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A vari at ional exprcssion for the admi ttance of a hollo\\' c.l"ii ndri cal antennil. [" l'd at t il e 
("('nkr has been obtaincrl . Co ntrary to normal pmcticC', thl' intrgral equat.ion and tlw r r­
suIting vari at ional exprcssion havc as til(' unkIlO\\'n fun ct ion, the tang('nt. ial r lC' e-tri e fi C' ld ill 
t il(' t ubular n'g ion extC'nd ing from t he antC' nn :, ('nds to ± (x) . A p laus ibl e' tr ial fi C' ld i s cilosl' tl 
and th c rC' I(' \ ',w t in tC'grals arC' ("'alu atl'd aSY lllptot.icall.,· for l ong, thi n antc nnas. SOl l1 C 
1ll1l11(' J"icHI r('su l ts are' g ivC' 1l which sholl' J"e:tson:lb ll' agn'clll ('llt with til(' ('x pcr i Jll rntal "a lu (',,; 
or j i Zll k a l't a!. [ I !J6:3], ami also w it.h til(' t il eon'tie-:lI resu l ts of Wu [I n6 1 J. 

1. Introduction 

Rece nth' there h,LS becn cons ici emblc inleresl 
s hown in t'lle IlClmitlancc of 1011 g cylinciri ca l HnlennHS. 
Vainshtein [1959], \)\, assuming Lhat the cu rrenL 
co nsis Led of inconlin g and outgoing WILYes with Ilillpli­
Ludes which we re slowl.\· ya rying [uncLions of posi­
t ion, r edu ced t he problc lll lo Lh e soluLion of VolLerrfL 
integral eqUt\Lions which could be solved eXllcLl.\". 
Another approach WllS used b~' ' !\Tu [196 1] who 
a pproxinHlted It long a nLenna by fL se llli infllliLe one. 
Th e 1a Lter problem was lhe n sol veel h .\· Wiener -Hopf 
techniques. Exte nsi\Te La bles or lluiller ical yalu es 
were presented b~' ' '\T u. Quite a differeu t mel llOd 
was used by C hen a nd K eller [1962], who assUilled 
Lhe current' Lo be composed of a W<lve el1HtIlaLing 
from the feedpoint plus \\' ,wes reI1ected from lh e 
e nds. Th e current re flec tion coeffi.cient fLt th e end 
of a tube was 1<:nown from previous work . vVith a 
knowledge of this quantity the authors were able to 
obtH.in th e admittance without form ally solving an 
integl"l)1 equation. Essentiall~' the same method 
WitS used earlier b y Hallen [1956, 1962]. S tudies on 
th e infi nite antenna wer e carried out by H allen 
[1948], Papas [1948], Duncan [1962], and KU~lZ [1963]. 
:Measurements on long antennas have been made by 
Iizuka, eL al. [1963], whose res ul ts agree quite well 
wilh th e theoretical values of Wu [1961]. Vari­
iltiol1al net hods were applied to the an tenn a prob­
lem h.\· S Lorer [1950] and by T a i [1950], who obtained 
vllI 'iuLional expressions for t he imped ance in terms 
o[ Lhe unkllown curren t dist ribuLion on lh e antenn a. 
S uch fL formuhtlion is expected lo b e mosL accura te 
[o r shor t antennas. To obLHin a n in tegn\l equ a tion , 
I), nd [rom il <\ vllrial ionnl exp ression whose approxi­
llla te solution is mos t accurate for long antennas, 
o ne should usc t he tHnge nti al elec Lri e field in th e . 

" llpel'lUL"e" ,lS Lhe unknown [ unclioll l He re l he 
aperLure is understood to b e Lhe lubular ex Lellsion 
r e<lc hing Lo ± ro from each end o[ Ul e anlenn a. T o 
th e \\TiL er 's knowledge an inLegral equation conLai 1\­

ing Lhe eleclric field as unknown h ,LS lleVCl" been 
usee! , a nei this approac h form s th e subs Lance o[ lhis 
pllper. 

2. Integral Equation and Variational 
Expression 

The a,nlennfL is assumed to be <l lit in-\mlled , 
perfectly conductin g Lube occupy in g Lh e region 
p= a, -h ~z~ h, of the (p, c/> , z) cylindricfLl coor­
dinaLe sys tem . A t z= O the anl enn a is d riven by It 

vol tage l' applied across a n infini tesimnl circum­
ferential gap. The o illy electric field com pon ent ill 
the gap is given by 

(1) 

The space surroun ding the a n te lln a is div id ed in lo 
two regioll s, denoted " 1" [or p< a fLnd "2" for p> a. 
Field eompon en ts in these r egion s will h ellccrorl h 
be distin guished by appropriat(' superscripts. 

