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The impedance of a v('rtical monopole lo cated over the surface of an imperfect ly con­
ducting ear t h a nd having a radial-wire gro und system has been st udied theoretically by 
J. R Wait. An exp erim ental investigation di scussed in pa rt I of this pa per gave results 
in good agreem ent with Wai t's theory. Thi s part of the paper is a presentation of cal­
culatio ns based on Wait's theory showing t he behav ior of a nte nn a im pedance as a funct ion 
of a ntenna h('i ght, top- loading a nd number, size, !1lld lengt ll of rad ia l wires. 

1. Introduction 

A vertical monopole antenna over an imperfectly 
conducting ground excites cmrents in the gTound 
near the base of the antenna which results in a 
substantial loss of radiated power. To reduce this 
power loss and t hereby increase the efficiency of the 
radiating system, a highly conducting concentric 
circular disk may be placed at the ground smface. 
For economic reasons, the conducting disk is usually 
replaced by a system of radial wires. Such a 
system is not as effective as the disk but can be 
made nearly so by use of a sufficient number of 
wires. 

The effectiveness of the radial wire sys tem in 
reducing the ground losses 1 was investigated theo­
retically and exp erimentally by observing its effects 
on the antenna base impedance. Part I of this 
paper [Maley and King, 1962] gave the results of 
this investigation as a function of the number of 
radial wires using the ground system diameter as a 
parameter. The investigation indicated reasonable 
agreement between the measmed values of imped­
ance and those calculated from formulas given by 
J . R. Wait [1954] . Measmements and calculations 
were made for frequencies of 4.20 and 9.60 Gis 
and for a ground plane of water. The success of 
Wait's formulas in predicting the effect of the 
radial wire ground system upon the monopole base 
impedance for these cases was considered sufficient 
ju tification to extend the calculations to other 
frequencies and ground parameters. 

In this paper an analysis is made of the effects 
of monopole height, top-loading and number, length 
and size of the radial wires on the antenna impedance. 
Calculated values of impedance are plotted as func­
tions of the various ground system and antenna 

1 For t he co nfiguration co nSidered, t he ground losses were primarily H-field 
losses [Wait, 1D58]. 'rhe calculations in this paper consider only these losses. 

parameters. These calculations extend those pub­
lished by Wait and Pope [1955] who employed both 
graphical and analytical methods. The efrect of 
ground parameters and frequency will be considered 
in part J II of this paper. 

2. Theory 

Tlte impedan ce of a monopole ant,enna over an 
imperfectly conducling ground 11 as been g iven by 
Wait [1954] as 2 

z=z'" - ~; So'" E r(r, O)H~ (1', O)rdr. (1) 

Zoo is the monopole impedance which would exist if 
the ground were perfectly conducting, H: (1', 0) is 
the magnetic field a t t he surface of the ground for 
the same condition and with an an tenna base 
current of 10 , Er(r,O) is the radial component of 
the electric field at the surface of the imperfectly 
conducting ground with the radial wire system in 
place for an antenna base current of 10 , The time 
dependence is exp (iwt ) where w is angular frequency, 
t is time and i=Fi. The coordinate system is 
shown in figure 1. 

In most practical antenna systems the boundary 
conditions at the surface of the ground may be 
approximated to a good order of accuracy by the 
relation 

where H ",(r, 0) is the magnetic field at the surface 
of the imperfectly co nducting ground, and rJ is the 
surface impedance which, in general, is a function 

, '1'11e rationulized MRS system of units is used throughout_ 
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: ( MONOPOLE TOP LOAD 

(fLo. Eo) - - MONOPOLE ANTENNA 

IMPERFECTLY CONDUCTING CIRCULAR DISK 

FIGURE 1. Sketch oj antenna syste·m. 

of 1'. Equfition (2) assu mes T11~(r, 0) yanes 

slowly in a distance I ~ I where 'Y = [iJ.Lw (a- + iwf2)] ~ 
is the propa,gation constant of the ground. Lsing 
(2), (1) m ay be written 

In the case of a circular conducting disk ground 
'System , 1) = 0 for O<l'<a whero "a" is Ute radius or 
the disk . Then (3) becomes 

Z~Z"' + ~g Sa'" 1) g[ H ;(r,O)]2rdl', (4) 

where 1)0 is tlte efl'ec ti\'e surface impedance of tlte 
ground. 

