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Sample calculations for the case of nondeviative a bsorption indicate tha t the generalized 
magneto-ion ic expression for t he a bsorption coeffic ient for longitudinal radio wave propaga
tion can be used wi t h great accuracy eve n when the direction of propagation deviates grea tly 
[rom longitud inal if t he gyrofrequency s in the equa t ion is replaced by wL =ls cos <1> 1, where 
<I> is the a ngle between the propagation vecto r and t he ea rth 's lines of magne tic force. Curves 
indi cating t he percent error in t rod uced by us ing t he modified longitudinal equa tion (i.e. 
us ing wd, in place of using the more involved expression for arbi t rar y <I>, are presen ted for the 
ord inary a nd extraordin a ry components for values of <I> and f be tween 10 to 50° and] to 50 
]\'[c/s, respectively. In t he case of t he extraordinary cO lnponent, for frequencies in t he 1 t o 
'1 M c/s ra ngc, greater accuracy is ob ta illecl by us ing t he unmodified longitudinal equa t ion 
eve n when <I> ~ 0 rather t ha n in t roducin g WL. For both components the percent error 
in t rodu ced by usin g t he simplified longitudinal C'xpress ion, modified by usin g W L in plae of 
s, is less t ha n 1 porcont for a ll valu es of <I> up to 50° when t he frequency is 15 Mc/s or higher. 

1. Introduction 

The attenuation of an elec tromagnetic wave as it 
passes through an ionized medium can be described 
by the following expression: 

(1) 

where 

E = amplitude of the elec tric field of the wave 
after having traveled a distance s in the 
m edium 

E o= amplitude of the electric field of the incident 
wave 

K= absorption coefficient. 

The absorption coefficient K is given by 

wX 
K=--

C 
(2) 

where w is the angular frequ ency of the radio wave, 
c is the velocity of light in vacuum, and X is the 
imaginary part of th e complex refractive index n 
which is written as 

(3) 

Wh en the wave propagates parallel to the direction 
of the earth's magnetic field (longi tudinal propaga-
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Lion) th e classical, or Appleton-Eartree, magneto
ionic theory gives 

(5.31X lO - 6) NVA11 

wh er e 

N e2 
w~=-- (raclians2/scc2) 

€om 

/1- (w± S)2+V;W 

N = electron densi ty (m -3) 
e= elec tron charge (coulomb) 

m= electron mas (kgm) 

(4) 

€o=capacitivity (or permittivity) of free space 
(farads/m) 

/1- = real compon ent of the complex r efractive 
index 

w= angular l'adiofrequency (radians/sec) 
s=angular gyrofrequency of the electrons due to 

the earth's total magnetic field in the region 
of interest (radians/sec) . 'rhe plus sign is 
used for the ordinary wave and the minus 
sign for the extraordinary wave. 

VAH = an average value for the electron collision 
freq uency (sec- I) . The subscript AH is 
used to distinguish between this average 
value and the average value used in the 
generalized magneto-ionic theory. 

(Rationalized mks units are used throughout this 
paper.) 

If the propagation vector makes an angle ¢ with 
respect to the direction of the earth's magnetic field 
the above equation can still be used, under certain 
conditions, if s is replaced by WL = Is cos ¢ I. The 



equation is then commonly referred to as the quasi
longitudinal approximation [Ratcliffe, 1959, section 
13.6; Ratcliffe uses unrationalized mks units]. 

A similar approximation has not been provided in 
the case of the generalized magneto-ionic theory 
which considers the effect of the velocity distribution 
function for the electrons. Sen and Wyller [1960] give 
generalized expressions for the complex refractive 
index for arbitrary ¢ , for ¢ = O, and for ¢ = 7r/2. The 
condition ¢ = O will b e considered in the present dis
cussion. In this case, the expression for K is found 
by combining eqs (39), (41 ) , and (43) in the paper 
by Sen and WylIeI' [1960] to obtain 

where Pm is the mean electron collision frequency asso
ciated with the most probable electron speed. (In 
(4) it is not specified which average velocity, i.e., 
Vm, V, or Vr ms , the term PA H is to be associated with.) 
The C 5/ 2 function in (5) has been tabulated by Dingle, 
~rndt, and Roy [1957] for parameter values ranging 
from 0 to 20. The other symbols have the same 
meaning as in (4). Note: tbe sign convention "vith 
8 is the same as in (4) but is opposite to that of Sen 
and WylIeI' [1960]; with this choice of signs, the same 
as was used by Chorbajian, Sugiura, and Parthasar
athy [1962], the extraordinary wave is absorbed more 
strongly tban the ordinary wave. 

