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The Vl asov equation has bee n solved for the pl as ma reso nance s pec tra of a rea li s ti c model by the 
co nduc tivit y ke rne l me thod. The res ult s give a cleare r pi c ture of the na ture of p las ma resona nce than 
he re tofore availa ble. The calc ulation includes Landau damping a nd does not ) mpose unphysical 
bounda ry conditions. The proble m of chief inte res t here is the sca ll e ring I)f electromagne ti c radia· 
ti on near the e lec tron pl as ma frequenc y from a cy lindrica l plas ma whe n the wave vec tor a nd pola ri · 
za ti on are per pe ndi cul ar to th e c ylinde r axis. Th e plas ma is nonuniform a nd bounded by a s hea th , 
a nd has di a me te r a s ma ll compared to th e free space wave le ngth. Th e sca tt e rin g resonances a t th e 
lowe r frequencies a re produced by c ha rge de ns ity pe rturb a ti o ns concentrated a t rela tively la rge radii . 
But , the prob le m of a pe rfec tl y colli s ion less c ylindric a l p las ma ca nnot be red uced to a one·dimens ional 
proble m without neglec ting some of th e resonances with period ic e lec tron orbit s . It is argued th a t 
weak coulo mb collj sions des troy these " trans it time resona nces," and th a t the problem is adequa te ly 
desc ri bed by keeping ju s t one pe riod of the elec tro n orb it in the ca lcula ti on of the cond uc ti vity ke rne l. 
The cylindrica l proble m the n reduces to the p roble m o f the s tead y, dri ve n, oscilla ti o'ns of a thin o ne· 
dime ns iona l s lab of colli s ionless, Max wellian, plas ma, with a wa ll a t x= 0 which e mit s e lec t ro ns a nd 
absorb s ali eleclJ"ons tha t re turn to x = O. a nd a n insul a ted wall a t x = x", whi ch a lso absorbs e lec tro ns . 
A mode l is used in whic h the unperturbed. e lec tri c fi eld , e ve ry whe re in the pos iti ve x·direc tion, is uni 
fo rm in the plas ma , 0 ", X '" s. and joins smoothl y to a ha rmonic oscillator fi e ld in the s hea th , s '" X '" XIV ' 

T he cond uc tivit y kernels for a la rge num be r uf freque nc ies have been ca lcul a ted , and in ve rt ed , on 
la rge e lect ron ic co mpute rs . The res ult s show tha t muc h of the La nda u da mping whic h de te rmines 
the line s hapes is conce ntrated near the s heath , and the reso na nce fre que nc ies are de te rmined by 
the prope rties of th e shea th and the ne ighborin g regions of the pl as ma. 

1. Introduction 

" Plas ma resona nce" is th e name given by T onks 
[1931 a, b] to the resona nces he found near the plas ma 
frequenc y in a s ys te m consisting of the cylindrical 
positive column of a low-press ure me rc ury arc pl aced 
between a pair of capacitor plates whi ch we re drive n 
by an oscilla tor , wh e n the plas ma axis was perpendi
c u1ar to the electri c fi eld . Pl asma resonance has since 
been found in fr ee-space scatte rin g of mic rowaves 
from the pos itive column [Romell, 1951], in backsca tter 
of 55 megacycle r adiation from meteor trails [Billam 
and Browne , 1955], in th e reflection from the positive 
column placed across a waveguide [Dattner, 1957], 
and in noi se radiation [Lustig, 1964]. Our purpose in 
this paper is to obtain a reasonable theoretical under
standing of plasma resonance in the absence of a 
magneti c fi eld. We calculate the r esponse of a n early 
collision less plas ma to a n externally applied weak 
driving field for freque ncies on the order of the mean 
plas ma freque ncy. We include the nonuniformity of 
the plas ma a nd th e sheath and do not introduce arbi
trary boundary conditions . 

Tonks atte mpted to explain the s tronges t resonance 
as follows: Co ns ide r a s ha rpl y bounded cylind er of 
cold , ne utral , uniform pl asma in free space . Let N 
be the electron de nsity, m th e elec tron mass , and e 

I Most of this wo rk was done a t the Unive rs ity of California at San Diego, and was in
cluded in the author's Ph.D_ thes is_ 

th e magnitude of th e electron charge . A sli ght uni
form di s pl ace me nt , OX, of th e e lec trons wi th res pec t 
to the heavy a nd therefore nearl y s ta tionary ions 
produces a s urface c harge de nsit y - NeoX cos e, and 
a uniform res toring force in sid e the plas ma of - 27T 
Ne2oX. Th e sys te m shoul<i. oscillate a t the a ngular 
frequency w, with w = wp/V2, where Wp= (47TNe2/ m ) I/2 
is the plas ma freque nc y, if the intern al moti on of the 
surface charge is ignored. Tonks identified his 
stronges t resonance with th e res ponse of thi s dipole 
plasma mode to the driving fi eld. The observed 
angular frequen cy was near wp /V2. 

An equivalent model, an infinitely long cylinder, 
whi ch was thin compared to f... = 27TC/W, and had dielec
tric constant 1- W~ /W2, was used to predict the back
scatter from meteor trails [Herlofson, 1951]. The 
experimental results for meteor trail s [BiUa m a nd 
Browne, 1955] are quite interes ting. The a uthors 
were apparently only interes ted in the main peak, 
but their res ults see m to indi ca te th at there may be 
as many as six resonances, while the th eory predi c ted 
one . Tonks [1931a , b] s ugges ted tha t the one or two 
"anomalous" reso na nces he observed were caused by 
the nonuni fo rm electron density a nd nonzero plas ma 
te mperature . Theoreti cal work since Herlofson's 
paper [1951] has been direc ted toward taking adequate 
account of these two conditi ons. The theory [Herlof
son , 1951] also predi cted th at the scattering width at 
resonance would be 8f.../7T, where the scattering width 
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DI SC HARGE CURRENT, I 

F I GURE 1. Microwave reflection from a positive column placed 
across a waveguide; taken jimn Dall fl er [1957]. 

was defined as the diameter of a cylinder which would 
absorb and then reradiate isotropi cally all of th e radia
tion incident on it , and produce the same backscat
tered intensity as the actual scatte rer. Romell 
[1951] found that at A. = 30 cm, a 3.2 cm di ame ter 
cylindrical di scharge plasma gave backscatter inte nsity 
at the first resonance which was 0.8 that of a long flat 
copper strip which was 15 c m wid e_ At least the first 
two resonances excited by plane waves are essentially 
pure dipole modes [Boley, 1958], as required by the 
theory. Higher multi poles have been excited by 
other driving fi eld confi gurations [Parker , Nickel, and 
Gould, 1964]. 

