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In th is part of the paper, the higher order approx imations to Lhe general d ispersion 
eq uat ion arc cons idered. I t is shown first t ha t t he res ults of t he first approx imation arc 
a lso found to be valid in t he neighborhood of !!= 0, even t hough the phase veloc ity goes to 
zero for that value of!!. The second approx imation wh ich give corrcctly the phase vC'loe
ities of t he order of t he acoustic velocity a, in t he electron gas or lower and t he t hird ar-:
prox imation which yields the phase velocit ies of t he order .y aCo are worked out. A synt h es is 
of t he r es ults of t he first three approximations y iclds t he d ispers ion curves for t he t hrec 
independ ent modes which propagate in an electron plasma. 

The dispersion curves for the t hree modes obtain ed as a res ult of the fi rst three ap
prox imations are not vali d in t he ax ial boundary layer, where t he d ispers ion is found to 
undergo rapid chan ges in t he close niegh borhood of t he freq uencies !! = H, and 11 = J . Us ing 
t h e bou11dary layer techniques, t hc dispers ion equat ions in thc ax ia l bound ary layer, for 
t ho freq ucncies in the close neighborhood of n = R and n = l are obta ined and analyzed. 
The boundary layer analys is cla rifies t he mechanism of co uplin g between t he purely long i
t udinal p lasma waves a nd t he purely transverse electromagnetic waves. With t he knowl
edge of t he above co uplin g t hat takes p lace in t he ax ia l bound ar y layer, t h e t hree inde
petl dent modes may be properly des ignated us in g a procedure which is found to be uniformly 
valid for a ll d ir ections of propagation and t he in cons istency found in Lhe magneto-ion ic 
approx imation is removcd. 

1. Introduction 

The characteristics of a plane waxe propagating 
in an unbounded, collision-free, compressible elec
tron plasma along a direction which makes ~Ln 
arbitrary angle with that of the static magnetic 
field are studied in this paper. In part I of this 
paper, the cubic equation which specifi es the square 
of the phase velocity of the plane wave was de
rived and was shown to factor out into a linear 
and a quadratic equation for the two special cases 
of propagatioll, n amely t hose along an d across that of 
the external magnetic field . This feature enableu 
the dispersion relations for the above mentioned 
special cases to be obtained exactly without any 
difficulty. For the general case of propagation in 
an arbitrary direction with respect to that of the 
static external magnetic fi eld, the exact dispersion 
equation lent itself to b e apPL'Oximated by a quad
ratic equation in the situation where only t he 
phase velocities of t he order of the velocity Co 
of the electromagnetic waves in free space or higher 
are sought. The analysis of the dispersion equa
tion obtained in the first approximation y ielded 
zero values for the phase velocity for the three 
frequencies, [2 = 0 , [23 and [24. Consequ ently the 
validi ty of the first approximation becomes ques
tionable in the neighborhood of the aboye three 
frequencies. 

In this part of the paper, it is shown that the 
first approximation is accurate in the neighborhood 
of the frequency D= O despite the fact that the 
phase velocity b ecomes zero for that frequency. 
A second approximation to the dispersion equation 
is obtained which gi,'es accurately the phase 
, 'elocities of the order of the acou.3tic velocity a 
in the electron gas or lower. The second approxi
mation yields a linear equation and its analys is 
shows that the phase velocity becomes infinite for the 
same two frequencies [2 = [23 and [2, for which the 
first approximation yielded zero , 'alu es. The first 
two approximations are obyiously not accurate 
in the neighborhood of the two frequencies [2 = [23 
and [24. A third approximation which is valid 
in the neighborhood of Lhe two frequencies [2 = [2J 
and [24 is obtained and it shows t hat the phase 
velocities for those two frequencies are of the order 
.,jaU0. Moreover , the results of the third ap
proximation are found t o merge continuously with 
those of the first two approximations, thus y ielding 
the oyerall dispersion curves for the three inde
pendent modes that propagate in an electron plasma. 

The dispersion curves for the three modes obtained 
itS a result of the first three approximations, change 
as the direction of propagation is changed and 
attain the known values for the propagation across 
the static magnetic field but not for the case alon g it. 
The reason for t his b eh ayior is shown to be due 

742- 673- 64--3 1297 



to the fact that in a small region about the direction 
of the stittic magnetic field, called as the axial 
boundary layer , the dispersion in the neighborhood 
of the two frequen cies n= ll and n= 1 changes 
\'ery rapidly. By employing boundary layer tech
niques the dispersion equations in the axial boundary 
layer in the close neighborhood of the frequencies 
n= Hand n= 1 are derived and analyzed. This 
~tnalysis enables the proper understanding of the 
mechanism of coupling between the purely longi
tudinal plasma waves and the purely transverse 
electromagnetic waves for the case of propagation 
other than that parallel to the static magnetic field. 
Once the mechanism of coupling is understood, it is 
possible to designate the three independent modes 
that propagate in an electron plasmit using a 
procedure which is uniformly yalid for all directions 
of propagation and the inconsistency found in the 
magneto-ionic approximation is no longer found to 
exist. ~ 

