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Methods are presented for meas uring both the re lat ive a nd abso lute voltage de pe nde nce of adm it ­
tan.ce standards .. The practica l c ircuits based on the method s a re composed of prec is ion bridges 
whIch are descnbed In de tatl. Measurement s with these circuit s yie ld valu es for the proportiona l 
changes in admittance which result from spec ifi ed cha nges in vo lt age. The result s o f measure me nts 
on se lected capacitors are present ed. Uncertaint ies are of th e orde r of one part in 10". 

. A general in stability in the voltage de pe ndence of prec is ion ai r ca pac it ors was observed a t the 
hIgher accuracy levels. Most of the in stabilit y is be li eved to be caused by c ha nges in the e lectrode 
su rfaces. 

Key Words : Bridge, capac itor, coaxial choke, differe nce transform e r, e lec trode surfaces, thin 
film s, three·te rminal. trans former, voltage coe ffi c ie nt , vo lt age de pe ndence, voltage 
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1. Introduction 
Several yea'rs ago a co mputable cross capacitor, 

based on a theorem by A. M. Thompson and D. G. 
, Lampard [1] ,1 was constru cted at NBS [2]. The 

value of thi s capacitor is co mputable, in esu, within 
an estimated accuracy of 2 parts per million (ppm). 
A new cross capacitor of improved des ign is now being 
constructed. It is expected that thi s capacitor will 
be computable, in es u, within a few parts in 108 or 
better. 

The expected increase in accuracy not only requires 
better bridges and capacitors, but also requires that 
many sources of error be reevaluated. One suc h 
source of error is th e voltage dependence of precision 
air capacitors. 

To meet our particular needs, the quantity chose n 
as a measure of voltage depende nce is termed 'Y and 
is defined by the equation 

I Y2 =YI (1+'Y) 

I where YI is the admittance of a given standard at I voltage VI, Y2 is the admittance of the same standard I at voltage V2 , and the condition V2 > VI is imposed to 
restrict the meaning of 'Y. A given standard may 
have any number of values of 'Y, each with a speci­
fied voltage change. Since 'Y represents a propor-
tional change in admittance (~Y/Y), this measure of 
voltage dependence is in the preferred form for cor­
rections to precision measurements. 

r In the past, most measurements of voltage depend-

I 
ence have been confined to a determination of the 
ratio, (1 + 'Ya)/(l + 'Yb), where 'Ya and 'Yb apply to differ­
ent capacitors but have the same specified voltage 
change . One exception to the above is the work of 
N. L. Kusters and O. P etersons [3]. They developed 

I Figures in brackets indicate the literature references at the end of this paper. 

a method for meas uring the voltage dependence of 
an individual capacitor, provided the voltage depe nd­
ence results only from electrode deflections. 

The accuracy requirements described earlier re­
sulted in the need for a method which would be inde­
pendent of the mechanisms which cause voltage 
dependence. Such a method is described in section 2. 
The method yields values of 'Y corresponding to a 
change in voltage from V to 2V, where V is a variable. 

The practical circuits based on the method are 
described in sections 3 and 4. These circuits were 
used to measure values of 'Y for several capacitors 
corresponding to the following voltage changes: 12.5 
to 25, 25 to 50, 50 to 100, and 100 to 200 V, rms, at 
1592 Hz. Measurement uncertainties had to be kept 
small since the above values of yare used to calculate 
other values of 'Y in different voltage ranges such as 
from zero to 200 V. The latter value is needed for 
the determination of the absolute unit of capacitance. 
Small uncertainties also provide the means for quickly 
detecting instabilities in the voltage dependence of 
capacitors. It was found that the voltage dependence 
of precision air capacitors was , in general, unstable 
at the accuracy level described. This subject is dis­
cussed in section 5. 

2. Theory 

One method for measuring the voltage ratio of a 
transformer is to connect admittance standards to 
the transformer so as to form a bridge as shown in 
figure 1 [4]. In general, if the transformer has a 
nominally m: n ratio, then m + n nominally equal admit­
tances are used , and m + n detector balances are 
required corresponding to a cyclic permutation of 
these admittances_ In this sequence of balances 
each admittance appears with voltage El m times, 
and with voltage E2 n times. If El 0/= E2 , a ratio meas­
urement error results since the admittance of a prac­
tical standard changes when the voltage applied to it 
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FIGURE 1. Circuit for measuring the voltage ratio of a trans­
former [4J. 

is changed_ The difference between the measured 
ratio and the true ratio is related to the average change 
in admittance of the standards. 

If the transformer ratio can be determined from a 
second set of measurements which is independent of 
voltage, the combination of the two sets of measure­
ments will yield a value for the average change in ad­
mittance of the m+ n standards corresponding to a 
change in voltage from El to E2• The change in admit­
tance of each standard can then be determined by 
measuring the relative changes between various pairs 
of standards. 

The basis of this paper is a method of the type de­
scribed above in which the second set of measurements 
consists of determining a group of 1: 1 ratios which 
can be combined to determine the m: n ratio of a 
transformer. For simplicity, a transformer having a 
2: 1 ratio was chosen so that only two 1: 1 ratios need 
be determined. 

