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Thl' d if1"crl'nt i al equations c! l'\'elopec! by Galejs anci How in thc an alys is o f ELF lI':we 
propagat ion fo r freq uencies betwcen 60 to 3000 cis aI"(' m oci i fi eci to p ermi t computations 
1)('1011' t he fl"l'q uency of ion gYl'ofl'cqucncy. Neal' g cis \\'C'st-cast p ropagat ion C'xh ibits a 
111 in imum attenu at ion of 0.022 db/ lOOO km , w hik t ill' east-lI'cst d irl'ct ion has a 10calll1 ax imu m 
of 0.165 db/ J 000 km. The calculations in t hl' frequl'ncy r angl' bet ll' l'en 20 and 3000 cis arc 
m ade w it ll neglected ion effects, and t lw propagat ion is characteri zed by a m onoton ic 
decrease of phase v('[ocity dow n to t he lowest frC'q uency . 

'1'11(' m l'thod uscd for ca lcu lating t il(' surfacp im pedan ce with an a rbitrar~' profile of th e 
ionosph el' ic tensor condu ct ivity and for st ri ct ly cas t - west , wpst-east, or sou th-no r t h di rl'ctions 
of propagation app li l's also to t h e \iLl" range. Th c VLF propagat ion characte r ist i cs arc 
determinl'ci using t il<' modal eq uat ion for a spheri cal ear t h-to-ionospherc gl'om et ry . Compu­
tations basC'd on a simple exponential approx imation to the iOl1ospl1('r ic conductivity profile 
din'(' r only slightl.v from compu tatio ns made using mOI'(' ('xact ionosphcrc paraill etp l ·~ . 

1. Introduction 

T hc propagation of ELF w,tvcs below ,111 in homogeneo ll s a.niso tropic ionospher has been 
considered by Galejs and Row [1964]. T he pl'Opag,1Lion is eilh er Lransverse (eHst-west and 
west-easL propaga tion ) or longitudinal (south-north and nOl'Lll-sou t h propagation) with respect 
to the horizontal magnetic field . For ,til f1l'bi tntry heigh t v,lri,lLion of Lhe te nsor co nd uc­
tivity the surface impedance below the horizontally sLratified lloncurved ionosphere is CO Ill­
puted by nUlll eri cf111y integrating a diA'eren tial equfltioll . This work has considered t he 
frequency range of 60 Lo 3000 cis, wJlOrc Lhe lower frequ ency l il llit was cl etel'lllined by the 
accurfLCY of Lhe numerical in tegration process . 

In this note t he difi'eren tial eq uations or Galejs ,wei Row [1964J will be Jllodifi ee! in order 
to ex tend the val idity of their nUlll erical solutions to frequencies below Lhe ion gyl'Ofrequency 
~or into the frequ ency mnge of earth to ionosphere cavity resonance) . The solu tions or the 
differential equations also r emain val id for higher frequencies and propagation characteristics 
of VLF waves can be determined using an appropriate modal equation. This would extend 
the work of Wait [1963c and 1963d] for isotropic and anisotropic ionosphere of exponential 
conductivity profiles to more general ionosphere models. Other work which has considered 
homogeneous ionosphere models in the VLF range [Wait, 1962, 1963a and b] may provide 
check cases for the present computations. 

Section 2 of this note reviews the relevant ionosphere pamlll.eters amI secLions 3 and 4 
summarize the surface impedan ce c<l,lculations, which follow closely G'11ejs and Row [1964]. 
The procedure usee! in calcuhl,ting the propagation characteristics is ouLlined in sec ti on 5, fWe! the 
numerical results are d iscussed in section 6. 

2. The Ionosphere Model 

Available data on elec tron and ion densi.ties and collision frequ encies h,tve been sum­
marized in figures 1 and 2 of Galejs n,nd Row [1964J. These data can be used in the Appleton­
H artree formulas for t he electrical conductivity of a lightly ionized species. Assumi.ng a 
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FIGURE 2. Com ponents of the nighttime tensor 
conductivity F = O. 

static magnetic field Eo to act in the z direction the Cartesian form of the tensor conductivity 
for a harmonic field with time dependence exp (-iwt) is , 

[
0"1 

[0"] = ~2 
o 

(1) 

where 

(2) 

(3) 

(4) 

(5) 

is the plasma frequency of the kth charges species and nkJ qkJ 1nk are the number density, charge 
and mass of the kth specie particle. 