2. Higher Order Approximations for the Re
gion Exterior to the Axial Boundary Layer 

It will be shown now that even though the phase 
velocity becomes zero for n= o, the approximation 
(25), which was derived from (24a) on the condition 
that the phase velocity is of the order Co or higher, is 
still valid in the neigh borhood of n= o. In the limi t 
of n tending to 7.ero, (25) together with (24b, c) 
become 

where 

(30b) 

(30c) 

If n is of the order a2jC~, the solution of (30a), on 
omitting terms of the order a2j ct, in comparison with 
unity, is obtained as 

(31) 

For n of the order a2jct" (31) shows that the phase 
velocity is of the order a. In the limit of n tending to 
zero, the exact dispersion equation, after omitting 
the terms of the order a2j Cg in comparison with unity, 
becomes 

where Al ( I ) and A2 ( I ) are the sitme as in (30b) and 
(30c) respectively and 

(32b) 

When the phase velocity A is of the order a and n is of 
the order a2jct" on omitting the terms of the order 

I The equations a nd the figures in parts I and n of this paper are numbered 
consecutively for the sake of convenien ce. 

a2j ct, and a4jCt, in comparison with unity, it is found 
that only the first and the third terms, which are of 
the order a6, need be retained on the left side of (32a) 
with the result 

(33) 

Note that (33) obtained from the exact dispersion 
equation (24a) is the same as (31) which was obtained 
from the approximate dispersion equation (25). 
Therefore, the validity of (25) in the neighborhood of 
n=o is not impaired even though the phase velocity 
goes to zero for that frequency. It is to be noted with 
the help of (31) that the phase velocity goes to zero 
as n1/ 2 in the limit of n tending to zero. 

If the phase velocity is of the order a, it is seen 
from (24a) that the fourth and the sixth terms on the 
left side of (24a) are of the order C~a2 and the re
maining terms are at least of the order a2 j ct, lower 
than these two terms. Hence, only the fourth and 
the sixth terms need be retained with the following 
result " 

a2n2( n2_ R2[2) 
(n2-nD(n2- nDo (34) 

Since n~< R2[2< n:, (34) gives real phase velocities 
only fo[, n~< n2< R212 and n~< n2< 00. In figures 6a 
and b, the dotted portion shows the real phase 
velocity given by (34). In the second approxi
mation, the phase velocity diagram is seen to 
have two branches , one of which goes to 7.ero fot' 
n2= R212 itnd the other asymptotically approaches the 
acoustic velocity a in the electron gas as n tends (0 

infinity. Since the approximation (34) is valid 
strictly only for the phase velocities of the order of a 
or lower and since the phase velocity given by (34) 
becomes infinite for n= n3 and n= n4, it is obvious 
that (34) also, is not a valid approximation in the 
neighborhood of the frequencies n = n3 itnd n = n4• 

A third approximation to the exact dispersion 
equation (24a) can be obtained in the following way 
to yield phase velocities which are reasonably 
accurate for frequencies in the neighborhood of 
n= n3 and n= n4• If the phase velocity is of the 
order -/GlJo, it is found that the terms on the left
hand side of (24a) are of the order 

acg (~J2J aCg (~JJ aCg (~J3J 

aCg, aCg (~)2J and aCg (~), 

respectively. Hence only the second, the fourth, 
and the sixth terms need be retained wi th the resul t 

(35) 
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The solution of (35) is 

(36) 

From fig ure 4, i t is evid en t Lh aL A\~ <O ill the 
n eighborhoo d of rF = £l~ and th at A \~ > 0 in th e 
neighborhoo d o f £l2 = £l!. Also from (24c) a nd the 
fact th at £l~ <H2[2< 0,!, i t is clear that A~6 >0 in 
the neighborhood of 0,2 = £l~ and A ~~ < ° in the 
n eighborhood of 0,2 = £l!. H en ce A~~ IA \~ < 0 for 
the valu e of £l near bo th £l3 and £l,. Therefore 

I /(A (I) )2 A(1) 1 IA(1 ) I '/ 2A[~) - An) > 2A[b) 
and only the upper sign in (36) will lead to a r eal 
value for t he phase velocity and, con sequell tly, the 
lower sign m ay be disr egard ed . 

When £l2 is s ufficien tly removed from either 0,~ or 
£l!, i t is found wiLh the h elp of (24b- d ) th at AW I 
A \~ is of the order a21C~ less than (A~J)2/ (2A\~)2. 
The sq uare root in (36) may, t herefore, be exp and ed 
yielding t he following r esult: 

(37) 

For £l2> £l~, i t is seen from fig ure 4 th tLt A \'d < 0 and 
A~16<0 . Similarly for 0,2> £l!, A\'J > O, and Ak~ >O . 
For £l2 sufficiently greater tha n £l; or 0,!, A ~~ / 
Ai~ > O and , th er efore, (3 7) beco mes 

It is fo und , on comparing (34) and (38), that the 
phase velocity (38) obtain ed from the third appr oxi
m ation becom es id en t ical with that given by tll e 
second approxim:ttion for 0,2 s ufficien tly greater· t han 
£l~ 01' £l~. 