Dattne r [1957, 1963] has experimented with the 
cylindrical positive column of a mercury arc placed 
across a waveguide with its axis perpendicular to the 
E-vector. He has de mons trated th at there are often 
six or seven resonances (fi g. 1). The s trongest falls 
at the highest arc c urrent (lowest w/wp ) , and they form 
a regular seque nce . Dattner also introduced the 
concept of the "series limit," i. e ., a definite upper limit 
on the resonance frequencies. 

The s tpacly sLate s tructure of the positive column 
and sheath is only beginning to beco me well under
stood [Ott , 1963; Self, 1963]. Where characteris ti cs 
of the steady arc are needed we shall use experimental 
data [Gabor, Ash, and Dracott. 1955; Giprke, Ott , 
and Schwirzke, 1961; Harp and Kino, 1963J. 

The kinetic theory of plasma resonance is developed , 
in section 2, by the conductivity kernel method. For 
comparison with the kinetic theory, the adiabatic 
fluid equations are solved in section 3. The fluid 
theory is unsatisfac tory for calculating the elec tri c 
fi elds. Nevertheless, with a carefully chosen boundary 
condition , it is capable of predicting the resonance 
frequencies. 

we have solved , and sections 2.6 and 2.7 are descrip
tions of the numerical solution and the results. 

2.1 . Conductivity Kernel Equation 

Maxwell' s equations, 

V · B = O, V ' E = 47TP , 

and 
c V x B = 47Tj +aE/at , (1) 

c V X E =- aB/at, 

with the usual symbols, (Gaussian units except j, 111 

esu ; i. e_, j= Nev), imply the general wave equation 

V 2E _l a2E = 47T aj + 4rrV . 
c2 at2 c2 at p (2) 

Conductors and dielectrics external to the plasma 
could be included by using the cons titutive equations 
[Panofsky and Phillips, 1962], but have no fundamental 
role in plas ma resonance. 

The source terms are rela ted to the di stribution 
func tion Fs of species s (where s = ± stands for singly 
charged ions or electrons respectively) by 

The identity 

j = e ~ s !-,""" V Fs(v)d3v, 

P = e 2: sf"", Fs(v)d3v. 
s 

(3) 

It dFs(X' , V i , t ') d I 

F,(x, v, t) = Fs(xo, Vo, to) + d It , (4) 
to t 

where the set of points (x ' (x, v, t'), V i (x, v, t ' )) lie on 
any continuous path S through (x, v), provides the con
nection with the kineti c equation , 

dJcs = a:s I co lli sions, (5) 

where S mus t now be the mean path in phase space of 
the particles in a small neighborhood around (x ', V i) . 

Consider small , oscillatory perturbations about the 
s teady state, 

2. Kinetic Theory of Plasma Resonance 

Drummond , Gerwin, and Springer [1961] have de- where 
rived a general integrodifferential equation for weak , 
oscillating electric fi elds in a collisionless plasma. 

Fs = NoJos + !se - iwt , 

(6) W e give a simple derivation of the conductivity kernel 
equation , for cases where the perturbed magneti c 
field may be neglected , in sec tion 1. Sections 2-2.5, and 

describe the simplifications which lead from the 
cylinder problem to the one-dimensional problem that 
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whe re A = E, B , j , or p , and where Nos(x ) is the un
perturbe d density , and where w is of the order of the 
e lec tron plasma frequency_ 

In the discharges where resonance has been ob
served, the frequency of momentum change by colli
sions is very small compared to the plasma frequency 
so we tentatively write the lineari zed Vlasov equation 
for j~, 

df;; se j' ( 
-d = - - EI - V vjOs x, v)Nos(x). (7) 

t ms 

Colli s ions ac utall y play an important role, which is 
described in sec tion 2.7. We have neglec ted the 
v X BI le term on the right-hand side of (7), which is 
valid for high frequency modes or for isotropic los. 

The zero order part of the se t of equations (2) to (5) 
is co mplica ted by th e colli s ion terms. We ass um e 
so luti ons of thi s se t, a nd li se ex perimental data [Gabor , 
Ash , and Draco tt , 1955; Gie rke, Ott , a nd Sc hwirzke, 
1961 ; Hal' p and Kino, 1963] whe n numbers are needed. 
Thi s process is consis tent onl y if no hi gh frequency 
phe nome na play an esse ntial part in dete rmining th e 
meas ured "s teady-s tat e" [Gabor , As h , a nd Draco tt , 
1955; Oil , 1963]. 

Subs titutin g eq (7) into (4), e q (4) into (3) and eq (3) 
into (2) , we ob ta in the foll owin g linea ri zed e quation 
for E 1(x) : 

where w; = 47TNose2 Ims. The qu a ntItI es x '(x , v , t') , 
v '(x , v , t ') are the position a nd veloc ity a t time t ' on 
the orbit that goes through (x , v) at t' = t. Equation (8) 
assumes the initial co ndition s 

j~(x, v , to ~ - 00) = 0, (9) 

so we must follow the Landau conve ntion [Lan dau, 
1946; Thompson, 1962] with respect to a ny poles in 
th e integrals in (8). Let Xi(V) be a particular direc tion 
such that v; -# ° exce pt a t isolated turning points , and 
write ell' as dx; lv;. Let p be the number of times 
(counting bac kward in time from t ) that the orbit 
throu gh (x, v, t ) has passed thro ugh a particular x;. 
The path integra l along each passage of t he orbit is 
ex pressed as a s pace integral by writing the integral 
as a set of delta fun c tions located on the orbit , i.e ., let 