It is assumed that taps are brought out from the 
secondary winding of a bridge transformer [5] so as 
to obtain three secondary voltages of approximately 
equal magnitude. These voltages are represented 
by EA, EB, and E e in figure 2. The circuit shown in 
figure 2 consists of three bridges, each of which may 
be balanced, in turn, by the small, adjustable voltage 
e. For the case in which the circuit elements are 
closely matched, e/EA == q ~ 1, and only a low accu­
racy calibration of q is needed for high accuracy 
determinations of ratios such as EB/EA. 

It is assumed that the changes in Y\, Y2 , Y3 . .. Y7 

which result from changes in e can be neglected. 
Following from this, we may consider the voltages 
applied to Y5, Y6, and Y7 to be either EA or 2EA and 
define the values of Y5, Y6, and Y7 to be Y~, Y~, and Y; 
at voltage EA , and Y~(l + ')15), Y~(l + ')16), and Y;(l + ')17) 

at voltage 2EA • 

The balance equations for bridge 1 are 

Y\ EA-e\ 1-ql 
Y2 EB+e\ l+aB+q\ (1) 

1-q2 
(2) 

FIGURE 2. Basic three-bridge-circuit. 

EB 
where EA == 1 + aB. Eliminating Y1 and Y2 , we obtain 

The balance equations for bridge 2 are 

Y3_EB+e3_1 +aB +q3 
Y4 - ---y;-- 1 + a e 

Y4_EB+ e4_1 +aB+q4 
Y3 ----y;-- l+a e 

(3) 

(4) 

(5) 

Ee 
where EA == 1 + ae. Eliminating Ya and Y4 , we obtain 

a - q3 + q4 + 20B + 
e- 2 E\ (6) 

where El is a small correction term consisting of second 
and higher order terms in q. 

The balance equations for bridge 3 are 

YW +')15) EA-e5 1-q5 
Y~+Y~ EB+ E e+e5 2+oB+ae+q5 (7) '< 

Y~(l + ')16) EA -e6 1-q6 
Y~+Y~ EB+Ee+e6 2+8B+a e+q6 (8) 

Y~(l + ')17) EA -e7 1-q7 
Y~+Y~ EB+Ee+e7 2+8B+8 e+q7 

(9) 

Eliminating Y~, Y~, and Y~ , we obtain 

where 

(11) 
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and E2 is a small correc tion term consisting of second 
and higher order terms in q and y. 

Solving eqs (3), (6), and (10), we obtain 

- 4q,+4q2-q3-q4-2q5 - 2q6- 2q7 E, -2E2 (12) 
1' = 4 2 

In order to separate real and imaginary parts, le t 

I' ""y'_jy" (13) 

and 

q "" q'_jq" (14) 

so that 

fi1 - , 4q; + 4q~ - q;) - q~ - 2q~ - 2q~ - 2q; 
I' = 4 (15) 

and 

-II 4q~ + 4q~ - q~ - q~ - 2q~ - 2q~ - 2q~ E': - 2E~ (16) 
I' = 4 2 

For the capaci tors and accuracies described in this 
paper,y' is equal to the proportional change in capaci· 
tance (tJ.C/C), and I'" is equal to the c han ge in di s­
sipation factor, corresponding to a specified increase 
in voltage. 

The values of 1'5, 1'6, and 1'7 can be separated from 
the value of y by measuring the diffe rences, 1'5 - 1'6, 
1'6 - 1'7, and 1'7 - 1'5. Measurements of thi s type are 
described in section 4. Combining the differences, 
we obtain 

1'5 = y + (1'5 - 1'6)/3 - (1'7 - 1'5)/3 (17) 

1'6 = Y + (1'6 - 1'7)/3 - (1'5 - 1'6)/3 (18) 

1'7 = Y + (1'7 - 1'5)/3 - (1'6 - 1'7)/3. (19) 

3. Practical Three-Bridge-Circuit 

The me thod described in the previous section was 
used to de termine the voltage dependence of three 100 
picofarad (pF) air capacitors, designated 100A, 100B, 
and 100e. This section describes the equipment and 
techniques u sed to determin e the values of 

- _ YIOM + 1'1008 + 1'100 C 
1"00 = 3 (20) 

corresponding to the following voltage changes: 12.5 
to 25, 25 to 50, 50 to 100, and 100 to 200 V, rms, at 
1592 Hz. 

If small capacitors are to be well defined, they mus t 
be shielded. The addition of shielding to the c ircuit 
of figure 2 is shown in fi gures 3a, 3b, and 3c. Each of 
the admittance standards represented in figures 3a, 
3b, and 3c consi sts of a completely shielded three­
terminal air capacitor connec ted to a pair of coaxial 
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FIGURE 3a. Bridge 1 of the practical three·bridge-cirwit. 

FIGURE 3b" Bridge 2 of the practical three-bridge-circuit . 

FIGURE 3c. Bridge 3 of the practical three-bridge·circuit. 

cables. The defining terminals of each standard 
are located at one of the detector junctions and at one 
of the coaxial connectors designated a, b, c . . . g. 

The required circuits are obtained by joining con­
nectors a. b, c ... g to connectors, A, B, C .. . C 
in various configurations. When connector a is joined 
to connector A and b to B, the balance equation is 
given by equation (1), section 2. When a is joined to 
Band b to A, the balance equation is give n by eq (2) . 
Similarly, eqs (4) and (5) are applicable to figure 3b 
and eqs (7), (8), and (9) are applicable to figure 3c. 
For purposes of evaluating the effects of self a nd 
mutual impedances in the leads (not s hown in the 
figures), it will initially be assumed that: (1) net c ur-



rents through the "coaxial chokes" [6], designated Ch 
in the figures, are negligibly small, (2) the voltages at 
connector A are, to sufficient accuracy, independent 
of whether A is joined to a or to b, and similarly for the 
voltages at connectors B, C, D ... G, (3) only negli· 
gible effects result from externally induced emfs and 
external loading, e.g., capacitance from the bridge 
shielding to its surroundings. 