F or £l2 < £l~, A\~ <O a nd Ak'J > O. Also for £l2<£l;, 
Ai~ >O a nd ASci < 0. H en ce for £l2< £l;, and £l2< £l!, 
on omitting th e terms of the order a2/G in com
p arison with unity (37) becomes 

(39) 

As £l approach es from below th e close vicinity of 
ei ther £l3 or £l" i t is found wi th the help of (24c) 
th at th e second term inside t he radical in (26) 
becom es ve ry mu ch smaller in comparison wi th the 
first term, enabling the radical in (26) to b e exp anded 
yieldin g the following r esult : 

A ( l ) IA (I)I A(I) 
},.2 ' 0 ± ' 0 20 

,. 0= - 2Ao 2Ao =F IAi6)1· (40) 

The upper and th e lower sign s in (40) correspond 
resp ecti vely to th e extraordinary and th e ordinary 

electrom agn etic modes . F or the OII m ode and for 
£l slightly less than 0,3, figure 4 sh ows th a t Ai~<O 
a nd this r educes (40) to 

A (I) 
},.2 20 O= - A (I)· 

10 

(41 a) 

Since, as seen from fi g ure 4, A~6 >0 for £l2< £l~, (41 a) 
leads to r eal valu es for th e phase velocity. In the 
sam e m anner , i t is seen from fig ure 4 that A \'ci > 0 
for the ell m ode a nd h ence for £l sligh tly less th an £l, is 
found to yield 

( 41b) 

Using fig ure 4, i t is found th at Ak'J < O for £l2 < £l! 
a nd therefore (4lb ) gives real values for the phase 
veloci ty. A compariso n of (39) wi th (4 l a, b) sh ows 
th at th e phase velocit ies ob tained from th e first 
app roximation for £l2 very close to bu t less th a n ei ther 
£l~ or £l~ are iden t ical wi t h those ob tained from the 
thi rd approximation . 

Also t he third approximation (35) , as seen from 
(36) a nd the argumen t following i t, gives the follow
ing expression for t he ph ase veloci ty for £l2= £l~ ancl 
£l2 = £l~: 

(42) 

Sin ce AJ6) / A ](~ ) < ° for £l2= £l~ ct lld £l2= £l~, (42) is seen 
to yield r eal valu es for t he ph f1se velocit ies for 
£l2 = £l~ and 0,2= £l~. I n addition, wi th t he h elp of 
(24 b, d ), (42) is foun d to give a ph f1se veloci ty of t he 
ord er ··/aCo for £l 2 = £l~ cwd £l 2= £l~ . Co nsequen tly, 
th e t hird approxim ation (35) which was derived 
from the exact dispersion equf1tion (24a) on t he 
co ndi tio n t hat t he phclse veloci ty is o f t he order 
··/aCo, is cer tainly very vctlid ill t he close vicini ties of 
both Q2= £l~ a nd £l2 = £l~ . 

The sy nt hesis of t he r es ults obtctined in t he three 
approxim ations shows t hat the dispersio n curves 
for the O[ and t he e[ m odes ob tained in the fi r s t 
approximation . and t herefore strictly from t he 
application of t he m agneto-ionic t heory are practi
cally unaltered by t he two higher order approxim a
tion s which , in essence, include the effect of the 
compressibility of t he medium. H owever , the Oll 
and th e ell modes are affected in th e follo\ving 
m a nner. The on mode as given in th e first approxi
m ation , instead of going to zer o for £l = 0,3, co n tinues 
and goes to zero for £l2= R 2F. The dispersion for 
the OIl mode is given by (29) for ° S 0,2< £l~, by (36) 
in the close n eighborhood o f £l2= £l~ a nd by (34) 
for £l~< £l2S R2[2 . On the other h a nd, t he el[ m ode 
as ob tained in the fi rst approximation is m odifi ed 
by the higher order approximations in such a m a n
ner that the phase veloci ty ins tead of going to zero 
for £l = £l4 , levels off to t he value o f th e acoustical 
veloci ty a in the electron gas a nd thus co n tinu es up 
to £l = ro for which value the phase velocity is 
exactly equal to a. The dispersion for the m odified 
ell m ode is given by (29) for £lis £l2< £l~, by (36) in 
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the close neighborllood of Q 2= Q~ and by (34) for 
Q~<Q~< 0:>. The figures 6a, b are respectively re
drawn in figmes 7a, b wherein the third approxima
tion (36) is included for the phase velocities in the 
close neighborhood of Q2= Q~ and Q2= Q! and thus the 
complete dispersion cmves for the arbitrary direction 
of propagaLion of the plane wave are obtained. 