The wires of a r adial wire ground sys tem fire 
normally connocted to a small metfil disk at the 
base of the antenna as shown in figure 2. Then 
(3) becomes 

(5) 

where 1)e(l') is the surface impedance of the ground 
with the s~~st ,e lll of l'adiaJ wires in phtco. 

10 

RADIAL WIRES 

SMA LL M ETAL DISK TO WHI CH 

RADIAL WIRE S ARE CONNECTED 

FIC [1m ; 2, Top view oj mdial wil'e gro1i1ul system. 
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It is interesting to compare tbe beha\'ior of the 
im,pedance for the circular conducting disk ground 
system with that for the radial wire system. If 1) 0 

in (4 ) is taken as the surface impedance of the im­
perfectly conducting ground, e:"Z= Z - Z '" may be 
calculated fiS a function of disk radius. Typical 
resul ts as plotted on a rectangular impedance chart 
are shown in figure 3. 

N ow consider a radial wire ground system in 
which the radials are connected to a small disk of 
r adius "a" and extend to radius " b". The base 
impedance as a function of the number of radial 
wires and given\'alu e of "b" for sucb a system is 
shown typically as the dashed CUI'\'e AB on figure 3. 
vVllen no radial wires aro present the impedance is 
the same as that for a conducting disk of r adius 
"a" . As the number of radiaJs increases without 
limit for a co nstnnt yalue of "b", tbe impedance 
should approach that for a disk of radius " b". Thus, 
t ho curve of impedance as a function of the number 
of radials N should star t at point A and end at 
point B in figuro 3. Quantitati\'e data on this yari­
ation and a comparison between calculated and 
measured values has been giyen in part I of this 
paper. 

The approximate variation of the impedance be­
tween these two points may be found from (5) and 
from the relat ion [Wait , 1954 ; Maley and King, 
1962] 

(6) 

wh ere 

(7) 

[ i J..l.w JI/2 
1) g= ---

a- + iWf2 
(8) 

1)0 is the intrinsic impecl ance of fr ee space and C IS 

the r adius of the wire. 
The parallel impedance assumption (6) ignores 

mUlual effeots between ground and grid and as­
sumes radial symmetry as well as perfect electrical 
cOlltact between the wires (md the ear th. Experi­
mental eyidence [Smith a nd D evaney, 1958; 1959] 
indicates that mut ual couplin g and a potential differ­
ence can exist between t he wires and earth , but may 
be neglected in (6) for a large number of wires and 
high soil conclu cti vity. Gustafson , D pvaney, and 
Sf) lith [1959] gi \ '0 an approximate evaluation of 
t ltese losses, as well as coppor lossos. 

Equation (7) assumes 1'Y ,cl l < < 1 where cl= 27rr jN 
is t lte spacing between wires and 'Ye is the propaga­
t iOIl constant for a thin wire in the interface and is 
given by [Wait, 1954] 

_['Y~ + 'Y2J I /2 'Ye- - 2- . (9) 

If calculations are made for the impedance as a 
funct ion of the number of radials N for seYeral 
different , 'allies of wire lengths, the results may b e 

-, 
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FlGUlm 3. AT onopole base impedance loci showing the effect of varying Nand .system radius. 
'l' hc solid curve corresponds to a perfectl y conduct ing disk ground system and the dashed curve shows the loci of impedance for var ying N for a given vai llc of bf A. 

'rho inset shows an expansion of tho region of convergence of t he solid spiral. 

shown as Lhe family o[ clas hed cunros on fi gure 3. 
Each starts at point A corresponding to a small 
disk of radius " a", and Lerminates at a poinL corre­
sponding to the given value o[ "b". From this 
figure the variation o[ impedance tlZ as a function 
of "b" is apparent . A curve connecting the points 
representing Hle same num.b er of radi als but of 
varying length has the shape of a spiral similar to 
that for the condueLing disk ground system of 
varying diameters . As N decreases, the spirals 
become smaller and closer to point A, and as N 
increases, the spirals becom.e nearly coincident with 
the spiral corresponding to a solid disk. 