Subject to the above assumptions, the two values of 
e corresponding to the two balance conditions for 
bridge 1 yield a measure of the voltage ratio, VA /VB 
where VA is the voltage between the inner and outer 
terminals of connector A with e = 0 and VB is the 
voltage between the inner and outer terminals of con· 
nector B with e = O. Similarly, a measure of the volt· 
age ratios, V clV/) and VE/VP are obtained using bridges 
2 and 3, respectively. The value of Y100 is calculated 
from the measured values of VA/VB, V c/V/), and VE/VF • 

It is assumed that the relationship between voltages 
VA, VB, Vc ... Vc is known. Ideally, the voltage 
drops in the leads which precede connectors A, B, 
e .... G should be zero, but i(the voltage drops are 
small, eq (12) is sufficiently accurate when the rela· 
tionship between the voltages is as follows: V4 =- V/), 
VB = Vp = VI;, VE = VA + Vc. Since voltage ratios 
rather than voltages are measured, other satisfactory 
relationships between the voltages can be described , 
e.g., V c and V/J can each be changed if V c/V/) remains 
unchanged. Thus, the error in the measurement of 
)1100 which results from voltage drops in the leads will 
be small if the impedances in the leads which join 
various terminals of connectors A, B, e ... Care 
small or properly matched. These features are present 
in the junction box shown within broken lines in figure 
4. Parallel lines represent copper strips separated by 
thin strips of insulation. 

The error in the measurement of ')7100 resulting from 
lead impedances within the junction box and resulting 
from contact impedances between connectors A, B, 
e ... C and connectors a, b, c ... g was found to b·e I 

approximately 1 X 10- 9 • Most of this error was cor-
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FIGURE 4. ,Source of bridge voltages. 
Junction box (wi thin broken Lines) connected by cOdxial cables to an " active direc t­

reading ratio set" {71. 

rected for by changing the c urrents at the terminals 
of connectors a, b, c ... g and observing the change 
in the measured value of YIOO. Since the current at 
the inner or outer terminal of connector a was nearly 
proportional to the internal load, Y I + YA , and similarly 
for the currents at the terminals of b, c, d, ... g, the 
following procedure was used: (1) YA , YB , Y c ... Yc 
were adjusted so that each of the seven internal loads, 
Y I + YA , Y2 + YB , Y3 + Y c .. . Y7 + Yc , were increased 
by a known factor, (2) the change in the measured 
value of 1100 was used to calculate a third value of 1100 

corresponding to the internal loads being zero. The 
above procedure amounts to an extrapolation of the 
effect of internal loads to zero. 

The internal loads were measured by disconnecting 
A, B, e ... C from a, b, c . . . g, shorting the detec­
tors, and measuring the two-terminal admittances be­
tween the inner and outer terminals of connectors a, 
b, c ... g. Since the lead impedances within the 
junction box were small, low accuracy measurements 
were sufficient for purposes of extrapolating the 
internal loads to zero. The larger equivalent lead 
impedances in that portion of the circuit which pre­
ceded the junction box (see fig. 4) required that more 
accurate measurements be made for purposes of ad­
justing YB , Y/), Yp , and Yc so that Y I + YA = Y2 + YB , 

Y3 + Y C = Y4 +Y/), and Y5+YE=Y6+YF=Y7+YC. 
The accuracy of adjustment needed was determined 
by connecting additional loads between the inner and 
outer terminals of A, B, e ... C, each in turn, and 
noting the changes in e required to rebalance the 
bridges. It was found that if the internal loads were 
adjusted within ± 1 X 10- 9 mho, the voltages at con­
nector A were, to sufficient accuracy, independent of 
whether A was joined to a or to b, and similarly for the 
voltages at B, e, D . .. C. 

The coaxial chokes used consisted of a number of 
turns of the coaxial cable threaded through a high 
permeability core. The resulting impedance to net 
current in the cable was about 400 n at 1592 Hz. 
Since the impedance in the path, PI - A - a - P2 , of 
figure 3a was about 0.1 n, net current through the 
coaxial choke was of the order of a few parts in 104 

of the current in the inner or outer conductor of the 
cable [6]. The impedances in the paths, PI - A - a 
and PI - B - b, differed by less than 2 mn. The 
maximum internal load was about 3000 pF. 

Thus far in the discussion the effects of externally 
induced emfs and external loading have been ne­
glected. Although these effects were small in the 
practical circuit used , they were not negligible. Ap­
propriate corrections were determined from additional 
measurements which consisted of recording the un­
balance at the detectors whe n the admittance stand­
ards of each bridge, in turn, were joined to the shorting 
connectors, A', B', e', . . . G', (see fig. 4) while the 
other standards were joined to A, B, e, . .. C. Since 
the accuracy of the corrections depended on the size 
of the unbalance at each detector, it was desirable for 
the effects of externally induced emfs and external 
loads to be small. The techniques used to reduce 
these effects will be considered next. 
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FIGURE 5 . Bridge 2 redrawn Lo iLLustrate extemalloads and sources 
of induced emf. 