It is convenient to redesignate these modes in such 
a way as to fit in with the existing nomenclatme for 
these modes for the two special directions of propaga
tion, namely those along and across the static mag
netic field. The OI mode is obviously the modified 
ordinary electromagnetic mode [MEM(O)] since it, is 

,/' MEM(O) R' = 1/2 ;2 . 1/2 

V 
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FIGU RE 7a. Complete dispersion curves f or the w'bit1'ary 
direction of propagation (R2= 1/2, P = 1/2). 
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cutoff for Q= 1, asymptotically attains the velocity 
Go of the electromagnetic waves in free space and 
has always a phase velocity greater than Go. The 
modified eII mode is redesignated as the modified 
plasma mode (MP) since its phase velocity asymp
totically approaches the acoustical velocity in the 
electron gas. The eI mode is redesigned as the modi
fied extraordinary electromagnetic mode [MEM(XI)] 
since its phase velocity also asymptotically ap
proaches Go in the limit of infinite frequency. The 
modified OII mode for lacge values of R may overlap 
with either the MP or the MEM(O) modes and 
therefore, should be another branch of the modified 

10 10 ~~--'-----'---r-------r------':J 

MP 

MEM(X U, 

10 3 L-_-.l ___ ---I,--_____ --'-_____ _ 

o 0 .816 

FIGURE 7b. Complete dispersion curves jor the w'bi t1'ary 
direction of propagation (R2=4/3, 12 = 1/2). 



extraordinary electromagnetic mode [MEM (Xll)]. 
The reason for naming the second modified electro
magnetic mode as extraordinary is perhaps due to 
the fact that it has n, bran ch wherein the phase 
velocity h as consider ably lower values than Co. 
Also unlike the other modes, the first part of the 
MEM(XlI) mode has a phase velocity that incmases 
with frequen cy. 

In the absence of the external static magnetic 
field, the plasma and the electromagnetic modes are 
un coupled. The plasma mode is en tirely longitudinal 
and the electromagnetic mode is totally transverse. 
H owever in the presence of the s tatic external mag-
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FIGURE Sa. Complete disp ersion curves for the a1'bitmry 
direction of pro pagation (R2= 1/2, 12 = 0.95) . 

netic field, the modes of isotropic plasma get mixed 
so that all the modes in an anisotropic plasma have 
both longitudinal as well as transverse fi eld compo
nents. Hence all the three modes in an anisotropic 
plasma are designated as modified in order to b e able 
to distinguish them from the co rresponding modes in 
an isotropic plasma. 

Even though the three modes in an aniso tropic 
plasma have bo th longitudinal and transverse field 
components, i t is found that each of the modes is 
predominantly longitudinal in certain ranges of fre
quency and predominantly transverse in the remain
ing ranges of frequency. The modifi.ed ordinary 

R2 = 4/ 3 l = 0 . 95 

MfM(X ') 

10 9 ,... MfM(O) -

r - - -, ."'--I I , 
I 

I 

I 
I 
I 
I 

8 I I 
L _ . _..J 

\0 

10 71- -

\0 
6 

\0 
5 

~ 

\ 
I'---- MP 

I-
MfM(XU, 

-
k 

I I 
\. \ 26 

o 

F I GURE Sb. Complete dispel'sion C1lrves for the arbi trary 
direction of propagation (R2 = 4/3, 12=0.95). 
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electromagnetic mode is predominantly transverse 
throughout its propagation range l < rl< oo. The 
modified extraordinary electromagnetic mode is pre
dominantly transverse in the frequency ranges 
0< rl< rl3 and rl2 < rl < 00 and is predominantly 
longitudinal in the frequency range rl3 < rl < Rl and 
in the neighborhood of rl = rl3' the rapid transi tion 
from a transverse to a longitudinal wave takes place. 
The modified plasma mode is predominantly trans
verse in the frequency range rl1<rl<rl4, rapidly 
changes character in the neighborhood of the fre
quency rl = rl4 to become predominantly longitudinal 
in the remaining frequency range rl4< rl< 00. 

As the direction of propagation of the plane wave 
is changed so as to approach the direction per
pendicular to the static magnetic field, l2 becomes 
smaller and this has effect only on the values of 
rl3, Rl and rl,. It is found that ZZ approaches zero 
both rl3 and HZ tend to zero and rl4 tends to the value 
. ./1 + R2. It follows therefore that as the propaga
tion direction is changed so as to approach the 
direction perpendicular to the static magnet,ic 
field, the MEM(O) and the MEM(XI) modes remain 
practically unaltered whereas the propagation range 
of the MEM (XII) mode gets continually diminished 
until it finally vanishes in the limiting case of 
propagation across the static magnetic field. For 
the MP mode, the only effect is the frequency rl, 
around which it changes from being predominantly 
transverse to predominantly longitudinal, continually 
increases as ZZ is decreased and approaches the value 
of . ./1 + R2 in the case of propagation across the 
static magnetic field. A comparison of these 
resl'lts with those obtained for the special case of 
propagation across the static magnetic field, as 
depicted in figure 3b shows that the dispersion for 
the three modes obtained here for the case of prop
agation at an arbitrary angle to the direction of the 
static magnetic field, attains the proper limiting 
values for propagation across the static magnetic 
field. 