(10) 

where x~ is in th e plan e pe rpendi c ul ar to x; at the 

position x' on th e o rbit , ~i. III is the turnin g point,and 
u(x; - Xi , tp) is a s tep func tion s uc h that the amplitude 

is zero beyo nd the turnin g point , a nd whe re we mll s t 
take e - i w(r' - r) to be nons ingu lar at th e off-orbit po int s 
whe re it is unde fin ed. Also define 

(Jpi = V;( X , V ; x ', p)/v;(x , v; x ', 1), (11) 

which is either of ± 1. Now writ e the orbit integra l 
as a s pace integral 

- '" . (E ( ') . j' ( ') - iwl' 2 ( ') 1. d1 ' - L... (Jp , . I X V c'lOs V ~ Ws x , x, 
Il J Vi 

(12) 

where the integral ex te nds ove r all regions which are 
reached by any electrons, i. e . , the limits of the space 
integration are inde pende nt of velocit y. 

Using (12) in (8) and exchangin g the order of inte
gration gives 

(13) 

where 

:rex; x') = L L: 
s, }J 

. d3 
(J ( V - LW v)e:- iwU '- r)w2(x ' ) V 10~' (14) 

P' e2 _, S v s V ~ , 

Equation (13) is the co ndu c tivit y kernel equation 
[Drummond , Gerwin , a nd Spri nger, 1961]. 

If the plasma thickness, a, in the direction of the 
dominant field s is very small, i. e ., ka < < 1, where 
k = w/e, then we may describe the processes inside 
th e plas ma by the s tati c approximation, V X E, 
= 0, BI = 0, most easily obtained by setting l/e= O in 
Maxwell's equations. The n , since 

we have 

which, when combined with Poisson's equation, 
indicates that th e wave equation, (2), splits into two 
separate equations, 

and 

Equation (13) splits similarly, the more useful eq uation 
being 

E, (x )= f Y' (x ; x') . E,(x')d3x', (13') 
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where 

Sf'(x; x')= -i 2: Joo O"pi';eiiw(tl-t)w~(x')Vv:fosd3v. 
W - >CO V.-

S. fJ' (14') 

If EI = Ep + Ed, where Ed is a driving field with sources 
far outside the plasma, only Ep can satisfy the electro
static approximation, and since Ed satisfies the free 
space wave equation , (13') becomes 

Ep = J Sf'. (E,,+ ErM3x'. 

The electrostatic approximation is valid whenever 
the charac teristic le ngth is short compared to the 
free-space wavelength. 

2.2. Positive Column, w "" w_ 

In the positive column the electron di s tribution 
function jo:' , is observed to be very nearly Maxwellian 
[Lan gmuir, 1925; Gabor, Ash, Dracott, 1955] so that 
/o- w~ is invariant on th e unperturbed orbits, which 
simplifies (14). He nceforth we consider only high 
frequencies, 

W = w_ > > W + , (15) 

and neglect the ion contribution,:J:. Then with the 
Maxwellian distribution 

/0- = (/3i'rr)3/2e- {3v2 , (16) 

the conductivity kernel becomes 

3(x; x') =- 2w~(x) 2: J:oo O"pi 
p 

and in the electrostatic limit the kernel is 

Sf' (x; x') = 2i/3::'(x) 2: O"jJ' L: ,,:,,' ~iiw(tl_ tlJo _(v)d3V. 
p 

(17 ') 

2.3. General Method of Numerical Solution 

In the above form, (13) corresponds to a boundary 
value problem. The problem can be changed to a 
system of linear equations, which in principle can 
always be solved numerically. In the experiments 
the externally supplied driving field, Ed, is always 
known. Split E into 

where Ep is due to sources in the plasma. Then (13) 

becomes 

since Ed satisfies the free-space wave equation. 
In matrix notation (19) has the form Ay = b, with 

solution y=A- l b, where 

where Xl , X2, ... exhaust the space of x . The in
homogeneous terms, b, is constructed from the driv
ing term in (19) and has the same labeling arrangement 
as y. The matrix A is a 3 X 3 supermatrix 

A = [Aij], 

where the matrices Aij are, with I, m, being the labels 
given to points XI, X1/!, and i, j being the labels on the 
components of E, 

[A ij] lilt = Oij ( ~: 01111 + LIII1).- [§ij] I 111 , 

where L llIlEj is a difference representation of \J2Ej . 

In principle A and A- I can be formed numerically 
for any system, e.g., cylindrical geometry. But in 
the cylinder problem (with no z-dependence), .9""has 
four components, each of which is a complex array 
formed by integration over two-dimensional orbits 
and is expensive in computer time. Inverting A is 
also expensive, since it would necessarily be quite 
large. In the following two subsections we reduce the 
problem of the low-lying dipole modes of a thin cylin
drical plasma to a one-dimensional problem, which 
we have solved numerically. 

2.4. Transit Resonance and the Coherence Length 
of an Orbit 

Drummond, Gerwin, and Springer [1961] pointed 
out that the orbit integral could have poles which arose 
from the resonances between the orbits and the fields. 
These transit poles arise whenever wl2rr is a harmonic 
of the transit frequency liT, where T is the period of 
the particle orbit. For a slab of width L, with zero 
magnetic field and reflecting walls , T= 2L/v. In a 
magnetic field there are transit time poles at the cyclo
tron harmonics, and their effects have appeared in 
experiments [Bekefi, Coccoli, Hooper, and Buchs
baum, 1962]. However, they do not appear in the 
ionosphere backscatter experiments [Bowles , private 
communication]. The apparent reason has been given 
by Dougherty [1964], who solved a model Fokker
Planck equation, and found that the leading effect 
is not a simple collisional damping [Comisar, 1963], 
but rather a term which tends to des troy the poles. 
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Consider a collisionless syste m in which all orbits 
are periodic. Go back to (12) and sum over successive 
periods of the orbit, which are ide ntical except for a 
phase Lictor eipwTo, where To(x, v) is the transit time on 
the collisionless orbit. Then the orbit integral becomes 

L" Et(x') - Vdos(v')e- iwt'w;(x')dt' 