Bridge 2 has been redrawn in figure 5 for purposes 
of illustrating the diffe rent types of induced emfs 
and ex ternal loads. Since the shielding of bridge 2 
is not at ground potential, the larges t external loads 
are associated with thi s bridge . E xternal load s are 
represented by C 1, C2 , C3 , and C4 in fi gure 5. Induced 
emfs are re prese nted indirectly by showing areas in 
whic h a time·varying magneti c flux is assumed to exist. 
These areas are des ignated AI, A2 , A3 , and A4 in fi gure 
5. 

Most of the flux through A 1 exis ted in the region 
preceding the junction box and thu s had no e ffec t on 
the measured value of )'100. Flux through A2 was reo 
duced by using coaxial cables of sufficient length so 
that the three·terminal capacitor could be positioned 
at a di s tance from sources of appreciable magneti c 
fi eld . Flux through A3 was reduced by using coaxial 
cables and magnetic shieldin g in that portion of the 
de tector circuit which precedes voltage amplification. 
The effects of flux through A4 were reduced by the 
use of coaxial chokes, e .g. , if the high permeability 
core positioned be tween connec tor c and P4 were 
re moved from the circuit, the curre nt through y~ whic h 
results from flux through A4 would be increased by a 
factor of a few thousand. 

The effects of external loads were reduced by the 
use of coaxial c hokes in conjun ction with low·imped· 
ance leads whi ch bypass th e junction box (hereafter 
termed bypass leads). The lead connecting P3 to P4 

and the lead connecting P3 to P5 are examples of by· 
pass leads in figure 5. These le ads, whic h have 
impedances of about 0.1 n, supply most of the current 
to C~ and C4 • Thu s, if coaxial chokes and bypass 
leads are properly positioned , voltage drops will be 
redu ced in criti cal portions of the circuit such as the 
juncti on box leads and the cables of the admittance 
standards and detector c irc ui t. 

The effec ts of ex ternal loads were also reduced 
by the use of an electrostatic shield whic h is r epre· 
sented by a broken line in figure 6. This figure 
represents more closely the actual circuit used. The 
electrostatic shield , maintained at a potential of 
approximately EB with respect to ground, encloses 
those circuit elements which would otherwise have a 

) large capacitance to the grounded surroundings. 
Current to the shield is supplied by the bypass lead 
connected to P3 • 
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FIGURE 6. Bridge 2 redrawn to show the difference transformer 
and additional shielding. 
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FI GU RE 7. Cross section through the axis of the difference trans· 
former . 

The transformer s hown in figure 6 is termed a dif­
ference transformer 2 and is used to change the pote n­
tial of the detector cables with respect to ground from 
approximately EB to zero. This was necessary in 
order that a phase-sensitive detector having a grounded 
power supply could be used. An adequate signal-to­
noise ratio was maintained by usi ng a battery-operated 
preamplifier having a voltage amplification of approxi­
mately 1()3 (see fig. 6). Coaxial c hokes assured that 
the bypass leads in fi gure 6 s upplied most of the cur­
re nt to the large capacitance which existed between 
the shielding of the difference transformer. 

A cross-sectional view of the difference transformer 
is shown in figure 7. The secondary winding is a 

2 The basic ideas in the transformer are similar to those in a transformer built by A. M. 
Thompson and termed by him a difference transforme r. 
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single turn consIstIng of shield No. 3 connected to a 
wire through the center of the core. With the excep· 
tion of shield No.4 which is mu-metal, all shielding is 
brass. 

Most of the current resulting from the capacitance 
between shield No.1 and shield No.2 does not encircle 
the Supermalloy core. The current which does en· 
circle the core, if not compensated, would induce a 
voltage in the detector winding. The two capaci· 
tances which result in core excitation are associated 
with the corners of the shield gaps. With reference 
to the cross-capacitance area shown in figure 7, the 
two capacitances are (1) from the upper left to the 
lower right, (2) from the upper right to the lower left. 
It can be seen that the two currents encircle the core 
in opposite senses, and hence their effects can be 
made to cancel by proper adjustment of the gap 
geometry. The gap was adjusted experimentally by 
observing the detector voltage with the transformer 
input open circuited and with the bypass leads 
connected. 

As a result of the techniques described above, the 
unbalance at the detectors was small when the ad· 
mittance standards of each bridge, in turn, were 
joined to the shorting connectors, A', B', C' ... G', 
while the other standards were joined to A, B, C 
. . . G. Thus, accurate corrections were obtained 
for most of the effects of induced emfs and external 
loads. Those effects which were not accounted for 
in the corrections will be considered next. 

Since currents were reduced when the standards 
were connected to the shorting terminals A', B', 
C', . . . G', induced emfs resulting from currents 
in that portion of the circuit shown in figure 4 were 
not entirely accounted for in the above corrections. 
The use of coaxial cables, parallel-strip leads, and 
magnetic shielding assured that the resulting errors 
were negligible. It is interesting to note that if the 
errors had not been negligible, they would have been 
accounted for in the extrapolation of the internal 
loads to zero. The effect of induced emfs resulting 
from currents within the standards was negligible 
since the phase of the induced emfs was shifted by 
1800 when the standards were permuted. 