In the ionospheric literature, one commonly en
counters the application of the classical quasi-longi
tudinal approximation to the equations of the gen
eralized magneto-ionic theory without qualifying 
comments. In so doing, tbe formal simplicity of the 
longitudinal eq (5) , modified by using WL = Is cos ¢I in 
place of s, is retained (for ¢,c0) rather than using 
the more involved expression for arbitrary ¢. The 
purpose of tbis paper is to determine under what 
conditions this procedure is justified. The investiga
tion is based on sample calculations using both the 
most general expression and the longitudinal expres
sion for K (for various values of wand ¢) and calcu
lating the percent error introduced by using the 
longitudinal expression when ¢,c O. 

2. Discussion 

Chorbajian, Sugiura, and Pfirthasarathy [1962] 
have calculated the absorption in decibels per kilo
meter path (designated by the parameter A ), forradio 
waves of frequencies 1 to 50 Mc/s in the height range 
of approximately 20 through 100 km. The generfil
ized expression for the absorption coefficient K, as 
derived from Sen and WylIeI' [1960], was used to 
calculate A for values of ¢ from zero to 80°. Their 
results made it extremely easy to compare the sim
plified expression for longitudinal propagation (¢ = O) , 
as given by (5) , with the complete expression for 
arbitrary direction of propagation for various values 
of ¢. 
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The parameter A is defin ed as follows: 

A = -20 10g1o (E/E o)= -20 10gIO e - J,dh 

(6) 

When the general expression for K is used, i.e., for 
arbitrary angle of propagation, the parameter A 
will be designated as A G • When the longitudinal 
expression for K is used, i. e ., eq (5) , the parameter A 
will be designated as AL . Combining (5) and (6) 
gives the following expression for nondeviative 
absorption (Jl = 1) : 

1.15 X 105 n (w±S) 
L- 5/ 2 --

Vm lim 
(7) 

when N = 106 m - 3 • N is set equal to 106 m- 3 so that 
AL from (7) can be compared with AG as given by 
Chorbajian, Sugiura, and Parthasarfithy [1962] who 
also used this value. (N ote: the above authors 
used cgs units.) The quantity · 

Ac- ALXlOO 
Ac 

(8) 

WfiS calculaLed for ¢ rfinging from zero to 50° and f 
= w/27r ranging from 1 to 50 Mc/s. 

The C 5/ 2 function in (7 ) was evaluated using the 
method of Chorbajian, Sugiura, and Parthasarathy 
[1962], i.e. , using the tabulated values of Dingle, 
Arndt, and Roy [1957] and interpolating from 
N ewton's forward difference formula (to second 
order differences) for parameter values between 0 
and 0.2 and using Bessel's central difference for
mula (to third order differences) for parameter values 
between 0.2 and 19.0. For parameter values 
greater than 19.0 the integral was approximated 
as 1/x2. 

The percent error, as given by (8) , was calculated 
for the ordinary and extraordinary components with 
WL in place of s, i.e. where (w + WL ) /Vm and Iw-wL l/vm , 

respectively, were used in (7). (The absolute value 
was used because C5/2(X) is an even function of x). 
The same calculations were performed before intro
ducing WL into the longitudinal equation in order to 
illustrate the ¢ andf dependence of (8) when the un
modified form of AL is used. Th e resul ts are pre
sented in figures 1, 2, and 3 corresponding to three 
different vftlues for Pm. The absolute value of (8) is 
represented in the figures since AG- AL (s»O and 
Ac- AL(WL»O forfbetween 1 and 50 Mc/s for the 
ordinary component, whereas for the extraordinary 
component AG- AL(s) < O for J between] and 50 
Mc/s, A c - AL(WL» O for f greater than approxi
mately 1.5 Mc/s (W-WL> O), and AG- AL(WL) < O for 
f less than the above value. The main points to 
observe on these figures are the following: 