On the other hand, as the direction of propagation 
is changed so as to approach that of the static 
magnetic field, l2 increases continually and attains 
the value unity. As ZZ increases to the value unity, 
Rl approaches Rand rl3 and rl, approach respectively 
the smaller or the larger of the two values, 1 and R. 
It is found that the dispersion curves for the propa
gation direction at an arbitrary angle to the direction 
of the static magnetic field do not in the limiting 
case of [2 = 1, become identical with those for the 
case of propagation along the magnetic field as 
depicted in figure 2b. Consequently the results of 
the higher order approximations obtained in th is 
secLion hold good eyerywhere except in a small 
boundary region about the direction of the magnetic 
field and, therefore, are said to pertain to the region 
exterior to the axial boundary layer. In the axial 
boundary layer, the dispersion curves undergo 
rapid changes due to the decoupling of the plasma 
mode. A different type of higher order perturba
tions is therefore called for in the case of propagation 

very close to the direction of the static magnetic 
field. 

The dispersion curves for the three modes are 
drawn in figures 8a and b for two values of the param
eter R , namely (i) R2=}f and (ii) R2= % for the case 
in which the direction of propagation is very close to 
that of the static magnetic field . Specifically the 
value Z2=0.95 is used. An examination of figure 8a 
shows that for the case R2< 1, the dispersion curves 
for the modified plasma mode and the modified 
ordinary electromagnetic mode approach very close 
to each other in the neighborhood of the frequency 
rl = 1. Similarly from figure 8b, it is seen that for 
the case R 2> 1, the dispersion curve for t he modified 
plasma mode approaches both the curves for the 
modified extraordin ary and the modified ordinary 
electromagnetic modes in the neighborhood of the 
frequency rl= 1. Also the dispersion curves for the 
modified plasma mode and the modified extraordinary 
electromagnetic mode approach each other again 
in the neighborhood of the frequency rl = R. It may 
therefore be anticipated that the dispersion in the 
axial boundary layer might undergo rapid changes 
in the neighborhood of the two frequencies rl = R 
and rl = 1. 

3. Dispersion in the Axial Boundary Layer 

For the purpose of obtaining the proper approxi
mations in the axial boundary layer, it is cOilYenient 
to start by rewriting (12a- d) as follows: 

A!O= - C~rlf 2( rl 2-1) (rl2-1-RZ) + R 2(ZZ-I) 

+ ~~ {(rl2_1)2_rl2l2B2 } ] (43a) 

A 20= C~ rlf (rl2- 1)(rl2- R2) + R2([2-J) 

+2rl2 ~~ {rl2-1 - ZZB2 } ] (43b) 

A30= - C;la2rl4[ rl2 - R2+ R2(I-ZZ) 1 

and 

(43c) 

(43d) 

The axial bound ary layer may b e easily shown to 
be defi ned by those values of 8 for which 

a2 

ZZ = I -t cg (44) 

where t> O and is of the order unity. First, it is de
sired to restrict attention to the neighb orhood of the 
frequency fl = R. For this purpose, let 

(45) 

where 8 is of the order unity. The substitution of 
(44) and (45) in (43a- d) and the rearrangement of 
the terms in powers of a2/Cg , yields the following 
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_ 2 2 [ (0 ) (1 ) a2 
(2 ) a" (3) a6 J A 20 - COa A 20 +.11 20 C~+A20 C~+Azo rg 

2 4 [ (0) ( I ) a2 
(2) a4 J A 30= -COa A 30 + A 30 C~+A30 C3 

and 

where 
AJ(g) = 2R2(l - R 2) 

AJZ) = R4(S- t - 2) - R 28 

AJo1 = - 2R: '+ 3R2_ 1. 

(46b) 

(46c) 

(46d) 

(47a) 

(47b) 

(47c) 

(470 ) 

The expressions for all the other A's are not needed in 
this analys is and hence are not reproduced here. 
The exact dispersion equat ion (ll) may b e rewritten 
with the help of (46) and (47) n,s follows: 

A (0) +A (I) !!..~+A(2) !:!...- +A(3)!:!...- AG 
[ 

? " 6J 
o 0 n 0 C3 0 ('8 

_ C2 '1 (0) + A(1 ) a- +A (2 ) !:!...- + r1(:J) !:!...- +A(4) !:!...- A" [ 
? 4 6 8J 

o ·[ · 10 JO C~ lO C~ 10 cg 10 ('~ 

+ n2n2 'l (O)+ A (I) !:!...- +A(2) !!::.. +A(3)!:!...- A2 [ 2 d 6J 
, 1 o.u r 2 0 20 C~ 20 ('~ 20 cg 

_C2n4 [ A (O)+A (I) a2+A (Z) a" J = O (4S) 
0'" 30 30 C~ 30 ('3 . 