The change of impedance with respect to an 
infmite perfectly conducting plane (the lim.it of the 
spiraJ as b-?>ro) may be obtained from (5), (6), (7), 
and (8). The result is 

3 . Calculations 

The magnetic field , I-1; (1', 0) for a perfectly con­
ducting ground can be found if the current dist ribu­
tion on the monopole is known. It can usually be 
assumed til at t his distribution is sinusoidal and is 
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given by 

1(z) = 10 sin \a-{3z) , 
S10 a 

(11) 

where (3 = 2nl t.., a = {3 (h+ h' ), A is th e free space 
wavelength , h is Lhe actual monopole h eigh t, and h' 
is a p arameter specifying the top-loading of the 
monopole. For this choice II; (1', 0) is given by 
Wait (1954 ) as 

H ;(r, 0) i10 [e- iPP 
2' - cos ({3h-a) 7r SIn a l' 

e- ipr ihe-i{Jp ] 
- -- COS a+ -- sin ({3h-a) 

l' Tp 
(12) 

where p = (r2+ h2)1/2. Equation (12 ) applies suffi­
ciently well near a monopole antenna with sym­
metrical top loading. 

Calculations were made from (10) for a variety of 
parameters. In most applications, the normalized 
radius of the wire C= C/A varies between 0.05 X lO- 6 

< C < 20 X 10- 6• The theoretical calculations do 
not account for copper loss. These may be estimated 
by other means . Themonopole height varies b etween 
0.003 ~ h/A ~ .25 and the number of radials lies in 
the range 50 ~N< ro. The top-loading parameter, 
a, lies b etween 27rh/A ~ a~7r/2, the lower and upper 
limits corresponding to h' = 0 and full top-loading, 
respectively. The permittivity €2 and conduc-



tivity CT of the imperfectly conducting earth are 
accounted for in the parameter 0 which may be de­
fined in terms of 71 u; 

(13) 

where E= Ed EO is the relative dielectric cons tan t, and 

Then 

and 
0=0' [1+i~o')2J= l o le-iy, 

,p=~ tan- 1 [(O')2E]. 

(14) 

(15) 

If ~(O')2E< <1 then ,p~0 which corresponds to 
highly conducting earth and negligible displacement 
currents. The ranges of 0 and ,p were chosen to be 
0.01 '::::;0'::::; 0.30 and 0'::::;t/;'::::;7r/4. Part II of this 
paper is mainly concerned with the variation of 
N, 0, hl A, and a; 0 and t/; will be considered in part 
III. 

4. Conclusions 

Figures 4 through 10 reveal nearly the same 
conclusions as those made by ·Wait. Essentially the 
same formulation was used here except that Wait 
assumed a= 7r/2. This corresponds to hI A= 0.25 
[Wait, 1954] or a unifonn current distribu tion for 
short monopoles where hit.. '::::;0. 1 [Wait, 1955] . Where 
the results can be compared good agreement exists 
with the curves in the present papers. 

Figure 4 shows the effect of varying the number of 
radials N and antenna height hl A, for 0= 0.10 and 
,p= O, and wire radius to wavelength ratio C= cI A= 
10- 6• These CUTves show that, in general, there is 
little to be gained by making N greater than ap­
proximately 250. t::,.Z is evidently a rapidly varying 
function for small bit.. , whatever the values of the 
parameters although t::,.X generally varies less rapidly 
with bi t.. than t::,.R does. Figure 4c shows that t::,.X 
varies over a much larger range with N than t::,.R 
does for small hiA. This is to b e expected since the 
imaginary part of Zoo is very large for short mono­
poles. The rate of change of both t::,.R and t::,.X for 
small bit.. is extremely rapid for short antennas and 
small bl A, although the curves are not considered 
accurate when bit.. is less than the earth skin depth 
due to reflections from the ends of the radials. Also, 
the boundary condition (2) assumes rH.; (1', 0) varies 

