatial) correlation functions. Performing these 
integrations invokes various sum rules which are listed 
in appendix 1 and which may be derived by contour 
integration. First, to find J1 we integrate the conduc
tivity of the Maxwellian plasma 

a-(K, w) =-wlmE(K, W)=7Tt /2EoW- t (w~qe-q2 
+n~Qe-Q2) 

for which 

L "'a-(K, w) dw= (7TEO/2) (w~+n~). (2.15) 

Thence 

J'k = 2noe2(kT/m + kT/M). (2.16) 

This expression may be derived directly by con
sidering the diffusion of the electrons and ions in the 
classical plasma. 

Of relevance in considering the relaxation process 
in a collisionless plasma is the autocorrelation of the 
current density: 

lK(to)J K(tO + t) 
= 2kTnoe2[m- t exp (- K2t2kT/2m) 

+ M-t exp ( - K2t2kT/2M)]. 

This exhibits a gaussian autocorrelation function 
for the electrons and ions with respective relaxation 
times (m/kTK2) "" and (M/kTK2) "" corresponding to 
the gaussian thermal velocities of the particles. 

The electric and magnetic field components are 
found using the results (A2) and (A3) for integration 
over frequency 

E~= 2kT/E(K, 00) = 2kT/Eo 

H~ = 2kT/ /-Lo. 

(2.17) 

(2.18) 

Integration over wave number to obtain the fre
quencyspectra can be readily carried through if we 
ignore the dependence of E(K, w) on K when E appears 
in the form (E - K2/W 2/-Lo)_ This procedure is seen to 
be justifierl at small K (large q) since then we are 
neglecting kT/m by comparison with c2• On the other 
hand at large K (small Q) the contributions to the real 
and imaginary parts of E vary as 1/ K and are negligible 
compared with the K2/W2/-Lo term. 

Thus taking E as a function only of w we find an inte
gration over K space using integral (A8) 

where 

{3 - ia = W(/-LoE)I/2 . 

This result may be compared with the expression 
(2.10) for a lossless plasma; it has in addition an attenu
ation factor arising from the imaginary part of E (damp
ing), while the (sin {3r)/r factor due to the phase dif
ference at the two observing points corresponds to a 
wave number W/-L~/2 Re (Et /2). 

It is equivalent to the form given by Silin and Ruk
hadze [1%1] in the second term of their equation 
(9.41). 

When the separation r goes to zero the total electric 
field fluctuation spectrum 

(2.20) 

When this is compared with the previous result (2.5) 
for a loss-free plasma it is seen that the appropriate 
generalization to a medium with damping (1m E ¥ 0) is 
to replace E t /2 by Re (El/2). 

The electric field spectra derived in this section had 
their origin in the current density J which is determined 
by Im(- E). Howe ver it is seen that as Im(- E) tends 
to zero the electric field spectrum and its spatial 
correlation do not vanish but tend to the value obtained 
by considering the electromagnetic energy density in 
a cavity filled with a lossless medium. 

3 _ Longitudinal Mode 

3.1. Energy-Density Approach for the Longitudinal 
Mode 

The mode de nsity per unit volume for the longi
tudinal mode is one-half of the expression used for 
the transverse mode because of the occurrence of 
only the single direction of the electric vector parallel 
to the wave vector. Thus the energy density spec
trum is 

(3.1) 

The electric field may be derived from a potential 
and there is no associated magnetic field. The energy 
density comprises the contributions of the electric 
field and the kinetic and potential energies of the 
electrons, and we ignore the ionic contribution as 
being negligible when the mass ratio M/m is large: 

1 - 1 - 1 -
UW=2EoE~ +2 nomu~ +2 nomu~(n~/n5) 

where u!; is the spectrum of the electron velocity wave 
motio~, u~ is the mean square thermal velocity 3kT/m, 
and n~ is the spectrum of the electron density wave 
about the mean value no. The last term gives the con
tribution of the compressional energy density of the 
electron gas; since the pressure variations are given by 
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and the compressibility by 

x= 1/ynokT 

the density of the compressional energy IS 

and for longitudinal adiabatic compression we put 
y = 3, yielding the result given above. 

By considering a longitudinal wave of the form 
exp i(wt- Kr), we can write the continuity equation 

- iKnouw + iwnw = 0 

which may typically be very large compared with 
unity. 

The radiation resistance of a short electric dipole, 
of effective length l, associated with the longitudinal 
mode is scaled by the same factor and thus 

(3.3) 

3.2. Permittivity Approach for the Longitudinal Mode 

Again the properties of the longitudinal mode are 
represented by permittivity E(K, w). The dispersion 
equation for this mode is 

E(K, w)=O. (3 .4) 

and the equation of motion for unit volume as For a Maxwellian plasma ~ithout collisions the 
permittivity assumes the form · [Silin and Rukhadze, 

iwmnouw =- noeEw + iKmu~nw 1961, eq (14.2)] 

where the last term arises from the gradiant of the E(K, W)/Eo = 1- (WMW2)2q2[F(q) -1 + i7Tl/2qe-q2] 
alterl)ating pressure ynwkT. 