(6) 
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is the kth species gyro frequency, Uk is the effective collision frequency between lcth species 
particle and all other constituents of the plasma. Considering electrons (lc = 1) in a static 
field of 0,5 oersted (B o= 0.5 X I0 - 4 MKS units), w~=3 .185 n e X 103, and G1=-1.04 X 107 • 

The components of the conductivity tensor have been plotted in figures 1 and 2 for f = O, 
in figures 3 and 4 for f = 20 and in figures 5 and 6 for f = 15 kc/s for both day and nighttime 
condit ions, For f=O the conductivity components are real, but the components become 
complex for .1¥-O. For frequencies below the ion gyrofrequency the ionic plus elecLronic con­
ductivity of .1= 0 is a good approximation to the real part of the complex conductivity (j= 20 
c/s). For frequencies above the ion gyrofrequency the electronic conductivity (the lc = 1 
term of (2) to (4)) approximates t he real part of the complex conductivity, pR,rticularly so 1'01' 

altitudes of less t han 100 km. In the numerical calculations of propagation constants which 
make use of t he electronic conductivity components for j = O, or of the electronic plus ionic 
conductivity for .1= 15 kc/s, the inequali ty U2> >Uj is satisfied (or alt itudes exceeding 100 km. 
This inequali ty does no t apply to electronic plus ionic conductivity for j = O or 20 cis. 
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3 . Equatorial Propagation 

For an assumed exp (-iwt ) time dependence of the fields the relat.ive tensor permittivity 
IS of' th e rorm 

(7) 

o 
o 

if the static magnetic fi eld is in the z directioll. It is assumed tha t the field components 
exhibit no variation in the z direc tion and that [E] is changing only in the y direction, which 
would be the south-north and vertical directions in terrestrial propagation problems. For 
eas t to west pmpagation along the magnetic equator the surface impedance below the amso­
tropic medium is gi ven by Galejs and Row [1964] as 

zs=-~xz 

= [i WEO ( E~+ EDHz]-l. [ El o~ Hz- E2 oOx H] (8) 
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The sign of E2 is reversed fo t' ,,-es t to east propagat ion , which causes an obvious Ilolll'eciprocity, 
For propagation in the )' direc t.io n th3 magnetic field component Hz will exhibit the x a nd y 
depend ence o f' 

Ilz= exp (i lcxx) Y (y ), 

Y (y ) is cleLel'lllin ed f'rom II solu Lioll of the differ ential equation 

where 

P (y)= f.ll log ( 2+EI 2) 
(. Y E, E2 

a lld 

with k o = r;; ·\ ' EO}J-O' Th e solution Lo t hi s equation is for mally given b y 

)r( ) _ -2 'Yr() _ _ El_ j'( ) lJPI ( ) - 1/2 
y - e , y - 2+ 2 . Y 

El E2 

wh eJ'e' f ey ) sa t isfies t be eq uaLion 

wit h 

rN 
-I ' ?+ K (y)= O ( y-

K (y )= Q-"l.. riP -~ r , 
2 dy 4 

Th e suri':tCC impedall ce ( ) call be expressed ill terms of f ey ) as 

where 

V ( )= "l.. (u. 
y f dy 

F(y) sa ti sfies t be Ricc,tti- type clifl'eren t ial equation 

dV 
-l = -[v(yF+ K (y )J. Gy 

(D ) 

( 10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(1 G) 

(17) 

(18) 

However, V (y ) becom es appt'oximately equal to t P ly ) for t he lower frequencies near the lower 
ionosphere boundary, and minor errors in the numerical in tegration cause significan t inal:­
curacies in Z s' This difficulty can be fLvoided by d efining fL n ew vfLri fLble 

U(y) = V(Y)-~ P (y) , 

Substi tu tion of (19) in (] 8) shows that U(y ) satisfies the differential equation 

dU 
-I = -U2(y)-P (y)U(y)-Q(y), 
cy 

(1()) 

(20) 

which call be integr a ted llulllericltHy if U = U(Yll) is specified at a g iven alti t urle y = y", U (y ,J 
may be determin ed from t he surface impedance Zs at t he upper edge y = Yu of t ho ionosphere 
model. E Xl1l1lin,l,tion of the condu ctivi ty profil es o r fi gures 1 and 2 i ndic,ttes th at ([2> >([1 at 
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y > lOO km with ions neglected or for w> G1on with ions considered. Assuming an exponential 
variation of 0'2 for y > y u> 100 km and se t ting fl = constant, U(Yu) is computed as 

(21) 

It may be also assumed that 0'1 and 0'2=constant for y > y". The corresponding value of 
U(Y u) is 

(22) 

which is applicable to any ratio of (l2/ (l1 ' The above equations apply to east to west propaga­
tion. For wes t to eas t propagation f2 in (12 ), (15), and (16 ) should be multiplied by minus one. 