= (~ eillWTo) fTo Et(x') . V dose- iwt'w;(x')dt', (20) 
o 

where the integral includes one complete period of 
the orbit. The transit time poles arise from the sum 

~ eillwTo = 1/(1- eiwTo). 
o 

(21) 

Since we have already adopted the Landau [1946] 
co nve ntion , we may ass um e a n infinitesimal positive 
imaginar y part of w to force thi s. s um to converge to 
(21). The tran sit time poles are at 

m = O, 1,2, . (22) 

Note that the conductivity kernel equation beco mes 
exact if we integrate along exac t unpe rturbed orbits 
including colli s io ns . The condu ctivity kern el e qua
tion the n beco mes equivalent to the single particle 
Liouville equation. Each orb it integral may be re
placed by an average over many trials of the orbit. 
We assume it is s uffi cient to include only random, 
weak , coulom b colli s ions, so that the exact orbits 
are only slightly differe nt from the collisionless orbits 
over times short co mpared to the relaxation tim e, 1/vo. 
Then the magnitude of th e left-hand side of (20) is 
less than 

" L ( eillwTlle ) J rn ax(x, v) , (23) 
11 = 0 

where I rnax(x , v) is the se t of maximum values attained 
by the orbit integral over one period of the orbit, in
cluding points x' not reached on the collisionless orbit, 
and Tne is the transit time on the nth passage of a trial 
of the collisional orbit. We may reasonably expect 
that only the first ' term in the sum in (23) will be im
portant if the Tne's have a spre ad, 1::,. T , satisfying 

(24) 

For v on th e order of Vth , and voT < < 1, we have the 
approximate r elations 

6. T 6.v -- = -
T v 

and 

\l v = voTv, 

which imply that 

6. T= voT2 

for weak collisions. Let T= Te when the equality in 
(24) is satis fi ed. Then 

_ (27T)1 /2 Tc - - . 
wVo 

If 6. T is the width of a Gaussian distribution of orbit 

times , we find that ,~ (einwTnc) = ~ e-yn2+inwTo, where 

y = (wvTU2)2, When To > Te all but the first term in 
the sum are negligible , which supports (24). 

For a plasma which is thi ck compared to a Debye 
length , LD, 6. T may be much less than To and still 
sati sfy (24) for all electrons except those with such 
hi gh ener gies tha t their number can be neglected. 
The co ndition for the existe nce of transit time poles 
is that the "co herence le ngth " of th e orbit must in
clude many passages. This require me nt is not sat
isfied by low-pressure mer cury arcs with no or weak 
magne ti c fi eld or by th e ionosphere [Dougherty, 
1964]. With Le = (7Twp/vo)l/2L D we find Lc= 102LD for 
Dattner' s data l1963], usin g s tan dard es timates of the 
mome ntum changing frequency due to we ak coulomb 
colli sions, Vo. 

However, we need not abandon the conducti vity 
kernel formulation for the Fokker-Planck equation. 
The r ange R, of the kernel is short compared to typical 
orbit coherence le ngths for almos t any interes ting 
plasma. To zero th order in R ILe we may neglec t 
collisions duri ng the firs t passage from x to x' . Since 
the size of the plas ma is man y De bye le ngths, eiwTo is 
a rapidly oscillating function of v; the con tribution to 
the kernel of an y given passage after th e first is very 
small. Even if Le is several times the plasma size 
the kernel will not be significantly affec ted by any 
but the first passage. We simply drop the hi ghe r 
passages on the orbit. Thus , while collisions now her e 
appear explicitly in our conductivity kernel, they play 
a very important role in determining its form, and thi s 
is in spite of the fact that by the usual criterion, 
Vo < < w, collisions may be neglected. 

2.5. Reduction of the Cylinder Problem 

The highest noticeable resonance is generally ob
served to fall near the plasma frequency at the cente r 
of the discharge tube [Dattner , 1963; Schmitt , 1964], 
a nd the so-called "main" resonance, a t roughly 
[Dattner, 1963] 0.4 of the hi ghes t plasma frequency 
(we have assumed that the average electron density 
is approximately one-half of the maximum). Th e 
lowes t modes should be concentrated a t relati vely 
large radii, where w = wp(r). Their charac ter is esse n
tially one-dim e nsional for low-multi poles and long 
wavelengths in the z-direc tion, provided that transit 
time resonan ces are destroye d by fluctuations. 
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Consider the scattering of plane waves by a thin, 
infinitely long, cylindrical plasma with z-symmetry. 
The driving field is 

or 

Ed=(r cos e+ B sin e) [cos (kr sin e)+i sin (kr sin e)]e- iwt , 

(25) 

where r, e, are cylindrical polar coordinates and x, y 
are rectangular coordinates in the r, e plane, with z 
along the cylinder axis and e = 0 on the x-axis. 

For a thin plasma of radius a < < A, where A is 
the freespace wavelength, we have kr";; ka < < 1. 
In Dattner's experiments [1963] ka ranges from 0.08 
to 0.33. Write 

(25') 

and neglect terms of order kr for r ";; a, while retaining 
the full wave equation for r > a. This has been called 
the quasi-static approximation [Kaiser and Closs, 
1952]. To zeroth order in ka the conductivity kernel 
equation is (13'), where the kernel is given by (17') 
without the sum over higher passages: 

,jJ (. ') = 2if3w:{x) J 00 vv' I' ( ) - iw(t' - tj'l 
..7 x, X , J 0- V e . dv 

W - 00 Vi _I (17") 

From the symmetry of the unperturbed plasma the 
e-de pendence of .Y at fixed I' must be of the form 
g(e' - e) , which is suffi cient to guarantee that driven 
oscillations have the same multipolarity as the driving 
field. Therefore, to zeroth order in ka the field s are 
pure dipole modes , 

(26) 

or 

V' Ep =( fff' + ~+~) cos e =- 47TeN1(r) cos e . 

To zeroth order in ka [see the discussion above (13')] 

sin e " V X Ep =-- (E+ rE '-<ff)z= O. 
I' 

Le t AI' = E/E' be the characteristic length and assume 
(as we have done ever yw here in the static approxi
mation, and as is verified by the results) that Ar/a < <1. 
Then to lowest order in ka and Ar/a 

E'=<ff/ r, 
and 

E= @(Ar/a). 