slowly in a distance IH 
Larsen [1962] has investigated the ratio between 

the E-field and H.-field losses per unit area for a 
monopole of various heights, current distributions, 
and top-loading using a radial-wire ground system. 
It was shown that for short antennas the E-field 
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losses are comparable or larger than the H.-field 
losses especially for large N, and increase somewhat 
with top-loading. H eavy ground cover such as 
snow, vegetation, etc., increases the E-field losses 
even more. Gustafson, Devaney, and Smith [1959] 
give a method of approximating these cover losses. 
For higher antennas with sinusoidal current dis­
tribution, the E -field losses become negligibly small . 
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FIGURE 4. a, b, and c. t.R and t.X versus length of mdial 
wires for selected values of Nand hl'A and parameters as 
specified. 
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eters as specified for selected values of C. 
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FIGUR E 6. LlR and LlX versus normali zed wire radius C for 
selected values of bl '}.. and pammeters as specified. 

Equation (7) is not expected to be valid when 

i'Yecll is comparable to or greater than unity. If 
"II> >1"101, then 

l'Yecl l= (27TF ~ h ~I l- i1T1 (16) 
N ).. -V 2 ~o W~2 

Thus, for example, if ~2/~Jl l- i 1T 1=10 and N = 50, the 
W~2 

results are not expected to be correct for bi t.. greater 
than about 0.20. However, part I of this paper shows 
that this restriction may be relaxed somewhat. 
Comparison of figures 4 a, b, and c clearly shows that 
the necessary length of radials decreases significantly 
for short antennas. 

Figure 5 shows that chrmging the wire size by a 
factor of 200 for the indicated parameters changes 
!J.R and !J.X by less than 1 ohm and for very small 
values of bl ).. the wire size has practically no effect. 
This is even more apparent in figure 6 where it is 
een that the ground system radius affects !J.R and 
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!J.X much more significantly than G does, and that 
!J.X is affected much more than !J.R. For these 
reasons, in nearly all of the calculations, the value 
of G was taken to be 10- 6 which corresponds to B 
and S No.8 (0.327 em diameter) at 183 kcls and B 
and S No.4 (0.518 cm diameter) at 115 kc/s. The 
value of G should be primarily determined so that the 
wires will be large enough to prevent breakage during 
installation, but not so large as to be wasteful of 
copper. 

The effects of varying the top-loading parameter a 
and antenna height hi ).. are shown in figures 7 and 8. 
As expected, these curves exhibit an increasing !J.R 
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(a) 0 .. 0.03, (b ) o~O.l. (e) 0~O.2. 

for increased top-loading, due to the increased 
radiated power. It is also obvious that increasing the 
ground system radius causes a considerable decrease 
of t:,.R due to decreased ground losses; however, in­
creasing bi t... to values greater than 0.2 has very little 
effect upon .6R. Comparison of figures 7a, b , and 
8b shows how the impedance increases significantly 
for all values of top-loading with increasing antenna 
height. A similar effect is achieved as 0 is increased 
as may be seen from figures 8a, b, and c; however, 
this increase in t:,.R as 0 increases for all values of 
top-loading is due to increased ground losses. De­
creasing hi t... and 101 corresponds to smaller spirals 
on the rectangular chart of figure 3. 

Negative t:,.R does not necessarily signify that the 
system is more efficient than a perfectly conducting 
ground system. However, in general , the longer the 
radials the more efficient the system. Normally, 
ground systems are designed to operate in a region 
wh ere t:,.R decreases with increasing " b" and in this 
region it is generally said that the antenn a system 
efficiency increases with decreasing R. 
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Figure 9 illustrates the effect of varying the an­
tenna height [or a given set of sys tem parameters [or 
fully lo aded and unloaded monopoles . The advan­
tage of using top-loading [or hi t.. less than 0.25 is 
quite significan t as may be seen from figures lOa and 
b. The near lineal' log-log relationship makes it 
possible t.o write an empirical formula for t1R where 
the curves are sufficiently linear, e.g., for blt.. = O.] 
and the parameters of fig ure 9b , 