Thus - (D.;/w2)2Q2[F(Q) -1 + i7T1/2Qe- Q2] (3.5) 

wnw!Kno=uw=ieEw/mw(1-u~2/W2). where q, Q, and F are as defined previously for the 
transverse mode. The factors in front of the square 

The total energy density is then bracket terms have the common value 

1 -
vw =2 EoE~ [1 + w2(w2 + U~2)/(W2 - U~2)2]. (w;/w2)2q2 = (D.;/w2)2Q2 = noe2/kTEoK2 = 1/2K2D2 

Introducing now the dispersion equation for longi
tudinal waves in its first approximation, for wave 
numbers small compared with the reciprocal of the 
Debye radius: 

yields the results 

[]kin = ~ot + vel = 1:. v w w w 2 W· 

The reciprocals of the phase and group velocities are 

K/w = (1- W2/W2)1/2/U8 

dKjdw = (1- w2/W2)-1 /2/U8 

leading to the result 

(3.2) 

This is larger than the electric field spectrum asso
ciated with the transverse mode by the factor 

where 

is the Debye shielding radius. 
For large values of q(KD ~ 1) the asymptotic form 

of the permittivity on the assumption ofM ~ m is found 
to be 

E(K, W)/Eo ~ 1- (W;/W2) (1 + 3/2q2). 

The corresponding dispersion equation takes on 
the well-known form appropriate to small wave 
numbers: 

w2 =w; + (3kT/m)K2. 

The single Cartesian component of current density 
parallel to the wave vector has the spectrum 

JL = (2kT/7T) ( - wlmE). 

Integrating over frequency gives 

(3.6) 

which is one-half of the value associated with the trans
verse mode because of the two orthogonal components 
associated with the latter. Naturally the stochastic 
current density which excites the plasma will have 
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three equal orthogonal components which cannot 
a priori be associated with any particular mode. 

This current density is related by the wave rela· 
tions to the other fluctuating quantities of interest 
namely: E, the longitudinal electric field; cp, the electric 
potential, p the space charge density. For a wave 
of the form exp i{wt - Kr) the relations are 

E=J/iwE £2 =)2lw2IEI2 Kw Aw 

cp =EliK 

so enabling the spectra of E, cp, and p to be related to 
that of J. 
- The electric field spectrum 

EL = (2kTI7TW) 1m (liE) (3.7) 

can be immediately integrated over all frequencies 
using (AI) to give 

Ey..= kT[l/E(K, (0) -l/E(K, 0)]. 

whence 

(3.8) 

In the evaluation of the static (zero frequency) permit· 
tivity E{K, 0) it is seen from (3.5) at q = Q = 0 that the 
ionic contribution is equal to the electronic contribu· 
tion, and that the masses do not enter. In most other 
situations the large ratio Mlm results in the ionic con· 
tribution to the permittivity being negligible; this is 
the case when q and Q are large compared with unity, 
which implies a wave number small compared with liD. 

The coulomb interaction in the ion·electron plasma 
vitally affects the electric field fluctuations in the 
longitudinal mode and this manifests itself through the 
appearance of the Debye distance providing a refer· 
ence length for the wave number K and for the spatial 
correlation. Integration over K gives 

This shows the Debye screening effect providing a 
cutoff in the coulomb interaction appearing in the spa
tial correlation of the electric field. 

The effect is shown in a different fashion in the 
potential fluctuations: 

CPL = (2kTI7TK2W) 1m (liE) 

cpy.. = kTIEoK2(1 + K2D2) 

cp(rl)cp(r2) = (kTI47TEO) (1- e-rID)/r. 

(3.10) 

(3.11) 

(3.12) 

Here the potential correlation tends to a l/r behavior 
at distances large compared with D. The mean square 
potential fluctuation at any point is 

cp2 = kT/47TEoD = {kT/e)2/87TnoD3. (3.13) 

The space charge density fluctuations are given by 

(3.14) 

(3.15) 

(r> 0). (3.16) 

This expression for the spatial correlation of the space 
charge excludes the singularity at r = 0 which corre
sponds to the coexistence of a charge at rz if one is lo
cated to rl. The correlation function is negative due to 
the character of the coulomb interaction. 

If nand N are the local densities of electrons and 
ions we can write (3.16) in the form 

(r> 0). 

Since the contributions of the electron-electron, elec· 
tron·ion and ion-ion interactions are dependent only 
on charge and not on mass we have for the individual 
spatial correlation of the density fluctuations 

(3.17) 
This result gives the pair correlation in an electron
ion plasma compatible with the Debye-Hiickel theory 
in its usual linearized form. 