Without transit time poles the terms of order Ar/a 
may he neglected when we substitute (26) into (13'), 
i.e., the off-diagonal kernel Sr(J does not contribute 
to the equation for <ff because E is small. 

Since the range, R, of the kernel in any direction 
should be only a few Debye lengt hs. the e' dependence 
may be expanded, 

cos e' = cos e + @ (R/a)2. 

Neglecting the term @ (R /a,/, the cos e dependence 
can be cance lled out of the conductivity kernel equa
tion for all e such that cos e> > ka. 

By choosing Xi = r we can now do the e' and z ' 
integrations immediately [see the definition of fjiw(t' - tl 

(10)], and obtain the one-dimensional equation 

<ff(r)= i":£(r; r') (@"(r' )+Ek'))dr', (27) 

where 

(28) 

where §,- iuJJ'- tl is just a step function at the turning 
point multiplied by e-iol,t' - t). The orbit times, t' - t, 
are now calculated in a one-dimensional potential, 
the corrections being (/j (R/ a). 

For a given energy there are two terms in (28), 
one connecting I' and 1" directly, the other connecting 
them through a reflection from the nearest turning 
point. The kernel is symmetric . 

For r? a we have 

(29) 

The appropriate sol ution of (29) must be chosen by 
requiring continuity of Ep at r = a. Therefore a meas
ure of the scattered radiation is 

fa @"(r) ro 
E(a) = -=- dr + E(ro) -=-. 

1'0 a ro a 1'0 
(30) 

If the radiation does not penetrate significantly into 
the plasma beyond 1'0, then 

1 fa 
E(a) = e 1'0 <ff(r)dr, (31) 

h h d . E(ro) h d" fi ld so t at to zerot or er 111 E(a) t e ra latlOn e s are 

proportional to the "dipole moment ," 

D = J.: <ff (r)dr. (32) 

The outgoing wave solution of (29) for the e-component 
of Ep is. 

(33) 

where k = w/c and H\l ) is the Hankel function of type 1. 
The boundary condition is 

E(a) = D/a. (34) 
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The average powe r r adi a ted away per unit le ngth is 

P rad = Ii m (rE2(r))/4. (35) 
r ---7:C 

Defin e the incid e nt power as 

Pine = 2aE~/47T, (36) 

and defi ne the dipole scattering width, d, by 

d = aPraJPinc. (37) 

The dipole scatterin g width is one half of Herlofso n's 
isotropi c scatterin g width . For s mall ka the firs t 
term in the· asymptotic series for HIt) gives A, and the 
scattering width is given b y 

d 7T ? DD* 
-=- (ka)--· 
a 4 a2 

(38) 

The approximations we have made to red uce the cylin · 
del' problem to a one·dimensional problem corres pond 
to th e following model, in whi c h it is ass um ed that the 
y, z dependence of Ed can be neglected: The slab of 
plasma is bounded by a Rat inne r wall at x=o and a 
Rat insulatin g wall at x=w. T he inner wall emits a 
half·Maxwelli an distribution of elec trons a nd absorbs 
all electrons whi c h strik e it. A sheath is built up on 
the in sulating wall. T he infinitely massive ion s are 
distributed in s uch a way as to sati sfy Poi sson's equa· 
tion. This model could be duplicated very closely 
if the imler wall were a hot tungsten plate e mitting 
cesium plasma. 

It is conve nie nt to scale (27) a nd (28) by meas urin g 
di s tances in De bye le ngth tim es v2 and time in plas ma 
periods. Le t x = 0 be an arbitra ry pos ition, a nd le t 

The scaling is 

Lv = (2kT/ meJi,(0))1 /2. 

x~ xLf) , 

l - t' ~ T/Wp(O), 

CPo ~ - kTcpo/e, 

E ~ - kTE/Lf)e , 

W ~ wp(O)n , 

(39) 

where 'Po(O) = o. We will usually pick x = 0 at th e 
inner wall. The scaled longitudinal ke rnel becomes 

e- <po(x) J X . + ' 
K(x, x') = -. -- e- W L ~'fh(x, w, - , x )dw, (40) 

£nv:;;. 0 ± 

where ± is th e sign of v. Note that , since CPo(x) + w = Wo 
is invariant on th e orbi t , the kern el is sy mm etric. 

The ins ul ating wall whi ch confin es the pos iti ve 
column is not include d in the co ndu c tivit y kern e l as 
writte n above. Unpert urbed orbits with e ne rgy above 
th e Roating pote nti al do not re turn to th e plas ma, whi ch 
is acco unt ed [or by not includin g orbit s afte r they 
have hit the wall. The oscillating e lec tri c fi e lds will 
ca use so me e lec trons to reach the wall even thou gh 
the ir unpe rturbed orbits do not , and vice versa. Thi s 
cau ses a perturbation in the number of re Rec ted orbit s 
a nd th erefore in the c urrent and th e electric fi e ld. 
Le t vc(x) be th e velocity of an e lectron whose unper
turbe d orbit reaches the wall with v: = 0 , i.e., 

(41) 

To first order in the perturbation OVe of Ve, th e per
turbed c urre nt at (x, l ) du e to pe rturbations in the wall 
c urrent is 

(42) 

Integratin g along th e unpe rturbed orbit 

wh ere the orbit s tarts at the wall. Because we drop 
a ll tra ns it time reso nances ovc is nons in gul a r. Th ere· 
fore 

(44) 

whic h may be neglec ted if we co nsid er o nl y w' s s uc h 
that th e osc ill at ions a re conce ntrated in reg ions whe re 
exp ( - f3v~(x)) < < 1. In the plas ma ex p ( - f3'0..) 
= f!J(m/m+)1/2. 

A s imilar one-d im ensional proble m-driven osc il · 
la ti ons of the s heath on a se mi -infinite unifo rm 
plasma- has bee n so lved num eri call y by Pavkovi c h 
[1963] for fre quencies w < wp(s). The properti es of 
thi s sys tem and the non-uniform plasma with a sheath 
a re very different. 