Magnetic fields in the vicinity of the junction box 
may induce emfs whi ch are selective with respect 
to connectors A, B, C ... G, thus causing errors 
in the measurement of )1100. Induced emfs of this 
type were kept small by using closely spaced copper 
strips in the construction of the junction box (see fig. 4). 
The following procedure was used to assure that the 
remaining errors were negligible: (1) A small probe 
was used to measure the magnetic field in the vicin­
ity of the junction box, including the region where 
changes in geometry occur due to changes in the 
connections of the standards to the junction box, 
(2) the current in a loop of wire was adjusted so as to 
increase the measured field by a factor of approxi· 
mately 100, (3) the changes in e required to rebalance 
the bridges were related to changes in 1'100. 

The external loads, C1 and C2 in figure 5, represent 
the capacitances between the grounded surroundings 
and those cables which are located between the co­
axial chokes and connectors c and d. The circuit 
was designed so that Cr and C2 would be small and 
nearly equal. Measurements of C1 and C2 and of the -
lead impedances in the junction box indica!..ed that 
the resulting error in the measurement of 1100 was 
small. This error is accounted for in item 1, table 1. , 
Also accounted for in item 1, table 1 are errors re­
sulting from capacitance between the copper strips 
of the junction box and errors resulting from imperfect 
balancing of the internal loads. 

TABLE 1. Uncertainties Ln the measurement 0/ YIOO '" Y;oo -jy;'oo 

Sources of error Systemati c e rrors in 
y; oo 

PariS in 10 10 

1. Loading ........ ... ... ........... I 
2. Contac t impedances .. . 
3. Detector zero ............... .. . ... . 
4. Calibration of q . ................. . 
S. Drift of admittances and transform er 

ratio ..... 

S um 

Standard deviation of ?;oo or Y';oo is 3 X 10- 1°, 

Systematic errors in 

V:oo 

Parts in 10 10 

I 
2 
I 
I 

6 

Table 1 lists only the significant errors which were 
not corrected for by extrapolating the internal loads 
to zero or by using the shorting terminals, A', B', 
C' . . . G' , as described earlier. Item 2, table 1, 
accounts for small changes in the contact impedances 
between a, b, c ... g and A, B, C, ... G which 
were found to occur with continued use. Item 3, 
table 1, accounts for poss ible systematic errors which 
result from observer bias in determining the null 
balance condition. 

Item 4, table 1, accounts for errors in the calibration 
of the instrument used to obtain EA , EB , E c, and e. 
The essential features of the instrument, termed an 
"active direct·reading ratio set," are described in 

f· [] Th d' fe, ." re erence 7. e a Justments 0 q "" EA "" q - JQ 

were made by adjusting two sets of dials, one cor­
responding to changes in q' and the other to changes 
in q". The maximum range of q' or q" was ± 10 ppm 
with a minimum adjustment of 2 X 10- 10. 

Item 5, table 1, accounts for errors which result 
from the admittances and transformer ratio having a 
nonconstant drift rate and from observer bias in timing 
the bridge balances which were made so as to obtain 
values of q in the following sequence: qa , q4, q3; ql , q2, 
ql; q5, q6 , q7 , Q6, q5; qt, Q2, qt; Q3, Q4, Q3· The above 
set of values could be obtained in about 12 minutes 
with EA = 100 V, rms. The standard deviations of 
1';00 and "(';00' obtained from one such set, were about 
6 X 10-10• Slightly larger standard deviations were 
obtained at lower voltages. A sufficient number of 
measurements was made so that the final values of 
Y;oo and y';oo had standard deviations of about 3 X 10- 10. 
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4. Dilierence Measurements 

The difference in voltage dependence betwee n two 
standards whose admittances are approximately equal 
can be determined from ordinary bridge measure· 
ments, e.g., simple substitution combined with a 
c hange in bridge voltage. The particular circuit 
used for this type of difference me asure ment is de· 
scribed in section 4.l. 

~ When the admittances of the two s tandards are 
radically different, additional meas ureme nts are reo 
quired. These measurements are described in section 

, 4.2. 

4.1. Difference Measurements Involving 
i- Approximately Equal Admittances 

The circuit shown in fi gure 3a is typical of the 
circuits used [or diffe re nce measureme nts. The 
two general balance equations for thi s bridge have 
already been prese nted, namely eqs (1) and (2). For 
the case in whi ch the voltage, EA , has two specific 
values, EAL and EAII , four specific balance e quation s 
may be written: 

Y1f. EAf. - e l f. l - qlf. 
(21) Yu EUf.+ el f. I + OUf.+ qlf. 

Yn E .1f.- eU I - qu. 
(22) 

Y1 /. Ell/. + en I + Ollf.+ qu 

Y llf E .III - elff 1- qllf 
(23) Yw Ellff + elff l + ouII + qllf 

Yw EAtf - e~ 1I I - qw 
(24) 

Y llf EIIII + e~1I I + 01111 + qw 

If 

(25) 

and 

(26) 

then 

whe re E:l is a sma ll co rrec tion te rm co ns is ting of seco nd 
and high er order te rms in q and y. 

The method desc ribed above was used to measure 
each of th e followin g diffe rences: YIOOA - YIOOB , YIOOB 

> - YIOOC, YIOO C-Y IOO A, YIOOOA - YIOOOB, YIOOOB - YIOOO C, 

and YIOOO C- YUlOOA, whe re th e s ubsc ripts refe r to three 
100 pF a ir capacitors and three 1000 pF air capacitors 
designated 100A, 100B, 100 C, and 1000A, 1000B, 
1000C , respect ively. Four valu es were obtained for 
each of th e above diffe rences co rres pondin g to the 
following vo ltage changes : 12.5 to 25 , 25 to 50, 50 to 100, 

) and 100 to 200 V, nn s , at 1592 Hz. Th e di sc uss ion of 
measureme nt un ce rtainties whi c h fo llows is appli ­
cable to each of these values. 