Note that all the A's are of the order unity. 
If the phase velocities of the order a or lower are 

only sought, it is legitimate to retain on the left side 
of (4S) only the leading terms which are of the order 
C~a4 and neglect all the other terms which are at least 
of the order a2/C~ lower than the leading terms, 
resulting in the following quadratic equation in A2: 

A (0 ) A (0 ) 

A4- 2~ A2+ 4~=0 a A (O) a A (O) 
10 10 

(49) 

provided Ai~,p O. Using (47) in (49) , it lS found 
that 

where 

U s(R 2- 1)-R 2(t + 2) 
4(R 2- 1) w- R2(R2t+s) 

2(R2_ l) 

(50a) 

(SOb) 

For t= O, which corresponds to the case of propaga
tion along the static magnetic field, the two modes 
whose phase velocities are specified by (50a) are de
coupled as evidenced by the fact that (50 a) factors 

into two linear equations in (~y y ieldin g the follow

ing solu tions: 

for t= O (51a) 

for t= O. (51 b) 

For t,p 0, the solutions of (50a) are given by 

(~)2 = -u ±~U2-w 
a 1,2 

for t ,po. (52) 

It may b e easily shown that U2_ W can ne\'e1' vanish, 
with the result , the t"vo phase yelocities specified by 
(52) are always differen t . 

The phase velocity given by (51a, b ) and by (52) 
for t = 1 are sketched in figures 9a and 9b for (i) R2< 1 

and (ii) R2> 1, respectiv ely . For R Z< l , (~)2 does 

not lead to r eal phase velocities and (~} corresponds 

to r eal phase velocities Jor s< - R2t. Also (~)=o 
for S=_R 2t. For R2> 1, (51a) for s< O and (51b) 
for all s leads to real phase velocities. Also (Ala), 
in (52) for all sand (A/a)z for s< - R Zt leads to real 
phase \ 'elocities. Also (Ala), > C"'-la)z for s< - HZt 
and (A/(L)z = O for s=-Jl2t. From (44) and (45), 
it is clear that s=-R Zt corresponds to fJ = Hl . For 
R2> 1 and t = O, the two phase velocities are found 
to b e equal for s=-2R2/R2_ 1. 

In t he axial boundary layer, in order to understand 
the physical significance of the variat ion with respect 
to s of the phase velocities of the order or the acoustic 
velocity a in the electron gas or lower, for the fre
quencies in the close neighborhood of rt = R, it is 
necessary to compare figure 9a with that portion of 
figures 2b and Sa enclosed by a solid lin e. The 
portion of the dispersion curve enclosed by a solid 
line in figure Sa is just the modified extraordinary 
electromagnetic mode, MEM (.A1lI) , whose phase 
velocity, according to (34), goes to zero for rt= Rl. 
The phase yelocity in figure 9a, according to the fore
going discussion, goes to zero for s= _ R2t , 01' rt = RI. 
Therefore the phase velocity diagram for t,pO in 
figure 9a is just the expanded version of the dispersion 
curve of the MEM(LYlI) mode near rt = R and A= a. 
When t approaches zero , figure 9a shows that the dis
persion curve for the MEM(XII) mode just shifts to 
the higher frequency side and has its zero now at 
s= o or rt = R . A comparison with figure 2b shows 
that the phase velocity diagram in fi gure 9a for the 
for the case t= O, is the same as the purely t ransverse 
extraordinary electromagnetic mode propagating 
along the direction of the static magnetic field. 
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FIGURE ga. Dispel'sion in the axial boundal'y layer in the neighborhood of Il = R and A= a (R2 = 1/2). 

Summarizing the above results, it follows that for the 
case R2~ 1, the modified extraordinary electro
magnetic [MEM(XII)] mode in the neighborhood of 
Q=R continuously goes over to the uncoupled, 
purely transverse electromagnetic mode as the direc
tion of propagation approaches and finally coincides 
with that of the static magnetic field. 

The portion enclosed by the solid line in figure 2c 
has two dispersion curves. The phase velocity curve 
which goes to zero for Q= R belongs to the purely 
transverse extraordinary electromagnetic mode and 
the other curve which is nearly horizontal belongs 
to the purely longitudinal plasma mode. These 
curves refer to propagation in the direction of the 
static magnetic field. From (16), the phase velocity 
of the plasma mode for Q= R is seen to be equal to 

aR 
-vR2-1 

There are two intersecting curves for the 

phase velocity in figure 9b for the case t= O, which 
refers to propagation along the static magnetic field. 