It is assumed that all field com ponents fLre dCl'ivll­
ble from t he z-compon ents of electric her tz vectors. 
In either region , a fter droppin g t he Li me-dependen ce 
fl)'c tor, 

i= 1, 2; (2) 

1 This s,e('lIl s a reaso ll(1)k (,,,tension of a s.tntc l1lrnt of Levi ne [1955J p. ~8. \\-ho 
was concrrned with ciiHm('tion by a cireu lar aperture. I aJn indebted to H. F. 
.\ 1 illHf fo r ~ llppl 'ying LIds reference', an cl for a helpful discussion of t his point. 

311 



where (32 = Jc2-a2, the A i(a) are amplitude functions, 
fLnd the Zi are Bessel fun ctions appropriate to the 
region . The contour of integration is assumed to be 
indented downward around the branch point a= -k, 
and upward at a= k . From (2), the tangential elec­
tric and mfLgnetic field compon ents are easily 
obtfLin ed: 

E (;) = I _oooo (32Ai(a )Z ;((3p )eia'da, (3) 

H(~) =-iWEoI _oooo (3A i(a )Z ;((3p )e ia'ela , (4) 

the dash on the Bessel function indicating derivative 
with respect to the argument. At p= a, E , must be 
continuous for all z, thus 

(5) 

Also E ,=O for p= a, - h :5: z :5: h , with the exception 
of z= O; so that, upon taking the inverse Fourier 
transform of (3) and usin g (1), 

In the region z>h, p= a, H q, must be con tinuous, 
hence from (4) 

Izl>h. (7) 

For Izl< h, p= a the total current I t on the an tenna 
is given by I t= - 27ra[H~1 ) - H~2) ], which from (4) is 

I t( z) = 27riwEoa I _oooo (3 eia'[A1 (a) Z; ((3a) - A2(a)Z~ ({3a) lela, 

Izl< h. (8) 

Use is made now of (5) and (6) to remove AI(a) and 
A2(a) from (7) and (8) with the result 

Izl>h (9) 

Izl<h; (10) 

where ZI has been replaced by Jo and Z2 by H~2) , 
and the Wronskian relation JoH},z) ' -H~2)J~= 
-2i/ (7r(3a) has been used. In terchan ging the order 
of integration and writing E(z) for E ,(z) yields 
the integral equation for E( z) 

f E(z ' )K(z-z' )dz' = VK(z) , .J 1.' 1>11 
jz l> h, (11) 

and the relation 

f E (z ' )K (z-z ' )elz ' = VK(z) _ 7r2I t(z), 
.J I.' I>" W EO 

where 

jz l<h; 

(12) 

(13) 

To obtain a variational expression , (11) is first 
multiplied by E( z) and integrated with respect to z 
over jzl>h, to give 

f'f E(z) E (z ')K(z-z' )dzdz ' .J 1.1.1 " 1>11 

= V f E (z) K (z) dz . (14) .J Izl>1I 

If z is fLllowed to approach zero in (12) one obtains, 
sin ce K (-z) = f{ (z), 

f E (z) K (z) dz=V K (O)_7r2I
t(O). (15) 

.J Izl> 1I WEO 

Equation (14) now is divided by [J E( z) f{ (z)dzF 
and (15) used to introduce I t(O), givin g 

7rl t(O) - K (O)= 
2WEoV 

[ f E(z) K (z)dz ] 2 
.J Izl>" 

f'f E (z) E( z ' )K (z-z ' )dzdz ' 
J Izl.l.'I>1I 

(16) 

This is a variational expression for the quantity 
on the left. The proof of this is omitted, but 
follows the stand ard procedure. An interpretation 
of the quantity K (O) is now required. This is 
readily obtained from (12). If h--"> a:J the in tegral on 
t he left tends to zero , so that 

K (z)= 7r I~ (Z) /2WEOV, (17) 

where I~ is the total current on an infinite antenna. 
If z approaches zero, then 

K(O) = 7r y~ j2W Eo, (18) 

with Y ?, t he total admittance at the feed point of an 
infinite antenn a. Then (16) becomes 

y _ y oo _ _ 2WEo [JE(z) K (z)dz ]2 ( 9) 
t t - 7r J JE(z)E( z ') K (z -z')dzelz ' 1 