2.6. Numerical Solution of the Conductivity Kernel 
Equation 

The nume rical solution of the conduc tivit y ke rn e l 
equati on was performed on the co m pu te rs of th e 
Universi ty of Californi a a t San Diego a nd th e Na
tional Cente r for Atmospheric Researc h. On e pro
gram formed the condu c tivity ke rn e ls a nd s tored th e m 
on magne ti c ta pes. A second progra m read th e ke r
nels from the tapes, called a s ta nd ard s ubroutine whi c h 
inve rted th e ke rnels by the Gauss-J ord a n me thod, 
and formed th e soluti on, E". 

Efficiency of th e inve rsion program required that 
the matrices need ed for the inver sion be s tored en-
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tirely in memory, which limited us to about 70 points 
on the x-axis . Actually, 61 points were used, and this 
was very sati sfactory. For several reasons effi ciency 
decreased especially rapidly for errors in the kernel 
of less than a few tenths of one percent , so errors were 
held to that level. The resulting errors in Ep ran ge 
from less than one percent to a few percent. The 
calculation required one hour of machine time for a 
batch of 20 values of D. 

All integrations we re done as simple sums. When 
the path le ngth , x - x', was long, the phase , DT(X, v; x') 
so metim es vari ed by eve n more than 211' between 
neighborin g values of v on the integration mesh , so 
that e ve n though the mechanics of the integration were 
unchanged (si mple s um) those portions of the velocity 
integration were ac tu ally done by sampling [Me yer , 
1954]. Accuracy of the integration was c hecked both 
by examining the convergence of the kernel and the 
fields as the ste p sizes were made s maller , and by 
comparison with the Landau ke rnel [Pavkovich and 
Kino, 1963; Pavkovi ch, 1963] in the case of very weak 
fields. 

2.7. Results From the Conductivity Kernel Method 

Experimental data [Gabor , Ash , and Dracott , 1955; 
Gierke, Ott, and Schwirzke, 1961 ; Harp a nd Kino, 
1963] on arc structure was used as a guide, but be
cause of considerable uncertainty in the plasma 
frequency at the sheath edge it was necessary to try 
various values of the stead y fi e lds. Since the fi eld 
meas ure ments and plas ma resonance experiments 
have not bee n carri ed out on the sa me plas mas, 
there was no point in searching for steady fi e ld s 
whi ch would give D(D) closely rese mblin g, sa y, Dat· 
tner 's c urves . 

All of the sys te ms studied had a co ns tant fi eld , Eo , 
in th e plas ma, s moothly joined to a harmoni c oscil
latur fi eld , (x - xo)Df" , in th e sheath , where Xo < s is 
suc h that Eo=(s-xo)D;" . We give result s for two 
sys te ms whic h diffe r in Eo , fl.,,, , a nd thi ckn ess . With 
Eo a nd Ds" scaled to the sheath edge, sys tem 1 has 
Eo= 0.121 , D,,,= 0.746, whic h is a reasonable fit to 
Gabor, As h, and Dracott [19551 data . Sys te m 2 
has stron ger fi elds, Eo = 0.232 and fl.,,, = 1.93. The 
relative s hea th stre ngth, D,~,, /Eo , is about three times 
greater th an in syste m 1. Sys tem 1 is relatively 
thi cker, i. e., over the full range of D the total oscil
latin g fi eld has in signifi cant pe netration to the inner 
wall ; but sys te m 2 is da mped by the inner wall if 
D > 0.40. 

The most important charac teri sti c of the oscillations 
excited in the plasma is the magnitude of the dipole 
moment, 

D", = (DD*)1 /2 (45) 

The energy stored in the macroscopic variables at any 
time is equal to the amplitude of the field energy, 

(46) 

The rate of dissipation of e nergy mu st balance the 
power absorbed from the external fi eld; i.e., 

(47) 

or 

P di ss = - DEdI mD /811' , (48) 

for uniform E(/. The number of cycles required to 
di ssipate the macroscopic e nergy, ~, would be 

(49) 

and the phase shift of the scattered radiation is8=tan- 1 

(ImD/Re D). Fi gures 2a and 2b are plots of S , Dill, 
ImD, Q, 8 vers us D for sys te ms 1 and 2, res pec tively. 
The frequencies are scaled to the plas ma freque ncy at 
the inn er wall. Both systems sh ow peaks in the 
dipole mome nt. 

System 1 is the more interesting. The dipole mo
ment and e nergy have two strong resonances and at 
least two more weak peaks. Th e strong resonances 
occur at nearly the same frequencies for both Sand D. 

Calculating the scattering width at the first reso
nance from (38) we find 

d /A = 8.5(ka)2 , 

where we have set a equal to the thick ness of our slab 
of plas ma. At ka = 0.3, which is certainly near the 
upper limit for the quasi-static approxim ation, d/a = 15, 
or d jA= 0.7. For ka = O.I, d/a =5 and djA= 0.08, 
and eve n ka = 0.05 gives d/a = 2.7 , d/A= 0.02. A 
cylindrical plasma corres ponding to system 1 would 
certainly have d/a > 1, and might co me within a fac tor 
of two of Herlofson's cold plas ma result , d /A = 4/11' , 
which was obtained as the radiation damping limit. 

The relative damping, ~ , is un correlated withe, 

but the coupling to the driving fi eld , D, has sharp peaks 
at the resonances. In thi s sense plasma resonance 
is due to maxima in the coupling r a ther than the other 
possibilit y, minim a in th e da mpin g rLea ve ns, 1963 1. 

Fi gure 3 shows Ep for several values of D. Beyo nd 
the second node of Ep the extre ma are very weak , 
because of Landau damping. The damping may even 
be large for the firs t half-cycle of Ep if it falls near the 
sheath edge, because the electrons refl ected from the 
sheath tend to be out of phase with the unrefl ected 
electrons [DSh = 0.75Dp(s)]. This is apparent in the 
kernels , three rows of one of which we show in fi gure 
4. The two rows with the diagonal far from s are simi
lar except for a scale factor. 
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FIGURE 2. Macroscopic energy, dipole moment , imagin.ary part of 
th.e dipole moment , qu ality, and phase shij i versus n for: (a) 
System I; (b) System. 2. Scaled to plasma ji-equency and Debye 
length at x = O. 