t1R = [{ GY= 72.4 G) 1. 818 

is valid for hit.. less than 0.2. 
Wait and Pope [1955] pTOposed that if the radiation 

resis tances are equal for unloaded and fully loaded 
monopoles, then they are electrically equivalent in 
length. It was shown that for the fully loaded mono­
pole of h eights 0.025,0 .050, and 0.10 wavelength, the 
same t1R is obtained for unloaded monopoles of 
heights 0.050, 0.095, and 0.175 wavelength, respec­
tively. Figures 9a and b are in good agreement with 
this conclusion. Figure 9 shows that for loaded 
monopoles of height 0.025,0.050, and 0.10 wavelength 
have the same t1R as unloaded monopoles of height 

0.053,0.104, and O.l S wavelength, respectively, except 
[or small bit.. where the values of the latter are slightly 
higher. In figure 10, one could sketch the behavior 
of the unloaded case fairly accurately by observing 
the b ehavior of figure 9. 

The authors express their appreciation to J ames R. 
Wait of the National Bureau o[ Standards Central 
Radio Propagation Laboratory for his constructive 
suggestions and to the laboratory i tself for the use 
of their digital comp uter. This research was origi­
nally star ted under t he support of the Electronics 
Directorate of the Un ited8Lates Ail' Force Cambridge 
Research Center (Co ntract No. Ali' 19 (604)- 4556), 
was continued through support of the University o[ 
Colorado Council on Research and was completed 
uncler National Burettu of Standards Contract No. 
CST- 7429 . ~II' . King was performing independent 
study under aN ationn,l Science Foundation Faculty 
Fellowship. Appreciation is also extended to Lillie C. 
" Tn,ltel's of the National Bureau of Standards Ln,bora­
tories who iniLially programmed t his problem, to 
L. R . Branch who completed the collection of com­
puLer data, and to the many others who correlated 
the data and drew the curves. 

5. References 

Gustafson , W. E., T. E. Dcvaney, and A. . Smith (June 27 , 
1959), Study of No rth Atlantic VLF Transmittin g Station, 
NEL R cport 909, Appcndix A a nd C. 

Larscn, Tovc (Mar.- Apr. 1962), Tht' E-fi eld and II-field 
10 scs a round antcnnas with a r adi a l ground wil·c systcm, 
J . Rcs. NBS GGD (R ad io Prop .) No. 2, 189- 204. 

Malcy, S. W. , and R. J . Kin g (l\1ar.- Apr. 1962), Impcdancc 
of a monopolc antenna with a radial wirc ground system 
on an imperfcctly con du ctin g half-spac('. P art I , J. Res. 
N BS GGD (R adio Prop.), No. 2, 175- 180. 

Smith , A. N., a nd T. E. Dcvan cy (F cb. 1958), A study of 
currents in a n electr icalJ y short ground system of few 
radia ls, NEL Tcchn . Memo. 272. 

Smith, A. N., a nd T . E. D cvancy (Sept.- Oct. 1959), Fi elds 
in ele ~trically short ground systc m, an cxperimcntal study, 
J. R es. N BS G3D (Radio Prop. ), No. 2, 175- 180. 

Wait, J. R. , a nd W A. P ope (1954), The charactcri st ics of a 
verti cal antenn a with a radial conductor ground system, Appl. 
Sci. R cs 840 177- 195. Notc that in equat ion (5), sin ({3 h - a ) 
should be sin (a - {3h). 

Wait, J. R., and W. A. Popc (May 1955), Input rcsistance of 
LF unipolc acrials, Wirelcss Engr. 32, 131- 138. 

Wait, J . R. (1958), Calculations of transverse currcnt loss in 
buried wire grou nd systcms. Appl. Sci. R cs. 7M 81-
86. 

(Paper 68D2- 32S) 

163 

--------


	jresv68Dn2p_157
	jresv68Dn2p_158
	jresv68Dn2p_159
	jresv68Dn2p_160
	jresv68Dn2p_161
	jresv68Dn2p_162
	jresv68Dn2p_163
	jresv68Dn2p_164