This is the variational expression in its final form. 
It relates the admittance of a finite but lon g fLntenna 
to that of the infinite one. The latter has been the 
subj ect of consider able resefLrch, to which P apas 
[1948], Hallen [1948], Duncan [1962], and Kunz [Hl63] 
have all contributed . 
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A remark about (19) is in order. Although the ad­
mittances given are total ones; LJmt is, they include the 
effects of currents inside the tube, the expression (19) 
is approximately true also for the external admiL­
tances (called Yand Y "' ), when the tube diameter is 
reasonably small. This follows because Lhe interior 
currents are excited by evanescent waveguide modes 
which are rapidly attenuated by distance, and which 
conseql1ently are hardly affected by the antenna 
ends. Thus the interior currents are almost equal for 
infinite and long antennas and hence cancel in (19). 

3. Evaluation of the Variational Expression 

The problem now arises of choosing a suitable field 
dis tribution E(z) to use in (19). There are two ob­
vious requirements which this function should satisfy : 
it must behave like e-iklzl/izi2 for large izi, and it 
should vary as [j zi - h] - Y2 neal' iz i= h. Both can be 
achieved by taking 

A constant mulLiplier mighL hav e been included in 
(20), but was omitted because Lhe variaLional expres­
sion is independent of this Lenn. 

When (20) is in serted in (19), integrals of the {ol­
lowin g kinds arise : 

The approximate evaluation of these integrals is car­
ried out in the appendix, under the assumption s tbat 
the radius is small in terms of wavelength and that 
the length of the antenna is great . The results are : 

where 
Lo = ln (tirka) 

L1 = ln (- 2ih/rka2) 

L2 = ln (-4ih/rka2) , 

(24) 

and r = 1.781. ... If the results (23) and (24) are used 
in (19), the following expression for the admittance 
Y - Y'" is obtained 

(25) 

where Yo= (120'71f1 mhos is the admittance of free 
space. 

Expression (25) closely resembles, in form , H.111e:l' 
result [1962, p. 485], Apart from a difference in the 
argument in one of the logarithms, which is of the 
same magnitude as higher order terms omitted in the 
expansion of Y - Y "' , the only difference is the )'e­
pla,cement of a factor 2!7r in the denominaLor of (25) 
by a factor! in Hallen's work. This difference has 
quite a large effect near resonance. 

4. Discussion of Results 

To compare (25) with the results of other workers, 
an expression for Y '" is needed . A difficulty is that 
Y '" turns out to be infinite, as noted by Infeld [1947] 
and others. This point has been di scussed by Dun­
can [1962], who proposes a "smoothed" form of the 
admittance for an infmite antenna. In the present 
paper values interpolated from Duncan's table 3 are 
used. Two dift'erent radii are employed : a/:\= 0.0085 
and a/:\= 0.00n91. T he values 01' Y '" from Dun­
can's paper correspondin g Lo Lhese were found Lo be 
0.00300 + 0,001 87i and 0.00200 + 0.00084i mhos, re­
spectively. 

The resulLs of the calculaLion based on (25) and 
carried out for t hree differen t ran ges of antenna 
len gths are shown in figures 1, 2, and 3. Some ex­
perimen tal data for long an ten nas have been given 
by Iizuka eL al. [1963], but owing to the smallness of 
Lheir graphs, iL is no t easy to comparo Lheir resul ts 
direcLly wi Lit calculations based on (25), 1I owever, 
Lheir curves follow closely 'vVu's [1961] theoreLical 
values, whi ch are tabula Led , an d which have been 
included in figures 1, 2, and 3. It will be observed 
Lhat the present results for Lhe range 51.0 ~ lch ~52.6 
(fig. 3) are displaced to the right of Wu's, which in 
tu~'n are on the right of the experimental curves of 
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Dots indicate \\' u's theoret ical values. 

Iizuka et al. [1963]. In addition, the present Gma x 

exceeds Iizuka's by about 20 percent. F igure 2, for 
26.0:5,kh:5,27.6 , reveals closer agreement between 
vVu 's and the present results. Somewhat surpris­
ingly the agreement over the range 1.0 :5,kh:5,2.0 
(fig. 1) is not materially worse than for the longer 
ntnge. It is not possible to compare the last two 
curves wi th experimen t at the present time. 