The curve for AI, obviously, is a part of the purely 
transverse extraordinary electromagnetic mode since 
it has a value zero for 8= 0 or Q= R. The other 
r,urve, namely that for },2, as seen from (51a), has the 
same phase velocity as that of the plasma mode for 
Q= R and hence is a part of the dispersion curve for 
the purely longitudinal plasma mode. Note that 
these two dispersion curves intersect and hence have 
the same phase velocities for 8=-2R2/R2_ 1. The 
portion enclosed by the solid line in figme 9b has 
two, nonintersecting dispersion curves. Obviously, 
the one on the low frequency side is a part of the 
modified extraordinary electromagnetic mode, since 
it has zero value for Q= Rl. The other curve, which 
lies on the higher frequency side, is a part of the 
modified plasma mode. These two nonintersecting 
dispersion cU~'ves refer to propagation in a direction 
which makes a small angle with that of the static 
magnetic field. On comparing the two dispersion 
curves enclosed by the solid line with the two curves 
in figure 9b for the case t ~ 0, it is evident that the 
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phase velocity curves for Al and A2 belong to the 
modified plasma mode and the modified extraordi
nary electromagnetic mode [MEM (XII) ] respec
tively. The results depicted in figure 9b show the 
transition that takes place in the axial boundary 
layer for the case R2> 1. From an examination of 
figure 9b, it is clear that as the direction of propaga
tion approaches and finally reaches that of the static 
magnetic field, the higher frequency side of the dis
persion curve for the modified plasma mode merges 
with the lower frequency side of the dispersion curve 
for the MEM(XII) mode to form a continuous curve 
which belongs to the uncoupled, purely longitudinal 
plasma mode. On the other hand, the higher fre
quency side of the dispersion curve of the MEM(XII) 
mode crosses that of the uncoupled plasma mode, 
merges with the lower frequency branch of the modi
fied plasma mode to form a continuous dispersion 
curve which obviously belongs to the uncoupled, 
purely transverse extraordinary electromagnetic 

mode. Simple evaluation of the generalized 
Poynting vector may be made to establish that the 
two modes whose dispersion curves cross each other 
for t= O near Q= R and A= a are uncoupled. Thus 
in the axial boundary layer, for the case R2> 1, a 
part of the decoupling of the plasma mode talms 
place in the close neighborhood of Q= R and A= a. 

It is now desired to examine the behavior of the 
dispersion in t he neighborhood of the frequency 
Q= 1. For this purpose, let 

(53) 

where s is of the order unity. Employing the same 
procedure as before and making use of (44) and (53), 
it may be easily derived that the phase velocities of 
the order 0 0 or higher are specified by the following 
cubic equation in A2: 
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For t= O, which corresponds to the case of propaga
tion along the static magnetic field, the three modes 
whose phase velocities are specified by (54) , are 
decoupled as evidenced by the fact that (54) factors 
into three linear equations in C>-./a) 2 yielding the 
following solutions: 

(~)2=! 
Co 8 

for t=O (55a) 

(>-'2Y = R + l 
Co R 

for t= O (55b) 

and 

(~:y=Ril for t= O. (55c) 

For the case t~ 0, it may be verified that the discrimi
nant of the cubic equation (54) in (>-./CO)2 is negative 
and as a result all the three roots are real and unequal . 

The phase velocities giyen by (54) for t = 1 and 
those given by (55) are plotted in figures lOa and b 
for the case (i) R2< 1 and (ii) R2> 1, respectively. 
For R2< 1, (55a) for 8> 0 and (55b) yield real phase 
velocities whereas (55c) does not give rise to real 
phase velocities. Also, it may be proved that the 
number of positive roots of (54) is either one or two 
according as 8 is less than or greater than zero. 
Note that only positive real roots will yield real 
values for the phase velocity. For R2>1 (55a) for 
8> 0, (55b) and (55c) yield real phase velocities. 
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Also the number of positive real roots of (54) giving 
rise to real phase velocities is either two or three 
depending on whether 8 is negative or positi' -e. 

For R2<1, a comparison of figure lOa with those 
I portions of figures 2b and 8a enclosed by a broken 

line shows that for the case t= O, which corresponds 
to propagation parall el to the static magnetic field , 
the curves marked 1 and 2 in figure lOa are the 
portions of the dispersion curves for the purely 
longitudinal plasma (P) mode and the entirely 
transverse ordinary electromagnetic (EM) mode 
respectively. The phase velocities of these two 
modes are equal for 8= R/R + 1. Similarly for t= l, 
which corresponds to a direction of propagation very 
slightly inclined to that of the static magnetic field, 
the curves labeled 3 and 4 in figure lOa are the sec
tions of the dispersion curves belonging to the 
modifi ed ordinary electromagnetic mode and the 
modified plasma mode respectively. It follows then 
from figure lOa that as the direction of propagation 
approaches and finally coincides with that of the 
static magnetic field, the branch of the modified 
ordinary electromagnetic mode for 8> R/R + l joins 
with that of the modified plasma mode for 8< R/R+ 1 
to form a continuous curve which belongs to the 
uncoupled, purely transverse, ordinary electro
magnetic mode and the branch of the modified P 
mode for 8> R/R+ l joins with that of the modified 
ordinary EM mode for 8<R/R+ 1 to form a smooth 
curve which is part of the dispersion curve of the 
uncoupled, purely longitudinal plasma mode. It 
may be easily verified that X/ Co= 1 is a solution of (54) 
for 8 = 1 for any value of R2 or t. From this fact, it is 
evident that the modified plasma mode has its phase 
velocity equal to the free space velocity of electro
magnetic waves for the frequency given by Q2 = 1 + 
a2/~. 
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1306 



