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Previous a nalyses of t he dri ving-point impedance of a small loop in an insulat ing rado me 
immersed in a conducting medium are extended to include t he effect of a permeable core 
loading t he loop. It is shown t hat the effective area of t he loop is increased by a gain factor 
previously derived for t he loaded loop in free space. The effects of t he cond ucting med ium 
in t his factor are negligible. 

1. Introduction 

The insulated electr ic loop an tenna located in a 
dissipative medium was first analyzed by Wait [1952] 
who approximated the loop by an infinitesimal 
magn etic dipole located at the cen ter of a spherical 
radome. La ter , Wait [1957] reinvestigated this 
problem showing that, if the radius of the insulating 
radome is small compared wi th a skin depth in th e 
dissipative medium , then essentially the same results 
are ob tained for a fini te sized loop in the radome. 
In thi paper the problem of a small loop in an in­
sulating radome is r einvestigated to determine the 
effects caused by loading the loop wi th a permeable 
material. 

1 'I'll is lVork was sponsored under Contract Nom 2798(01) (FBM ). 
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F I GU PE 1. Loaded loop antennc~ i n a sphe1'ical ins1dating 
cavity. 

T he surrounding disSipative medium is infill ite ill ex tent. 

The spherical coordinate (1', 8, </J) are used. 
The insulating sphere has a radius 1' = a which is 
small compared to ,t skin dep th in the dissipative 
medium. 'I'he loop is in the 8= 7r/ 2 plane and has a 
radius b::; a. The current in the loop is assumed to be 
uniform. The permeable cor e is spherical with a 
radius c::; b. The relative permeability of the core is 
designated by }J.r= }J. / !1o' (See fig. 1.) 

2. Formal Solution 

A method of analysis is used which is parallel to 
that used by Wait [1 957]. This problem has polar 
symmetry and may be described by the scalar poten­
tial A such that 

Hr=~~(J (A sin (J ) , 
l' SIn v u 

- 10 
FIe= - - (1'A). 

l' 01' 

The other field components are zero. 

(1) 

Since the loop is small and is assumed to have a 
uniform current distribution, the primary field of the 
loop is given by [Wait, 1957] : 
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The following potentials are introduced to take into 
account the effects of the permeable core and the 
dissipative medium. When a:::; r< <x>, 

A - Ib ~ P~(O) T +pl ( 0) len ('Yr) 
r - 2 L..J ( + ) n n cos k ( )' n ~ 1 n n 1 n 'Ya 

(3) 

where "1= CiwJ.l.(J+ W 2J.l.E) 1/2 , the sea water parameters, and 
where k n(z) is a spherical Hankel function defined by 

-z n (n + m)! 
k n(z)= e ~om!(n-m)!(2z)1n' (4) 

When c< r< a, 

(5a) 

where 

'A +=Ib ~ P~(O) S +pl ( O)(~)n, 
1 ? L..J ( + 1) n n cos ~ n ~ln n r 

(5b) 

_ Ib ro P~(O) _ 1 (r)n+1 
rA =2~n(n+l)SnPn (COSO) b . (5c) 

When O< r < c, 

_ Ib ro P~(O) 1 (r)n+l 
rA- 2 ~n(n+ 1) O,P n (cos 0) b . (6) 

The continuity of E <p, and of He, is required when 
r = a and r = c. Application of these boundary condi­
tions determines the coefficien ts in (3), (5b and 5c), 
and (6) : 

3. Discussion of Results 

The electric field in the dissipative medium can 
be written by combining (1) , (3), and (7c) . The first 
term in the resultant series represents the contribu­
tion of the effective magnetic dipole source of the 
antenna under discussion. The other terms in the 
series represent the contribution of higher order 
multi poles which are either zero or small. Thus, the 
equivalent magnetic dipole moment is computed to 
be 

m = SI(l + K I ) { 1+[1-2K1 (D]C'Y;)2+ ... }, 
(8) 

where S = 7rb 2, the area of the loop . Neglecting terms 
of the order of ('Ya) 2 and higher, it is observed that the 
effective area of the loop is increased by the factor 
(l + K I ). When c= b it is observed that (1 +K1) is 
the same as the gain factor computed by Wait [1953] 
for the receiving antenna. This, of course, is con­
sistent with the reciprocity theorem. It is also of 
interest to note that KI decreases as (C /b) 3. This 
indicates the desirability of having the loop wound 
tightly on the core. 

The driving-point impedance of the antenna is 
computed using 

where r = b and O= 7r/2. Thus, 

S - S ( l + K n ) 
n = n l-K"S n ' 

where Zo is the driving-point impedance of the un­
(7 a) loaded loop in free space, and 

On 

Where, 

(2n+ 1)(1 + S ;;- ) 
n(J.l.T + 1) + 1 

(7b) flZ= jwJ.l.]'"'b (A++A- ). 

(7 c) Using (5b and 5c), 

(7d) 
flZ= jwJ.l.o7rb i: (P~(O))2 [ S n(1+2Kn)+KnJ. (9) 

n ~ 1 n(n+ l) 1-KnS n 

When l'Ya l< < 1 then it can be shown that 

(10) 

Then using the approximation that l /(l- z) == 1 + z 
if Izl is small, and neglecting terms of the order of 
S! because they contribute a negligible part to the 
reactance of flZ, (9) becomes 
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Further, 

f1R= W2~:,S2 [ (1+J{1)2+ 2: 0 (1+ J{3) 2 GY+ . . .} 

(l1a) 

AX= w/Lo7rb [K +3J{3+~ T7 + J. 
L.1 2 1 8 128 .n.. 5 ... (lIb) 

The expression Zo + jf1X represents the inductive 
reactance of the loaded loop in free space. The 
term f1R represents the effect of the dissipative 
medium external to the insulating sphere. N e­
glecting terms of (b/a)4 and higher because they are 
small, it is observed that the effective area of the 
loop is again multiplied by the factor (1 + J{j). This 
result is consistent with (8). 

It is remarked that when the permeable material 
is removed then J{n= O. If one notes that the factor 
[P~(O)J2 was inadvertently left out of Wait's ex­
pression, then the expression for f1B given here 
reduces to the expression for f1Z given by Wait 
[1957, eq (15)]. 
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It is concluded that the effective area of a sOlan 
loop in an insulating radorne is increased by the 
factor (1 + K 1) when the loop is loaded with a 
spherical permeable material. The external dis ipa­
t i ve medium does not modify this result to any 
practical extent because the magnetic properties of 
the insulation and the dissipative medium are the 
same. 
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