5. Conclusion 

In conclusion, a simple variational solution for the 
admittance of a cylindrical antenna has been ob­
tained, involving the longitudinal electric field in the 
extension of the antenna as unknown. This formula­
tion is most accurate for long antennas, in contrast 
with the variational method in terms of cunen t. 
which is more suitable for short an tennas. For long 
an tennas it is easier to choose a plausible electric 
field than a curren t, since the latter involves waves itl 
two directions with an unknown reflection coefficient. 
Using a reasonable trial field, the first term of an 
asymptotic series for the admittance is obtained . 
This gives fairly good agreement with experimen t 
and with Wu's theory [1961]. More accuracy will 
be obtained if extra terms in the asymptotic develop­
ment are included, provided the antenna is suffi­
ciently long. 

The author thanks Mrs. 1\1. Steen for carefully 
doing the calculations, and E. V. Jull for r eading and 
criticising the manuscript. 

6. Appendix. Evaluation of the Integra ls 

The integral 11 of (21) is first considered. By 
halving the ranges of integration and taking account 
of the evenness of l{(z), I I can be written in the form 

(26) 

The term in braces can be expressed 1Il terms of 
Hankel func tions through the relatioll 

I t = - ;~2 .f" (32 Jo((3a~;-P6) ((3a) {H (6) [(a+ k)h] 
2 

+ H(~) [ (k - a)h ]) · (27) 

For reasonably large h, IIo[(a + k)h] can be replaced 
by its asymptotic value. It is desirable to approxi­
mate the other H ankel function the same way, but 
it is not immediately clear that this can be done, 
since its argument is small near a = k . However, 
the contour can be deformed into the first quadrant 
away from a = k without crossing any singularities,2 
hence on the new con tour the approximation is 
valid if h is sufficiently large. The final step con­
sists of deforming back to the original contour with 

2 T' lle poles of the integrand arc the zeros of J o(fJa ) which allii n on the con tour 
Im (tJ) =0. By ,' irtue of t he Lime dependence chosen t hese li e in the 2cl and 4tb 
quadrants. 
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the res ul t 

In teg- rals of the type I II take their values mainly 
from the neighbourhood of a= k; so that 

(29) 

where the B essel funetions have been replaced b y 
t heir small argument approxim ations. Th e integral 
in (29) has for its leading term 

(;30) 

[Hallen 1948]. 
Th e in tegral 112, t hough of s imilar appearan ce, 

takes quite fI, din· oren L form. Since etia"......,O for 
1m (01)......,00, the contour can be moved one nlo ll g t he 
pos it ive imag· l11 11 ry axis: 

W ntson's lemma (see Jeffreys a nd Jeffreys [1962], 
p . 501 ) can now be applied , with Lhe l'esulL 112= 
O(l jh), so that l iZ, to th e firs t app rox il1ln,Lion , is 
negligible compared with I II. S trictly speakillg, the 
poles which lie 11 en,1", a nd in Lhe ab sence of loss on , 
th e path of inLegmLio n shoulcl hc acco unted for , 
b ut if a is s mall , 1I1ey occur for large ",tlues of S <tnd 
t hus con tribute yery little to 112 • 

Ther e remains 113• Th e co ntour o f integnttioll is 
firs t ch angeel to th e positn'e im 1lgillHry axis, with th e 
result 

Th e range of in tegration is now split at S = b, so that 
in (O,b) the sm all argument. approximation to the 
Bessel function applies. Th e r em ainin g integral on 
(b, co), b eing o f order 1/bz and bence 0(0.2), is ne­
glected. Then 

(33) 

I n en) the logari thmic t erm is a slowly v 1lrying 
function , a nd w ithout large error s in it can be r e­
pla ced b~T a constant lying in the range (0, b). T he 
ynl ue ehosell is not very important s in ce an y errOl' 
is of th e o rder of t he term s omitted in th e expansion . 
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It is reasonable to t a ke s=O, howeyer, s in ce t he tel'Ill 
(F+n is smallest there. The in tegmUon r em a inill g 
is elementary, giving 

Recalling that b is large, approximately 

(:3 4) 

When t he terms arc gaLhered together, the fill tl l 
res ul t is 

(35) 

Tbe in tegral I t given in (22) is now cv,tluatcd. 
F'ollowing t he course outlin ed fo r 1 1, t he in tegml 12 
h ecomes 

(36) 

which, as befo rc, C,LIl h e fur ther s implified Lo 

. . (27f)~ i("--kh ) roo dOl 
12= - 1 h3 e 4 .10 (3"J o((3n) IJ6"J ((3a) 

{ eiah e-i",. } 
(Ie -a);' + (Ic + a) " . 

The terllls ill (:~ 7 ) ,t l'e si milar (0 I II a lld 1 12 in (28), a nd 
In il,), be hilnd lecl in like nl1tnn e r, wiLIt tlt e res ult 
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