Since the differences, q211 - q2L and qlll - qlL, were 
small and of opposite sign in eq (27), most errors of 
the type described in section 3 were negligible. The 
only exceptions were errors resulting from drift of 
the admittances and transformer ratio . These errors 
were partially reduced by the me asuring sequence 
whi ch follows: qll" qlll, TIll" qn, q2H, q2L. Rather than 
attempting to obtain a precise bridge balance at a 
specified time, each balance in the above sequence 
was made as quic kly as possible . Nonuniform timing 
was almost ine vitable s in ce the de tec tor sensitivity 
was be tte r at high voltage. The res ulting errors were 
ke pt small by injec ting a s mall c urre nt to compe nsate 
the e ffect of capacitor drift. This was acco mpli shed 
with an auxiliary circuit, term ed a " drifter circuit." 

If no adjustments of e are made, the relative changes 
in capacitance with time res ult in a time-variation in 
the amplitude of the current at the de tector. The 
drifter circuit is used to injec t a compensating current 
at the de tector. The basic part of the circ uit is a three· 
termin al, variable, air capacitor having a maximum 
capacitance of 10 pF. The adjusting shaft of the 
capacitor is co nnected to a constant·speed motor 
with speed reduce r, thus providing a capacitance 
which varies linearly with time. Coaxial cables are 
used to connect the te rminals of the capacitor to the 
detector junction and to an inductive voltage divide r 
whose voltage is s uppli ed by the "active direc t-reading 
ratio-set" used to obtai n EA , E fJ , and e. 

The amplitude of the current injected at the de­
tector has a firs t derivative with respect to time which 
can be adjusted by adjusting the induc tive voltage 
divide r and a second derivative which is zero. Since 
the drift rate of the admittance standards changed 
only slightly during the time needed for a set of de tec· 
tor balances, the use of the drifter circuit resulted in 
appreciable reduc tions in the time rate of change of e 
required to maintain a de tector balance. In addition , 
the deviations from cons tant drift rate, whi ch can 
result in systematic errors, were easily measured. 

A suffic ient number of meas ure ments was made so 
that the standard deviation of each of the final values, , , " " , , 
YIOOA -YIOOB' YIOOA -YI001P YIOOOA - YJOOOB ' e tc., was 
3 X 10- 10 or less . A systematic e rror of 2 X 10- 10 

was assigned to each of the final values to account 
for incomplete compensation of the admittance and 
transformer ratio drift. 

4.2. Difference Measurements Involving 
Radically Different Admittances 

The circuit shown in fi gure 8 is used to measure the 
difference , 

(28) 

If connec tors Q, R, and 5 are permuted cyclically 
with res pec t to connectors E , F, and C of the junction 
box (fig. 4), six different bridge balances can be made. 
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FIGURE 8. Circuit used/or difference measurements with 
y. = Y6 = y, "" Y. = Y. = YIO. 

Three of the six balance equations have already been 
presented, eqs (7), (8), and (9). The other three 
equations are easily obtained by changing the sub­
scripts of Y', Y, e, and q in eqs (7), (8), and (9)_ Solv­
ing the six equations, we obtain 

'V - q5+q6+q1-qS-q9- qlO+ 
ra- Yb = 2 E4 (29) 

where E4 is a small correction term consisting of sec­
ond and higher order terms in Y and q-

The method described above was used to measure 
the difference, 

_ - _ Y1000A + YI0008 + YIOOOC 
YIOOO - YIOO = 3 

YIOOA + YI008 + YIOOC 

3 
(30) 

Four different values were obtained for the above 
difference, corresponding to the following changes in 
voltage: 12_5 to 25, 25 to 50, 50 to 100, and 100 to 200 V, 
rms, at 1592 Hz_ The discussion of measurement 
uncertainties which follows is applicable to each of 
these values_ 

Corrections were obtained for the effects of induced 
emfs and external loads (see section 3) by joining 
connectors Q, R, and S to the shorting connectors, 
£', F', and G' (fig. 4). It was not necessary for the 
internal loads to be equal or to extrapolate the internal 
loads to zero. Errors resulting from admittance and 
transformer ratio drift were reduced by obtaining 
values of q in the following sequence: q5 , Q6, Q7, q6, 
Q5, Qs, Q9, QIO, Q9, Qs, Q5, Q6, Q7, Q6, Q5· A sufficient 
number of measurements was made so that the stand­
ard deviation of each of the differences , ')7;000 - 'Y~oo 
and y~ooo - )1;00' was reduced to about 5 X 10-10. In 
addition, an allowance of 5 X 10- 10 was assigned to 

each of the differences to account for systematic 
errors which may be described as similar to items 3, 4, 
and 5 in table 1. 

5. Results 

The values in tables 2, 3, and 4 were calculated {i 

from the results of measurements described in sec­
tions 3 and 4. Capacitors 100A, 100B, and 100C are I 

of cylindrical construction, whereas capacitors 1000A, 
1000B, and 1000C are of parallel-plate construction. \ 
Most of the voltage dependence of capacitors 1000A, 
1000B, and 1000C is believed to be caused by elec- I 

trode deflections [3]. Most of the voltage dependence 
of capacitors 100A, 100B, and 100C is believed to be . 
associated with the electrode surfaces. 