4. Propagation Across the Magnetic Equator 

N ear the magnetic equator the static eart h's magnetic field is in the south to north direc­
t ion, which is the z-direction in the definition of the permit tivity tensor (7). The tensor [f] 
changes only in the vertical y-direct ion and the field components exhibi t no variation in the 
x-direct ion (west to east direction). The differential equations of the various fi eld componen ts 
are generally coupled . However , in the lower ionosphere the coupling may be neglected 
[Galejs and Row, 1964] and t he surface impedance for verticftlly polftriz ed fields is simply 

Hx is of the form 

Y (y ) is determined from the solu tion of the differential equation 

~d2Y _~ clE ~elY + (f p _ k2)Y= O 
f 3 ely2 f~ ely ely 1 0 q z - • 

(23) 

(24) 

(25) 

The parameter IJ of (25) characterizes the amount of coupling between TE and TikI field com­
ponents (or between Ex and Hx) at a given altitude y. There is negligible coupling with q= 1 
near the lower ionosphere boundary, but the amount of coupling is increased and the magnitud e 
of q is decreased wi th increasing alti tude. The simplest approximation of 

_ { I for y< YI 
q- 0 for y '2 YI (26) 

implies negligible coupling between Ex and Hx for Y < YI , and strong coupling for Y '2 Yl. This 
ar t ificial boundary at Y = Yl will in troduce an impedance discontinuity at a height, where it 
appears to have little effect on fields below. In analogy with section 3, t he surface im pedance 
is given by 

1 l [ 1 ] 1 1 Z s=-' -- V (y)-- P (y ) =-. - -- U (y ) 
?,Wf o E3 2 ~ WfO f 3 

(27) 

where 

(28) 

U(y ) is determined from the solution (20) where Q(y ) is given by 

(29) 
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The differential equation (20) is in tegrated downward from Y = YU> YI' The starting value 
U(y ,,) is computed for an exponential height variation o( E3 and for EI = constant. It follows 
t Lla t 

(30) 

In view of (26) U(y,,) of (30) is changed to 

U(y ,,) = iko-/E;. (31) 

5. Propagation Characteristics 

5.1. ELF 

For ELF waves the propagation constant ikx of section 3 or ikz of sect ion 4 is given by 
i koS, where S is computed following Galej s [1961] from an iteration so lu tion of 

(32) 

wh ere 

(33) 

Zs is computed at the assumed boundary height Y o( the ionospheric profile. Zs of (8), (6), 
(23), or (27) depend also on S. The subscrip ts of S designate the successive iterations, and t he 
calculations may be star ted with So= 1 in the right-hand side o( (32). 

5.2. VLF 

The propagation characterist ics o( the VLF waves are calculated starting out wi th 
(VII- 27) of Wait [1962], which is rewritten for exp (-iwt) time dependence as 

[ W; (t ) - qgWI (t)] [w~(t -U) + qiW2(t - U)] = ei2•n 

w~ (t ) -qgW2( t ) w; (t-u) + q;WI (t - u ) 
(34) 

where 

_ t =(k~a)2fJ 0 2, (35) 

( 2 } /3 
U= koa koY, (36) 

. (koa} fJ q( ...... '~ 2 /:;.)' (37) 

/:;. ~ ~WEO gc::::::.. , 
~ WEg- (Jg 

(38) 

/:;. i =~~ Zs, 
f.1. 0 

(39) 

WI (t) and W2(t ) are the Airy functions, n is the mode number , a is the radius of the etLr th, and 
o is a root of the modal equation (02 = 1- S2) . The Airy fun ctions may be represen ted by a 
power series or they can be r elated to B essel or Hankel fun ctions [Spies and 'IVait, 1961] . Th e 
Airy functions of arguments (t - u) are expressed in term s o( Hankel (unctions as in (ViJ- 42) 
o( vVait [1962], which are .replaced by asymptotic expansions. This gives 

1 ( R )+l W;(t) - q,Wl (t )+.2k (0 ' )3 .71" ( ) 
og - i . og " t ) _ (t ) ~ -3 oa -~ -2 4n- l = 0 

W 2\ q gW2 
(40) 
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with 

R , (41) 

O' =~02+;. (42) 

