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This paper, which is a continuation of two earlier pap ers of the same title, co ntains 
num eri cal result s for the field anomaly near a coastline when t he surface impeda nce chan ges 
in a lin ear ma nn er between land and sea. The earli er res ults for an abrupt bounda ry are 
recovered as the width of the transition region is redu ced to zero. In general, it is found 
that the characteri stics of the tra nsition region willllot produce s ignifi ca nt modifications of 
t he t ra nsmitted field. H owever, t he magn itude of th e reflected field is greatly redu ced as 
t he width of the transiti on zon e is in creased beyo nd a bout on e-qua rter wavelength. 

1. Introduction 

In part I [Wait, 1963] of a series of papers of this 
title, the propagaLion of radio waves across a flat­
lying coastline was in Yestign,ted theoretically. In 
part II (Wait and Jackson, 1963], the influen ce of an 
elevation change between land and sea was con­
sidered. It is Lhe purpose of Lbe present paper to 
consider again Lhe flaL-lying coastline but wiLh special 
attention given to a nonabrupt variation of tbe 
conductivity at the coastline. 

As indicated in. part 1, the a sUI11.ption of a sudden 
change of electrical properties gi yes rise Lo an appar­
ent singularity of the field right at the coasLline. It 
is shown in what follows that the "singulariLy" is not 
present when. the surface impedance changes grad­
ually at the junction or coastline. 

2. Formulation 

The model is the same as that used in part I. The 
essential features are described briefly here. Tbe 
transmitting antenna, A, located on the land, is at a 
great distance from the coastline. For present pur­
poses, it is only necessary to assume that A is a source 
of vertically polarized groundwaves. The receiving 
antenna, B, is relatively near the coastline but it may 
be on the sea. It is further assumed that B is eq uiva­
lent to an infinitesimal vertical dipole and thus it 
responds only to the vertical electric field . 

From consideration of reciprocity, it is clear that 
the role of transmitter and receiver may be inter­
changed. Thus, in general, it is most meaningful to 
express the results in terms of mutual impedance 
Z1n+ ~zm between the respective terminal pairs of 
antennas A and B . Here z'" is the mutual impedance 
if the s urface impedance were a cons tant Z for all 
points of the earth's surfa.ce. Thus, ~zm i the 
modification 01 the mutual impedance which results 
from the presence of Lhe inhomogeneity of surface 
impedance Z'. In the present problem, the surface 

impedance of the land is Z while Lhat of the sea is 
Z'. The sitllaLion is illusLrated in figure 1 where Lhe 
earLh's surface is the (x y) plane of a Cartesian coor­
dinate system and the coas tlin e is at x= O. 

3 . Statement of Formulas 

Quo ting from part I , the working formula for the 
mutual impedance increment ~zm is gi ven by 

~Zm ~_i. e,kC,<i, f '" [01 ((f(x) -ikf(x) ] e-ikC,x 
Zrn 2 _, dx 

X H J2) (lcCJ/x-dd]dx, (1) 
where 

f(x ) = (Z' - Z) / 'Y/ o, 'Y/o= 1201T' , 
II (~) is the Hankel function of order zero of the 

second kind, 
01 = cos 80, lc = 27T'/wavelength, 
d l = shortest distance from coastline to B (positive if 

B is over sea and negative if B is over land), 

and, finally, E is chosen to be sufficiently large that 
f(x)~ O for X< - E. 

For purposes of the present paper , some further 
simplifications may be m ade. Specifically, it is 
noted that 

(2) 

where ~o(x) is approximately a real positive quantity 
whose magnitude is small compared with unity (e.g., 
~o< O . l ) . For example, at sufficiently large positive 
values of x, 

_( EOW )1 /2 ( _ iEOW )1 /2 '+., 1 '+ ., ' (J '/, E W (J 'I.E W 
(3 
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FIG GRE lb, c. The linear surface im pedance variation. 

where (J' 0 and Eg are the conducLi vity and permittiyity 
of the land and (J" and E' are the conducti \'ity and 
permitti\' ity of the sea . In most cases of practical 
interest , w is sufficiently low and (J" is sufficiently 
large that 

(4) 

which is real. 

4. Linear Variation of Surface Impedance 

In part I, it was assumed that L'lo(x) was a step 
function at x= o corresponding to an abrupt bound­
~lry. Here it is desirable to allow L'lo(x) to haye ft 

finite transition region of width do where L'lo(x) va.ries 
in a linear manner. Thus 

L'lo(x) = 0 for x< - do/2, 

=[x+~~o/2)J L'lo for - do/2< x< do/2, 

= L'lo for x> do/2. (5) 

'iVith this model, the surface impedance is imagined 
to change in a linear manner oyer the distance do itS 

indicated in figure lb . . 
To simplify the comput~ltional problem, certam 

dimensionless quantities are introduced as follows. 

and Do= D/C1 = lcdo. Then, it etlsily follows that (1) 
may be written in the form 

[ dG . GJ n ({u -~ C1 du , (6) 

where, in the case of ~t lineal' Ynriation, 

G= O for u< - D/2, 

u+ f}/2) for - D/2< u< D/2, 

= 1 1'01' u> D/2. (7) 

Therefore, 

= 0 1'0l'u< - D/2 and u>D/2, (8) 

as indicated in figUl'e lc where G is plotted yersus u, 
The mutual impedance j'ol'll lUla now becomes 

(9) 

where 

(10) 

and 

(ll) 
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To erred these il1Legnttiol1s, i t is desirable to make 0.3 r----r-----,---,--.,------,---,-----r------, 

use of the following t wo idellti ties: 

and 

:x [ xe3±iX [ xH~2) ex) + (1 =f ix)H J2) (x) ]J =xe±iXH~2) (x), 

(13) 

where upper (or lower) signs are to be considered 
too·ether. In verifying these identities, it is neces­
sa~y to employ two well-known relations in Bessel 
function theory [MacLachlan, 1934] . These fLre 

a nd 

cl -, H J2) (x) = - H i2) (x), 
c.x 

(14) 

It is now appa,rent Lhltt 6 z"./z", may b e expressed 
en til'ely in terms of ELtl1kel functions of order zero 
and one, with y,trious r e,11 arguments. USing such 
expression s, cunres of Lhe r eal and imfLginary pltrts 
of 0 have b een prepared. Some of these [tre shown 
in figures 2a Lo 8 b where, in each case, Lhe abscissa 
is the pltrftmeLel' a l or 'COl el l . 