The values in table 4 were obtained either imme­
diately after assembly of the capacitors, one month 
after assembly, or eight months after assembly. The 
values in table 2 were obtained eight months after 
assembly. A comparison indicates that the values of 
YIOOA, Y1008, and YIOOC were probably smallest imme- / 
diately after assembly. The changes in yare believed 
to have been caused by structural c hanges on the 
surfaces of the brass electrodes or by the migration 
of thin films onto the electrode surfaces from regions 
of the capacitor which were difficult to clean. A con· 
sideration of typical dimensions leads to the conclu­
sion that sizeable effects could result from thin films, 
e.g., the ratio of molecular diameters to typical elec­
trode separations is considerably larger than the 
desired accuracy of a few parts in 109. 

Measurements, similar to those in table 4 and with 
comparable accuracies, were also made on capacitors I 

1000A, 1000B, and 1000C. The largest change during 
the eight month period was 4 X 10 - 1°. Capacitors 
1000A, 1000B, and 1000C had been in use for a num­
ber of years prior to the measurements described. 
The electrodes were gold plated. These capacitors 
and capacitors 100A, 100B, and 100C were evacuated 
with an oil sealed mechanical pump trapped with 
dry ice. 

TABLE 2. Va/tag,> dependence of capacitors 100A , 100B, and 100C ~ 
\' al u ('~ III' y ' fl'prn;l' llt prOp"rt lll ll al ('ha ll gl'~ in ('apaeilan c{' t~C/ C). Va lu c~ ofy" repn '~ ('nl 

j· hange.... in di ~ ... ipali,," factor. Standard dt'v iat ion = :~ x 1O - IlJ , S}";It'matic j'frur 
< 7 X to III. 

C hange in vo il aj!(' Y;'~I " Y;I~III YUHI/: ' 

Volts ( rill S) Pari S in IO!! Part", in [Of! Part s in 10' 
100 to 200 .... +l.lJ + 8.0 + 0.9 
50 to 100 ... + .'J + 2.9 + .6 
25 to 50 .. ......... ... ... . + .:1 + 1.4 + .4 
12.5 II) 25 .0 + 0.6 +. 1 

Change in vultagl" Y;'I~I ,\ Y';I ~11l Y';(~I (" 

Volts (nils) P ari S in lOll PariS in Ill" Part s in lOll 
100 In 200 ... ... +0.1 - 0.4 0.0 
50 tu 100 . .. .0 + .2 +.1 
2,5 1050 .. - .4 -.S -.2 
12.5 lu 25 ... . . .0 - .2 -.:1 
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T A BLE 3. Volta.ge depelldell ce of capacitors 1000A, 1000B , alld 
looo e 

Sta nda rd d e \'i uliun = 6 X 1010, SY!'i l eH1Hti (' (' frO!' < 1.2 X 10- ", 

C lt a nJ;(' in vol tage Y; IIOOA Y;oooll Y;OOIIC 

Volts (r",s) Part s in 10:1 Part s in 10" Part :!i i n 10:1 
100 ,,, 200 ... + 7U.H + 00.7 + 114.0 
50 ," 100 ... + 18. 2 + 14,lJ + 2.1.2 
25 tn SO ... + 0.0 + <L l + 6.7 
12.0 ' " 25 .. +2 .0 + 1.2 + J.lJ 

Ch a nge in voltage ywoo /\ y ';oooll y;'ooll(' 

Volts (rms) Pa rl ~ in 10:1 Pa ri s in JO!I P art s in 109 

100 to 200 ... + 0 .1 + 1.2 + 2 .. '1 
SO l u 100 .... .0 + 1. 1 + 2.2 
'2.::' til SO . .. + .:1 + 1.1 + 1. 6 
12.S 10 25 ... + .6 + 0. :1 + 0.8 

TABLE 4. Ill stabilities ill th e vo lt age depelldence of capacitors 
100A , 100B, alld 100 e 

All vu lu(' !'i j'OITe:,:, pollci lu a dm l1 ~ t ' in vullage frlllll 100 t il 200 V. rill S. S tund ard dcv iati ull 
. :!. x I()- IO, SYS It ' IlHlIi (' {' ,TII I" < '2 X 10- 10, 

T ime Y;IMl' - Y;(II)II Y1()OII - YIOtJ(' Y1ll0C - YlOU,\ 

Mo",h .'; Pa rI S in 1011 Pa rt ~ in 10" Part s in 10!! 
0 - 0.5 + 0.9 - 004 
I - .6 + .8 - .2 
8 - 6. 1 + 7. 1 - 1.0 

Time y';IMIA - Y;'OOIl y';11tl1l - y'; 00(- )":0;1(' - y';(MIA 

M ontli s Pa rIs in 10!! 1\ 'l"l s in 10!' ParI S in 109 

0 - 0 .2 + 0.4 - 0 .2 
I +. 1 .0 - . 1 
8 + .. > - .4 -. 1 

The values of Y' in tables 2 and 3 can be used to 
determine the functions which relate capacitance to 

, voltage. If we assume the function 

(31) 

where Cv is the capacitance at voltage V and Co is the 
capacitance at zero voltage, then the values of y' in 
each column of tables 2 and 3 will be in the ratio of 

7 2~'":22m:2m: 1. Values of m were calculated from the 
measured values, YIOOA, YlOOB, YIOOOA, etc., and also 
from the measured differences, YIOOA - YIOOB, YIOOOA 
- YlOOOB, etc., which had smaller uncertainties of essen­
tially different origin (see sec. 4.1). The results of 
the two types of calculations differed only slightly. 