Dri vi ng fie ld = I. 

System 2 has one st.rong reso nance and two weak 
reso nances . Above 0 = 0.40 th e fi e ld pe ne trates to 
the inner wall , whi c h appare ntl y causes e nough damp· 
ing t.o preve nt a ny more peaks [rom occ urrin g. Multi
plying the freque ncies in sys te m 2 by Iwo will scale 
them to the same base as those in sys te m L The 
positions and s pac in gs of the peaks are quite different 
from sys te m L The 0 (0) c urve has even less relat.ion
ship to the D(O) c urve . The first resonance is weaker 
than in sys te m 1, but co uld still have d/a > 1 for reason
able values of a and k. 

We have studied several other sys te ms with stronger 
steady fi e lds. One of the m was a ve ry thin system, 
so that the totaIE=Ep+E" penetrated to the inner walL 
All s howed well defin ed peaks in 0 (0 ), but none had 
the strong reso nances of sys te m L Th e e ffec t of a 
stronger fi eld on the elec tron orbit s is to decrease 
t(x, v; x'), lowering the minimum velocity for whic h 
wt < < 21T", and thereby enhancing the imaginary 
part of [( near the diagonal and weake nin g th e real 
part , so more dampin g is to be ex pected with stronger 
fields. 

We would like to e mphasize the followin g: 

Any relations hip betwee n the first resonan ce fre
que ncy and th e average plas ma frequ ency is purely 
an acc ide ntal consequence of the form of th e un
perturbed plas ma. This is clear because the portions 
of the plas ma into which the fi eld s do not penetrat.e 
can be modified freely without affecting the calcula
tion. This implies that the partial success of cold 
plasma theories [Tonks, 1931a, b; Herlofson , 1951; 
Crawford, 1963] in describing the first resonance is 
also accidental. There is no difference of kind 
between the first and higher resonances. It is 
especially worth emphasizing that all of the resonances 
come from a single model, and one should not add a n 
extra cold plasma reso nan ce to the resonances found 
from kine ti c theory or Auid theor y [Crawford , 1963]. 
There is nothin g fundamental about th e seri es limit 
[Dattner, 1963; Crawford, 1963J. The highe r reson
ances produce relatively weak c han ges in the dipole 
mome nt because of Landau da mping. Furthe rmore, 
the Landau damping can be expec ted to increase wh e n 
o is greater than the larges t plas ma freque ncy. Th ese 
two effe cts presum ably bring resonances above the 
"series limit" down to an undetectably small ampli
tude. 
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FIGURE 3. Real and imaginary pa.rts ofEp versus position. 
System 1. 

3. Adiabatic Fluid Theory 
In this section we, (1) sketch the derivation of a 

linearized fluid-type equation of motion by the usual 
procedure of taking moments of the electron. Vlasov 
equation and terminating the . set by .mak},ng the 
adiabatic approximation; (2) consider possIble bound
ary conditions" on the fluid equation; and (3) calculate 
resonance spectra. 

3.1. Fluid Equations for Electrostatic Oscillations 

The first two moments of the Vlasov equation are 

aN at + v . (N < v » = 0, (50) 

If) 
N 
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FIGURE 4. Three rows of the conductivity kernel. 
fl = .255. Syslem I. 

where N is the electron density, and 

60 

(51) 

(52) 

In what follows we use v = < v > + u , < u > = 0, 

< vi > = < vi > + < ui > , u2 = 3 < u.~ > . (53) 

The set of moment equations is terminated by taking 
the second moment equation and setting < UiUjUk > 
= o. The same approximation is made more easily 

by the adiabatic approximation (:t + < v > . V) 
(PN- Y)=O , with y=3 since only one degree of ~ree
dom is involved. Linearizing the moment equatIOns 
and using Poisson's equation we find the equation of 
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motion for one-dimensional proble ms, 

(54) 

The nor mal form of (54) is 

(54') 

where 

and 

(55) 

To derive (54) from the mom ent eq uations , terms in 
Vo, \l vo, and \l u2 are neglec ted . For the elec tron s th is 

It may be, however, that we ca n find approximate 
cond itions for resona nce which would be used in th e 
sa me way as boundary co nditions. The condu c tivit y 
kern e l so lutions s ugges t that we might be ab le to 
predic t reso nan ce freque ncies with the fluid equation s 
by us ing th e E1 (s) = 0 boundary co ndition in th e 
prob le m of free osc illation s, but that only th e odd eige n
valu es are resonances. For slowly varying amplitude 
(as a fun c ti on of D) thi s corresponds roughly to maxi 
mum dipo le mome nt. The resonance splitting is 
twice that given by a ri gid wa ll boundary condition 
a t th e shea t h edge. 

3.3. Resonance Spectrum 

In the domain 0 ~ x ~ s, th e coe ffi cie nt p2 in (56') 
is rela ti vely slowly vary in g a nd for weak fi eld s the E~ 
a nd E~ te rm s may be neglec ted , only the variation of 
Dp being signifi cant. The fr ee osc illa ti on equation is 

y" + ~ (D 2 - D~(x))y = 0, (57) 

is justified to within a few kT (potential drop) of the wh ere 
insulating wall. The fluid eq uation scales with the 
Debye le ngth. The same scaling used in section 2 
gives 

E lf EE' +~(fl2 _ fl2+E') E _~ fl2E fJ + 0 p 3 H Hp 0 P - 3 Hp . d, (56) 

or 

(56') 

Different fluid equation s are so metim es ob tai ned by 
the isotherm al approx ima tion or by makin g th e adia
batic approximation in the laboratory reference fram e. 
The differences can be important. For exa mple, if 
cpo is a " harmoni c oscillator pote nti al th e requirement 
that Ep b e zero at infinity gives a co ntinuous spec trum 
of free (Ed = 0) oscillatio ns for (54), but a discrete 
spectrum for th e similar equation obtained by making 
the adiabatic approximation in the laboratory frame 
[Weibel , 1960]. The latter result disagrees wi th 
res ults obtain ed from the Vlasov equation [Weibel, 
1960]. It is well known that the adiabatic fluid 
equa tions can give reasonable values for the splitting 
of th e r esonance frequencies [Gould , 1960; Leavens 
and Abramoff, 1961; Fejer, 1962; Crawford, 1963; 
Leavens , 1963; Nic kel, Parker, and Gould , 1963; 
Weissglas, 1963 ; Hoh, 1964]. The conductivity kernel 
soluti ons suggest a " resonance condition" which we 
apply to the fluid equatio ns in the next section. 