The mean coulomb interaction energy per unit vol
ume of the plasma can now be found from these pair 
correlations: 

The kinetic energy density of the electrons and ions 
has a mean value of 

Ukin = 3kTno. 

The ratio of the magnitudes of the coulomb and 
kinetic energy densities is 

(3.18) 

For the plasma to behave like a perfect gas, this 
ratio must be small which requires that noD3 be larger 
than unity. Since D is proportional to n&/2 this im· 
poses an upper bound on the required electron den· 
sity. An equivalent condition is obtained by demand
ing that the RMS potential fluctuation shall be small 
compared with kT/e which from (3.13) also requires 
that noD3 be larger than unity. Furthermore it is 
needed for the validity of linearizing the Poisson-
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Boltzmann equations in the De bye-Hiickel theory. 
Summing up , therefore, we may say that the present 
di scuss ion of coulomb interac tion in the longitudinal 
mode is applicable only if 

no < (kTEo/2e2)3. 

4. Equilibrium Plasma With Collisions 

4.1. Current Fluctuation Spectrum 

Consideration will now be given to an equilibrium 
plasma with electron collision frequency JJ which, for 
generality of presenting the comparison with the col
lisionless case, will be assumed to be an arbitrary 
function of speed. 

The permittivity (to which the ionic contribution is 
neglected) is found from the Boltzmann equation ap· 
proach to be 

21'" a [ 3 ~ E(W) = Eo+ -3e -a' CV + 47TC/o(v)dv. (4.1) mo v LWLW JJ 

Here Jo(v) is the electron s tate occupation function 
and C = 2m3/h3 with the electron density given by the 
integrated occupancy over all phase space 

no = 1'" 47TC v2fo( v)dv . 

Now by the fluc tuation-di ssipation theorem 

l L = (2kT/7T)(- W 1m E) 

for anyone component of the current de nsity. 
gration over frequency gives the sum rule . 

(4.2) 

(4.3) 

Inte· 

(4.4) 

which applies for any damping mechanism with any 
velocity dependence of the collisional relaxation time. 

The connection between the Boltzmann equation 
expression for the imaginary part of the permittivity 
and the current fluctuations is now made without ap· 
pealing to the fluctuation·dissipation theorem (4.2) by 
using statistical microscopic arguments. At this 
point the temperature does not appear and in fact it 
can only manifest itself when the statement that 10 is 
a thermal equilibrium distribution is inserted. 

We start by noting that in a volume V the variance 
of the number of electrons Nv in the velocity interval 
(v, v+dv) is 

using the occupation fluctuation for Fermi particles. 

Th e autocovariance of Nv IS determined by the mo
mentum relaxation time: 

cov [Nv(to)NvCto + t)] = (var Nv) exp [ - JJ(v)t]. 

The v-class c urre nt·de nsity K-spectrum has the auto
covariance 

where the factor 1/3 arises from considering a single 
component of 1. 

Integrating over velocities gives 

(4.5) 

Using the cosine transform to give the frequency spec
trum yields 

(4.6) 

ow for electrons in e quilibrium the occupation 
function 10 is the Fermi-Dirac function 

10= [exp (t mv2 - /L)/kT + 1]- 1 (4 .7) 

where /L is the Fermi energy or c hemical potential. 
We the n have the identity . 

a/o=_ mv 1'(1-1') 
av kT JO JO (4.8) 

so that the c urre nt density fluctuations may be written 

Thus the s tatistical approach and the thermodynamic 
result (4.3) agree as they must. The fluctuation tem· 
perature of the plasma and the kinetic temperature 
of the electrons are therefore identical and this iden
tity has been demonstrated for any arbitrary dependence 
of JJ on v and for Fermi-Dirac statistics. One can go 
further and consider a charged boson gas and the 
same result (4.9) is attained; to do this the + 1 is 
changed to -1 in (4.7) and (1-/0) is replaced in (4.8) 
by (1 +/0)' 

Statements which have appeared in the literature 
that the fluc tuation and electron temperatures agree 
only under suc h restric tive conditions as a Maxwellian 
dis tribution or a velocity-independent relaxation time 
are seen to be erroneous. 
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5. Appendix A. Sum Rules and Spectrum 
Integrals 

(A-2) 

(A-3) 

oo 

L dw(- w Im E) = (-7T/2)Eo(w~ + n~) (A- 4) 

r oo K sin Kr dK =~ -rA 

Jo K2+A2 2 e (r>O) (A-S) 
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r oo sinKr 1Tl-e- rA 

Jo K(K2+ A2) dK= 2 A2 

r oo K3 sin Kr dK =_~ A2 - rA 

Jo K2+A2 2 e 

(r~O) 

(A-6) 

(r>O) 

(A-7) 

(r>O) 

(A-B) 

(r>O). 

(A-9) 

(Paper 69D3-474) 
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