Ordinary Component. The solid curves indicate 
the percent error introduced by using the modified 
longitudinal equation, i.e., using WL in place of s, 
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Flc VRE 1. PeTcent error i n the genel'oli zed magne to-ionic the01'y 
QL appl'oxinwtion when v= 10.1 

']'01': Ordinary component [OJ. Aa represents the absorpt ion per kilometer 
path PCI' electron as calculated from the generalized magneto-ionic theory expres
sion for a rbitrary value of ¢; AI. represents the same quantity as calculated from 
the generalized magneto-ionic theory expression for longitudinal propagation. 
rrhe dashed curves, for various values of ¢, are obtained when the unmodified 
longitudinal expression is used to calculated AL; the solid curves are obtained 
wben the modified longitudinal expression , i.e.,8 is replaced by WL= \s COS<I> \, 
is used to calcul ate AL. Bottom: Extraordinary component [EJ. Same caption 
as for the ordinary component. 

when 4>~0. Forj2:15 Mc/s the error is less than 1 
percent for all values of 4> up to 50°. 

Extraordinary Component. 
l. For frequencies less than a certain critical value, 

b etween 1 and 4 Mc/s depending on the value of Pm 

and 4>, greater accuracy is obtained using the unmodi
fi ed longitudinal equation even when 4>~0 rather 
than introducing WL' Thus in this frequency range 
one must resort to the complete expression for arbi
trary 4> if accuracy greater than that indicated by 
the dotted curves is desired. 

2. The solid curves were terminated atj= 2 Mc/s 
because, as was mentioned earlier, the term Ao-
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AL(WL) changes sign between ./= 2 Mc/s and ./= 1 
·Mc/s. In this frequency range the percent error 
increases very rapidly and the curve could not be 
extended on the basis of one additional point 
(f= 1 Mc/s). 

3. For frequencies of 15 Mc/s and higher, the 
error is less than 1 percent for all values of <t> up to 
50° when WL is used in place of 8. 

Only three values of Pm were considered because 
as Pm increases the percent error decreases and as 
Pm decreases the dominan t absorption, for the lower 
frequencies, is deviative absorption (f.l~ 1) rather 
than nondeviative absorption (f.l = 1) . 

It should be pointed out that Chorbajian, Sugiura, 
and Parthasarathy [1962] arbitrarily used Nicolet's 
(1959) collision frequency profile for Pm. Their 
values of h, Pm , and 8 appropriate to figures 1, 2, and3 
are the followin g: 

!'i.rJure h(km) p",(sec- I) 8(radians sec- I) 
1 70. 5 107 9.6679237 X 106 

2 84. 5 106 9. 6050611 X 106 

3 99. 0 105 9. 5405268 X 106 

J( the ~,bove heights are chan ged so as to agree with 
the Vm profile of K an e [1960 and 1961] wh ich is 
preferable [Parthasfl.rathy, 1963], tile corresponding 
8 values will change slightly ("", 0.1 %); the percent 
enol' values given in the <,bove figures will chan ge 
even less . 

3. Summary 

The lon gitudinal expression for the absorption 
coefficient in the generalized theory (5) is suffi cient 
1'01' most applications over a wid e range of frequen cies 
and over a wid e range of <p angles , when 8 is replaced 
by W[, = 18 cos<t> I. For frequenci es in the 1 to 4 Mc/s 
range, however, the introduction of WL in the longi
tudinal equation for the extraordinary component 
either has very little efT'ect 01' produces greater 
enol'S than result from usin g the unmodified longi
tudinal equation when <t>~ 0. In this frequency 
ran ge, it may be necessary to use the complete expres
sion for arbitrary <p. 

I am thankful to R . Parthasarathy for encouraging 
this investigation and for many helpful discussions. 
I also thank S. Young for programming the Univer
sity of Alaska IBM 1620 Computer. 
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