Approxinhtte solu tions or (40 ) can b E' worked out on the assumptions koa(O' )3> > 1, (O' /!J. ;) 
< 1, 0 2< < (2y/a ) a nd qg< <1. Approximating the term of (40 ) which involves Airy [unctions 
by its 0 = 0 value, expanding log (- Il i ) in powers of ,(0 ' / !J. ;) and in troducing a further 
approximation 

2m+ l 

(( 1I) ZIn+ l ",, ( 2Y)-2- [1+ 2m + l 02l 
a 2 2~~J (43) 

(44) 

where J11 must bf' such that the approximation (43) is st ill valid. For (O' /!J. ;) < < 1 only the 
m = O terms or (44) are sig-nificant, and (44 ) can be seen to become equivalen t to CIX - 19) of 
Wai t [1962J. 

More accura te solut ions or (40 ) are obtained by Newton's method. A Taylor series 
exp,.nsion of a ('unction f ez) about its approximate zero f (zo) gives a corrected z es timate 1'01' 

its zero as 

(45) 

I terations may be used to improve accuracy of this process. Letting z= 0 2, the ini tial value Zo 
is ob tained [rom (44) by assuming a perfec tly reflecting ionosphere of !J. -7CO (or R i -7- 1 ). The 
fun ction f (zo) and its derivative follow from (40 ) as 

where 
7i 

5i!J. ; 
{3 = 24koa(O'i 

(48) 

(49) 

For a= {3 = O and 0 '< < !J. , (46 ) to (49) are equivalent to (VIJ- 37) to (VII- 40 ) of Wait [1962]. 
The propagation constan t i kx of section 3 or i k , of section 4 is given by i k08 where 

8 =-,.11 - 0 2 • (50) 
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The surface impedances Zs of (16) and (27) are co mputed 1'01' t he assumed lower boundary yoI' 
the ionospheric profile. Zs is also depend ent on S. Sol' (50) is co mpu ted using iterations by 
setting S = 1 ill tbe ini t ial Zs expression ~Ulcl by updating Lhe S value in Zs I'ollowing each S 
computation. For mod es 01' low attenuation the process is ntp idly convergen t and olily a 
lew iterat ions al'e l1f'cessary. 

The above co mputational procedure difi'ers from the method used by vVait [J 963c] wher e 
the 111od<tl equation, similar to (44), is considered ~tt a height (y + o) whi ch is above the lower 
boundary y o[ the ionosphere. A surrace impedance is computed in a planar geometry at y, 
and t he re flecLion coeffLCien t R i(Y ) is referred to the height (y + o) as for free space in this 
planar iJl cremen t 0 ["Vait and W alters, 1963]. The reflection coeffi cien t B J y + o) becomes 

R i(V+ o)= B ;(y ) exp (-i2koOo). (51) 

This is equivalent to tmnsl'orming 6.. J y )= 6.. i into 6.. i (y + o) by 

1 (52) 

Subst itu t ing (52), J ;[= O and as uming 0< < 1/, (44) may be rearranged into 

(12n-5) ~_; koY j2y _ 2i j 2y (1 +~) 
6 ,3 -V a 6.. i -V a 2y 

-----

It a,,/2Y +.i j ~ (1 -~) 
o a 6.. i -V 2y 2y 

(63) 

which will differ from 0 2 for 0 ~ 0 , p~trti culnrl.v il' 0 is a s izable [mcLion of y. The method which 
computes the surrace impedance at y, buL considers t he mod al equation ,tt v + o [vVait , 1963c], 
will th ercl'ore difrer from compu taLions which consid er t he mod al equlLt ion n,1so n.t y.l The 
latter ,tpproac h is stri ctly correct only il' t he sUl'face il1lpedance is computed in a sph eri cal 
geo metry, or if the planar surface impedance is a good approximation to t he sph eri cal one. 
Jmpedan ce t ransformations similar t.o (52) bu t s uitable 1' 0 1' a spheri cal geo metry a re discussed 
in the appendix. Th e impeda nce errol' due t o planar calculations can be dec reased by select­
ing 0 to be different from zero, although n o such calcul ali ons arc report ed in this paper. 