I The calculations yielded m = 3/2 for capacitors 100A, 
> 100B, and 100C and m = 2 for capacitors 1000A, 

1000B, and 1000e. 
As a partial check on the overall measuring system, 

the value of '91000 == (YIOOOA + YIOOOB + Y1000d/3 from 100 
to 200 V was determined by two methods: (1) Indi­
rectly by measuring the difference, '91000 - '9100, as 

f 
described in section 4.2, (2) directly by using capac­
itors 1000A, 1000B, and 1000C in bridge 3 of the 
three-bridge-circuit (sec. 3). The results differed by 
less than 3 X 10- 10. 

Capacitors were chosen from more than two dozen 
capacitors on the basis of stability ascertained by 
differe nce measurements, similar to those described 
in section 4.1. The voltage dependence of capacitors 
100A, 100B, 100C, 1000A, 1000B, and 1000C was found 
to be co ns id erably more stable than that of the other 
capacitors. The measure me nts were limited to 100 pF 
capacitors and 1000 pF capacitors. The use of the 
drifter circuit (sec. 4.1) eliminated the need for spe­
cial temperature control of the capacitors. 

The earlies t meas urements involved three commer­
cial 100 pF air capac itors of parallel plate design. 
The values obtained from differe nce measureme nts 
were observed to de pe nd not only on time but also on 
the voltages which had prev iously been applied to 
the capacitors. In addition, a sudde n, nonre versible 
change in capacitance of 14 ppm was observed in one 
of the capacitors when the applied voltage was in­
creased beyond 50 V rm s. The cause of the unusual 
be havior was found to be me talli c whis kers on the 
tin-plated housing of the capaci tor. 

Difference measure me nts were also made on a se t 
of te n 100 pF capacitors of cylindrical design. The 
cons truction of these capacitors is described in re f­
erence [2]. The values obtained from the difference 
measuremen ts, corresponding to a c hange in voltage 
from 80 to 160 volts, were observed to change by as 
muc h as 3 X 10- 8 over a period of a fe w days. Changes 
as la rge as 3 X 10- 8 were also observed whe n the tem­
pe rature of the capacitors was increased by approxi­
mately 10 0e. 

A differe nt phenom enon was observed whe n dif­
ference meas ure me nts were mad e on a se t of three 
100 pF capacitors of cylindrical design which were 
e vac uated during measure ment. The time rate of 
change of capac itance was found to be a fun ction of 
voltage . The phe nomenon is belie ved to be related 
to outgassing of the e poxy whic h was used to insulate 
and support the elec trodes . Measurements of the 
time rate of change of capacitance as a fun ction of 
voltage were made as follow s: (1) The bridge was bal­
anced and the drifter circuit was adjusted so as to 
obtain a steady bridge balance, (2) the de tec tor was 
shorted, and the voltage applied to one capacitor was 
reduced to zero for 30 sec, (3) the original condition s 
were restored and the change in bridge balan ce was 
recorded. With 160 V originally applied to the ca­
pacitors, the changes in bridge balance were equivalent 
to proportional changes in capacitance of about l x lO- 8. 

Difference measurements, corresponding to a 
change in voltage from 100 to 200 V, were made on 
three commercial 1000 pF capacitors of parallel plate 
construction. The changes in the values obtained 
from the difference measureme nts varied from a few 
parts in 109 to 2 X 10- 8 over the period of one week. 

The basic design of capacitors 100A, 100B, and 
100C is shown to approximate scale in figure 9. Crit­
ical radii differ by approximately 3.2 mm . Line and 
detector electrodes are separated from the ground 
electrodes by four sets of three glass spacers. The 
force of the compressed springs is about 45 N . 
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FIGURE 9. Cross section through the axis of capacitor 100A , 100B, 
or 100C. 

It was found that after the capacitor was assembled 
and connected into a measuring circuit, very small 
radial displacements of the line elec trode could be 
obtained by sharply tapping its base radia lly. T his 
procedure was used to adjust the capaci tance very 
close to a minimum, thus assuring th at the radi al 
components of the electrical forces were small. T he 
design of the capacitor is suc h that it can easily be 
disassembled for cleaning or fo r experimental pur­
poses. A grounded housing (not shown in the figure) 
IS used to evacuate the capacitor. 

6. Conclusion 

The basic purpose of the present work has been to 
develop an accurate system for measuring both the 
relative and absolute voltage dependence of admit­
tance standards. The causes of voltage dependence 
have been pursued only to the extent necessary to 
reduce instabilities. Additional measurements will 
be required to evaluate the instabilities which remain. 

Since the mechanisms which cause instabilities in 
the voltage dependence of c apacitors may also result 
in general instability , the present work has pointed 
out certain problem areas which should be considered 
in the construction of precision standards of capaci­
tance. In addition, the present work has served as a _ 
proving ground for bridge m easurements and voltage 
ratio measurements at the higher accurac y levels. 

The author acknowledges the many suggestions of I 

R. D. Cutkosky and the assistance rendered by D. N. 
Homan and Lai H. Lee in obtaining the numerical 
results of this paper. 
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