For the case R2> 1, a comparison of fi gure lOb 
with that portion of figures 2c and 8b enclosed by a 
broken line enables the understanding of mechanism 
of coupling of the various modes in the axial bound
ary layer in the close neighbo rhood of &1 = 1. From 
figure lOb it is seen that as the propagation direction 
is changed fcom thflt of the static magnetic field, 
the branch of the dispersion curve for the plasma 
mode for s<R/R+ 1 joins with that of the ordinary 
ElVI mode for s> R/R+ 1 to form a smooth curve 
which belongs to the modified ordinary EM mode. 
And the bl'anch of the dispersion curve of the ordi
nary EM mode for s<R/R+ 1 joins with that of the 
plasma mode for s>R/R+ 1 and which in turn 
merges with that portion of the dispersion curve of 
the extraordinary EM mode for s> R/R - 1 to form 
the dispersion curve corresponding to the modified 
plasma mode. In a similar manner the branch of 
the dispersion curve of the extraordinary EM mode 
for s< R/R- 1 merges with that of the plasma mode 
for s> R/R- 1 to form a smooth dispersion curve 
belonging to the modified extraordina ry EM mode. 
Feom the foregoing discussion, the manner in which 
the plasma mode gets decoupled in the axial bound
ary layer in the close neighborhood of &1 = 1 and 
A= 00, is made clear. 

Wi tb the understanding of the behiWior of the 
dispersion of the three modes in the axial boundary 
layer, i t is evident that the whistler mode COfl'e
sponds to the modified extraordinary electromagnetic 
mode for flU directions of propagation and no incon
sistency in the nomenclature of the whistler mode 
arises as in the magneto-ionic appl'oAimation. 

4. Concluding Remarks 

It is appropriate to make the following r emarks in 
conclusion. The diagrammatic representlttion in the 
&12- R2 space used in this p aper for elucidating the 
regions of propagation of the various modes is very 
similar to t he one first introduced by Clemmow and 
Mullaly [1955] and extensively used by Allis, Buchs
baum, and Bel'S [1962] . The two parameters used 
by these authors both contain the source frequency. 
Only one of the two parameters used in the repre
sentation of the parameter space employed in this 
paper, contains the source frequency and this feature 
facilitates greatly the determination of the propaga
tion characteristics explicitly as a function of 
frequency. 

The simple explanation that the compressibility of 
the plasma merely in troduces a lower cutoff in tbe 
phase velocity curves obtained as a result of the 
magneto-ionic approximation, is frequently advanced. 
From the results of this paper, the magneto-ionic 
theory is seen to yield zero phase velocity for the three 
freq uencies, &1 = 0, &13 and &1,. The compressibili ty 
of the plasma does not affect the phase velocity 
near &1 = 0 and merely shirts the zero neftI' &13 to the 
high frequency side with th e resul t that the zero 
phase velocity now occurs at Q= RL. Only the phase 
velocity neal' Q= Q" ins tead of going to zero has a 

cu toff value eq ufll to the acoustical velocity in the 
electron gas. Consequently the frequently advH,n ced 
simple explantion of the effect of compressibili ty is 
no t fully correct. 

Kieburtz [1 963] has investigated the S~L lll e problem 
that is treated in this paper using t he co upled-mode 
theory and has found, for the range of freq uencies 
given by &1~R< l in which the whistler phe
nomenon is observed, that there is coupling between 
the extraordinary electromagnetic mode (whistler 
mode) and the purely longitudinal plasma wave. 
The results obtained in this paper show that for 
R< l , there is no co upling between the whistler mode 
and the purely longitudinal plasma wave. There
fore, the results reported by Kiebur tz appear to be 
incorrect. 

The frequency Q4, in the close neighborhood of 
which there is a sharp transition of t he character of 
the wave from being r:redominantly trans,'erse to 
being predominantly longitudinal is referred to in 
the literature [Allis, BuchSbaum, and Bel'S, 1962] as 
the frequency of plasma resonance. The results of 
this investigation show that for R< l , the frequ ency 
of the plasma resonance is equal to the plasma fre
quency ( 1) in the direction of the sLaLic magnetic 
field and increases gradually to the value .Jw;) + w~ 
for the propagation across the static magnetic field. 
On the other hand, for R> 1, the frequency of the 
plasma resonance is again equal to the plasma fre
quency Wp for propagation along the static magnetic 
field, " jumps" to the value of the gYl'omagnetic 
frequency W e as soon as the propagation direction is 
changed ever so little from that of the static mag
netic fi eld and increases gradually and attains the 
same valu e.J w~ + w~ for propagation across the static 
magnetic field. 

An important and a satisfying result of t his in
vestigation is that the magneto-ionic theory is sur
prisingly flCCUl'ate over a wide range of Lhe parameters 
of interest. Where it fflil s and where inconsistencies 
set in as a result of its application , lhe present theory 
may be used to obyiflte the difficulties. 

The author is gr ateful to Ronald V. Row for the 
many valuable discussions and to N. Ciccia for the 
assistance with the numerical computn.tions. 
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