6. Discussion 

The roots of t he m odal equation and the ELF attenuation rates ha\'e been cHl culated for 
the ionospheric conducti \Tity profi.les of figure 1 to 4 . TI(e ionospheric profile with co nsidered 
ions for f = 20 cis applies to propagation below the ion gy:rofreqllency and was used for calculat­
ing the cur ves of figures 7 and 8. The plot in figure 7 shows a miuimum of daytim e 1m S for 
east-west propagation around 8 cis. 1m S for west-east direction has a m aximum at this 
frequency. The corresponding at tenuation r ate figures are O'ew= 0.165 db/ lOOO km, and O'we= 
0.022 db/ l000 km. The field enhancement near the first resonant frequency of t l(e earth-to­
ionosphere cavity appears, therefore, due more to west-east than to east-west directions of 
propagation. The roo ts of the modal equ ations and the attenuation rates ll ave been also 
calculated for electronic conductivity (j= 0 ) in t he frequency range of 20 to 2000 cis and are 
shown in figures 9 to 1l. It was already poin ted out that this appears to be a satisfactory 
approximation to t he computed conducti \-ity profiles for freq uencies abo \re t he ion gyl'O­
frequeucy. In distinction from earlier work [Galeis a nd Row, 1964], t he Re S is now m ono-

I Such cOlliments do not appl y to planar geollietr y (e.g., eq \ . [- 4. 1 of W ait [ 1962]) where a cha nge of the houndary height of t he modal eq uation 
and a silllultancoliS tmnSfOrtll ution of R i as in (5 1) do not arrect the soluLion. 110\\'0\'01' , the planar llIode equatio ll is not co nsidered accurate in 
tile VLF range. 
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tonically increasing or the phase velocity monotonically decreasing down to the lowest fre­
quencies of the plot. The high-frequency behavior of these curves is about the same as in the 
computations by Galejs and Row [1964]. 

The calculations in the VLF range were first made for a sharply bounded homogeneous 
ionosphere to obtain a check with published re~lUlts. The ionospheric conductivity is repre­
sented by the tensor (7). The computed curves are similar to those of Wait [1962], which 
were obtained by a different method. East-west direction exhibits the higher attenuation. 
The differences between the Re S figures are almost indistinguishable, alt hough Re S ew exhibits 
the higher values. The curves for an isotropic ionosphere are intermediate between t hose of 
east-west and west-east directions. 
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F IGURE 12. Re S for exponential ionos phere model. 
It is assumed that free space ex ists below t he indicated va l ues of y. 

Simi lar remark s appl y to figures ]3 and 14 . 

The h eight of t he lower ionospher e bound ary which was used for surface impedance calcu­
lations is designated by y-const. in t he fi gures. 

The exponential ionosphere is assumed to hftve a conductivity profile of 

lT j= 10- 6 exp [0.291 (y - 7 4)] (54) 

wh ere j = 1 or 2 in the definition of the permittivity tensor (7) ftnd y is in kilometers. The 
efrects or frequency changes ftre shown in figures 12 and 13 . [n creasing the heigh t of the lower 
ionosphere bound aries increases Re S or decreases the phase velocity (vp lc= l iRe S) similarly 
as Jor the shftrply bounded ionosp here . Tho eLttenuation rcLtes show ft significant change with 
different ass umed heights or the lower ionosphere boundaries Jor th e same ionospheric profile 
(54). These attenuation rates , ob tained Jrom the solutio n of (45 ) to (4S) are compared in 
fi gure 14 with the approximate solu tion (44). There is a qualitative agreemen t, alt hough 
differences of approximately 0.5 db may be noted . 

The effects of profile shifts are illustrated in figures 15 and 16. An upward shift of t he 
profile (0) 0 ) increases Re S and decreases attenLlfl tion for a constan t bound ary height. The 
same conclusion applies in most cases to simul taneous profile and boundary shifts (e.g ., 0= 0 
and + 5 curves are compared for boundaries eLt y and y + 5 respectively). However , increasing 
the boundary height of a profile increases the attenuation rates significantly for y approaching 
SOkm. 

These characteristics oJ attenuation rates apply to east-west, west-east propagation as 
well as to the isotropic ionosphere, and will be discussed with the aid of a surJace irnpedftnce 
curve for the isotropic model shown in figure 17. The numericftlly calculated surJace imped­
ance can be checked against a closed form solution lWftit 1962, Galejs 1961] which is strictly 
valid for large magnitude of the local refractive index (In l = 11 + ilT/wEo I1/2> > 1). The closed 
form solut ion agrees wi til numerical calculations for y> SO km, where the earlier nonequality 
is satisfied. For y < 60 km the computer calculation and the free space ftpproximation (52) 
both give ftbout t he same y dependence of CJ. ;. The normalized surfftce impedfLl1ce lCJ. il is 
decreased in the heigh t interval of 75 to SO km where R e CJ. , "" 11m CJ. il . A decreasing R e CJ. i 
gives an increase or (-1m 0 2) and hence of (1m S) or a following (44) which acco un ts for 
t he a increase shown in figure 16. There is a minimum of a neftI' y = 70 km wh ere R e CJ. i is 
maximum in figure 17. This reasoning does not apply to y < 60 where R e CJ. i<Jm CJ. i , 

and where small R e CJ. t does not imply ft large I 111 S or a. 
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FIG URE 16 . Attenvation mtes Jor shIfted ex ponential 
profiles . 