For pmposes of discussion , it is cOlwenienL to de­
sCl'ibe 0 as t he fleld ltnomaly resulLing from the 
inhomogenei Ly. In \' iew of Lhe r el fL tion 

6 Z"'= 60 [ 1~e Q+ i 1m QJ, 
2m 

(16) 

it is evident, for 6 0 reltl , that R e 0 is a measm e of the 
amplitude change of the field where 1m 0 is a meas­
ure of the phase. While the results ,tl'e still valid if 
6 0 is complex, the above simple interpretfLtion is no t 
applicable. Also, it should be remembered that wIder 
all conditions, 16 2mlzml< < lor 16 00 1< < 1, if the pres­
ent results are to be given any confidence. 

5. Discussion of Numerical Results 

The curves in figures 2a and 2b are applicable to 
normal incidence . The sinusoidal-like ripples for 
n egati \~ e "alues or al may be regarded as an interfer­
en ce pattern resulting from the combination of the 
incident wave and the reflected wave. It is app ttl'ent 
that, as the elecLrical width Do of the tra nsiLion zon e 
is incretlsed, the mag niLude 01' the reflecLed w,we is 
o'enemll y decreased . On the other Imnci , the char­
~cteris ti'cs of the transmitted w,t\~ e, for large posiLi \'e 
v ltlues o'l aI, are not appreciably modified . Howe\, er, 
i t Illay be obsenred L1HtL in the p roximi ty of Lh e CO ,ts t­
line, Lh e luLure of Lhe field is profoundly influenced by 
the wid th of Lhe Lmnsition l'egioll. III gelleml, the 
r apid y,lriatiolls of Lhe fleld ,tre smoothed out when 
the transi tion dis tance Do is increased. As may be 
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FIGU HE 2. The real and the imaginw'Y parts of Q as a function 
of "'I 01' K CI ell where el l is the dis tance from the coastline. 

seen in figure 1, the field is beginning to ha ITe a Sill gu-
1m' behavior for the sm alles t value of Do (i. e., 1) which 
is yery similar to the corresponding cunes gi\'en ill 
plirt I for Lhe abrupt bound,tl'Y (i .e., Do= 0) . 

The cunes in figm es 3a and 3b for 00= 20° arc ,"ery 
similar to those in figures 2a ancl2b for 00= 0°. Evi­
dently, a slight obliquity in the tnwerse across Lhe 
coastline does not modify no t iceably the field b e­
ha\~ior . However , for mOl'e oblique conditions, the 
cunes in figures 4a, 4b, 5a, and5b for 00= 40° ,md 50° 
indicate tha t significant modification s take place lor 
angles in this l'tmge. P J'incipall:I-, it is not ed that 
when 00 is in the vicini ty of 45 ° th e refl ecLed wn \'e i::; 
greatly reduced in IlHgni tud e. This effect was also 
present in the case 01 a n ab rup t boulld,try. 

The CUlyeS in figures 51t to Sb illusLntte the be­
havior of the field a.nomaly fo r mth er highly obli que 
angles . Again , as in the C,lse of the a brup t boundary, 
the r eflec ted wa \'e is quite strong. Furthermol'e, t he 
magni tude of t he reflecLed w,1I'e is 1l0L apprecia bly 
r edueed when Do is increased from 1 to 5. Howel'er , 
in neMly ,tllltllgies 00 LilC belw,\' iol' of Lhe transmiLted 
field is noL ltpPl'eciably modified by ehlinges in the 
width of the tmnsition zone. 
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of al or KC l d l where d l is the distance f rom the coastline. 0.1 r-----,---,------,-- ,-----,-----,--,---

The relative insensitivity of the Q versus al cmves, 
at highly oblique angles, to variations in Do is reminis­
cent of the reflection of waves from horizontally 
stratified media [Wait, 1962] . In the latter case it is 
known that the influence of diffusiveness or non­
sharpness of the boundary is minimized at highly 
oblique incidence. 

6. Conclusions 

The results given in this paper would seem to shed 
considerable light on the natme of the vertical elec­
tric field near the boundary of separation. The 
singularly or infinite behavior of the field obtained 
in earlier studies, is not present when the surface 
impedance changes gradually between the land and 
sea portions. However, as the transition zone is 
diminished the field becomes rapidly varying in the 
vicinity of the coastline and becomes very similar to 
the predicted b ehavior for an abrup t boundary. A 
conclusion similar to this was arrived at bv Godzinski 
[1962] whose analysis communicated to me in outline 
was restricted to normal incidence (i .e., {lo = OO) . 
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1 ' [,ho careful drafting o[ the figures is d ue to Jerry Hodges. 
'v./e should be replaced bye/v. in eqs (29) and (31) , v./e should be replaced by 

c/v, in eqs (30) and (32) , and v,/v. should be replaced by v. /v, in eq (33). 
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