3.2. Resonance Condition 

There is no reason to impose boundary conditions 
on the plasma osc illations, a nd indeed the kine ti c 
theory results indi cated a con t.inuous s pec trum . 

Th e asymptoti c solution of (57) whic h becomes 
expon entially small into the plasma is [Headin g, 1962] 

_ Dp(x) (J X )1/6. [ (3 JX )2/3] 
Ep - g1 12(x) J"u gdx At - 2 Xu gdx ,(58) 

where 

g2(x) = ~ (D 2 - D~(x)) , g2(Xo) = 0, 

and Ai(~) is the Airy fun cti on. The onl y ze roes of Ep 
are in AiW. Let Ai(-~i) = O, th e n th e co nditi on for 
resonance is 

( 3 JX )2/3 2 Xo g(x)dx = ~i , i = l , 3, 5, . (59) 

For constant Eo thi s reduces to 

Eo V6 ~y12 = - Di(Vi - tanh- IVi); Vi = (1 - ebEo' IDn 1/2. (60) 

Solving (60) graphically for sys te m 1, we find th e follow
ing fr eque ncies for the first five resonan ces: 

i = 1 

~i=2.34 

Di = 0.178 

3 

5.52 

0.239 

5 

7.94 

0.286 

7 9 

10.04 11.94 

0. 324 0.365 

The ~i were ta ke n from the British Association tables 
of the Airy fun ction [Miller , 1946]. The Di are scaled 
to the plasma frequency at x = o. The agree ment 
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between the o'i and the positions of the peaks on the 
D(o') curve for sys tem 1 is quite good; 0,1 is in error by 
1 percent , and the average spacing is extre mely close. 
For system 2, we find 

o'i = 0.103 0.156 0.194 0.228 0.259. 

The first resonance agrees extremely well with the 
conductivity kernel solution, but the splitting is a fac tor 
of two too small. 

It is interes tin g to compare the fluid solutions for Ep 
(fi g. 5) and the kine ti c solutions, figure 3. The plotted 
fluid solutions were actually obtained by numerical 
integration of (56), but they agree with (58). Direct 
comparison is impossible, one set of solutions being 
for the driven problem, the other for free oscillations. 
Nevertheless, it is clear that the fluid solutions are not 
very sati sfactory. The fluid equation s a re useless 
well into the sheath , where their solutions ex ponenti ate 
ex tremely rapidly [Leaven s, 1963]. Oth erwi se, th e 
main qualitative difference is the more rapid decrease 
of the amplitude of successive extrema as on e moves 
toward the wall in the case of the conductivity kernel 
solutions. The success in calculating the resonance 
frequencies merely re flects the fac t tha t the spatial 
nodes of the fluid solutions have approximately the 
correct spacing. 

4. Summary and Conclusions 

Plasma resonance in nonuniform plasmas bounded 
by sheaths has been studied by the conductivity kernel 
method. Although this is a colli sionless method we 
were able to account for the dominant effect of weak 
collisions by cutting off orbit integrations when the 
path length becam e greater than the coherence length, 
i.e" when an ensemble of electrons released from the 
point (x, v) would reach x' after times which would 
have a spread of more than 27T/W. The coherence 
length is much shorter than the mean free path; for 
Dattner's arcs it is approximately one plas ma diameter. 
With the orbit cutoff it was possible to reduce the 
proble m of low lying dipole resonances of a cylinder 
to a one-dimensional problem. 

The one-dimensional proble m of s teady state driven 
oscillations was solved numerically for a model which 
used a linear poten ti al in the plas ma, continuously 
joined to a harmonic oscillator pote nti al in the sheath. 
The model has plasma resonances. The most in ter
esting static potential (which was also probably the 
bes t fit to experim'e ntal meas urements of the stati c 
fields near the sheath) had two s trong resonances and 
at least two weaker ones. 

The program to solve the conducti vity kernel equa
tion will work for any stati c potential , but as ye t reson
ance experiments and static field measure ments in 
the sheath and the plasma have not been done on the 
s ame arc. Cesium plas mas would be ideal for such 
an ex p~rime nt. With a hot , flat, tungs te n plate facing 
an insulating plate across a gap of ~ 50 Debye le ngths 
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FIGURE 5. Fluid solutions of the ji-ee oscillation problem, Ep 
versus position. 

System 1. 

the experiment would correspo'nd exactly to the one
dimensional problem solved by our program, and the 
field meas urements would not be too difficult. 

Although Landau dam ping of the conductivity kernel 
solutions was important, we found that the adiabatic 
fluid equations, with a "boundary condition" chosen 
to correspond approximately to maximum coupling to 
the driving field, gave an extremely accurate prediction 
of th e reso nance frequencies in the most realis ti c 
case s tudied , and predic ted the firs t resonance qui te 
accurately (i.e., agreeing with the condu ctivity kerne l 
solutions) even for a sys te m with overly strong static 
fields. Qualitative comparison with Dattner 's data 
[1963] shows that the rela ti ve spacing of our calculate d 
resonances is too large for th e higher resonances, 
whi ch is expected because we have used a model which 
has an increasing dens ity gradien t into the plasma. 
The " level s paci ng" is, however, in qualitative agree
ment with Dattner 's data. 

In conclusion, we note that the "boundary condition " 
was inferred from the conduct ivity kernel solutions in 
the neighborhood of the sheath. The sheath not only 
influences the line s hapes through Landau damping, 
but also has a strong influence on the positions of 
the resonances. 
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