Free space conditions a rc assumed below tho bo und ar y height. 

Further calculations have been made for the daytime ionosphere conductivity profile of 
figure 5. The general behavior or the propagation parameters in figures 18 and 19 is similar to 
th at shown in figures 12 und 13 for the simple exponential profile. A comparison with the approxi­
mate solution (44 ) is shown in figure 20, and comparisons with measurements [\iVatt and 
Croghan , 1\:)63] are indicated in figure 21. There is a qualitative agreement although calcula­
t ions give a nearly 1 db lower attenuation rate for north-south and west-south directions of 
propagation. 
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FIG U RE 21. l\1leasU1'ed and calculated daytime 
attenuation rates. 

Calculations based on nighttime ionosphere profiles of figures 2 or 6 are less successful. 
I sotropic propagation results in 0' approximately 2 db / lOOO km, the west-east and east-west 
directions exhibi t 0'< 0. 5 and 0' > 3 db / lOOO km respectively. It is par ticularly difficult to 
justify the low 0' figure for the west-eas t direction of propagation and these numerical results 
are not shown in detail. 

This work on the VLF propagation represents an ini t ial attempt to consider a numerical 
surface impedance calculation in co njunction with the modal equations for spherical earth. 
The simple exponen tial conductivity profile gives about the sam e prop agation constants as 
more elaborate ionosphere models, but t he calculations are in both cases cri tically dependent 
on t he assumed lower boundary height of the ionosphere model. A possible cause 1'0 1' t his is 
the probable incompatibili ty bet'ween planar surface impedance calcula tions and the part icular 
modal equation for spherical geornetry . H owm-er l some improvement may be expected by 
referring the calculated planar surface impedance to a height near t he equivalent refi ection 
leyel of the ionosphere ['IVait , 1963cJ. It appears t hat furt her work is needed to clarify fully 
t he effects of \-arious boundary heights in t he models of nonhomogen eous anisotropic ionosphere. 

Appreciation is expressed to E . . M. L arsen and J. Osborn for computational assistance. 
This work was suppor ted by the Office of Naval R esearch under Con tract No DI' 3185 (00 ). 

7 . Appendix 

Su rface Impeda nce Transformation in a Spherical G eometry 

The surface impedance co mputed at the bo ttom of the ionosphere y may be referred to a 
higher altitude (y + 0) if this does no t al ter the solu t ions of the modal equation. Such surface 
impedance t ransformations will be discussed in this appendix for t he modal equations of 
section 4.2. 
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The modal equation (40) with R i as m (41), but with neglected terms proportional to 
(0')-3 has constant solu tions if 

f> i- (i' _ [ 2i koa '" 3J- . f> i+ O' exp - J - (\ ) - const. 

This is equivalent to trans forming f> Jy )= 6,. ; to f> ;(y + B) by 

1 

with 

~ + (i,i(1) Lan [koBO' (y) J (i' ( ) 
t .I Y 

1 + i(i~ (Y) tan [leoBO' (y) J 0 ' (y+ B) 
t 

O' (y) 
O'(y+ B) 

For koBO' (y) < < 1 (.56) simplifies to 

1 (~+ilcoB) [1- i1eoB 2?J (1 + (i2a)_~ (1 - (i2a)J. 
f> i f> i a 2y 2y 2?J 

(55) 

(56) 

(57) 

(58) 

However , th is form of impedance transformation does not provide a co nstant solution o r the 
more approxinhLte modal equation (44). The modal equation (44 ) with 1\11= 0 l'CllhLJJ1S un­
altered if 

(59) 

This gives 

(60) 

where C' (y) /C'(y + o) is given by (57) . For a ---7 00 , C'(Y)---7C'(y + B) following (42 ), and (60) 
reduces to (52). When applying (60) and (57) to (44), it is essential to keep the term propor­
tional to C2 in (57). 

These surface impedance transformation s should be used in con necLion wiell surface 
impedan ce calculations for a spherically stratified medium. 
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